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Abstract

Define an edge Q1 Q2 or a triangle Q1Q2Qs of a clique graph K(G) to
be weight-k if (@1 N Q2] > k or |Q1 N Q2 N Qa| > k, respectively. A
graph G is shown to be strongly chordal if and only if, for every k > 1,
every cycle of weight-k edges in K'(G) either has a weight-k chord or is a
weight-k triangle—this mimics the usual definition of chordal graphs. Sim-
ilarly, trivially perfect graphs have a characterization that mimics a simple
characterization of component-complete graphs.

1 Chordal and strongly chordal

A maxclique of a graph is an inclusion-maximal complete subgraph Q or, inter-
changeably, the vertex set of Q. The clique graph of G, denoted K(G), is the
intersection graph of the maxcliques of G—in other words, the nodes of K(G)
are the maxcliques of G, with two nodes Q and Q’ adjacent in K(G) if and only
if QN Q' # 0. The vertices of K (G) are being called nodes in order to avoid con-
fusion with the vertices of G. References [1, 3, 8, 11] contain more information
on clique graphs.

Define the weight of a complete subgraph H of a clique graph K(G) to be the
number of vertices of G that are contained in the intersection of all the nodes of
H. Denote the weight of H by wgt(H) and, for k > 1, define H to be a weight-
k subgraph of K(G) if wgt(H) > k. In particular, each edge QQ’ of K(G)
has weight wgt(QQ') = |Q N Q’|. Thus, each edge of K(G) is automatically a
weight-1 edge.

A chord of a cycle or path is an edge that joins two nonconsecutive vertices
of the cycle or path. A graph is chordal if every cycle either has a chord or is a
triangle and so is too small to have a chord. A graph is strongly chordal if it is
chordal and every cycle of even length either has a chord that joins two vertices
that are an odd distance apart along the cycle or the cycle is a 4-cycle and so is
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too small to have such a chord. Many characterizations exist of strongly chordal
graphs; see [3, 8], and, more recently, [6, 7. Among these characterizations,
Proposition 1 relates strongly chordal graphs to clique graphs.

Proposition 1 ((2]) A graph is strongly chordal if and only if every induced sub-
graph is the clique graph of a chordal graph.

Theorem 1 will be a new characterization that involves the same ingredients
as Proposition 1, only mixed differently. The proof will use two results from
[4). First, G is strongly chordal if and only if every induced subgraph H of G
contains a simple vertex, meaning a vertex v with closed neighborhood N[v] =
{v,w1,...,wq} such that Nfw;] C -+ C Nlwa]; as a consequence, N[v] is
the unique maxclique of H that contains v. Second, G is strongly chordal if
and only if G is chordal and does not contain an induced s-sun, meaning the
graph formed from an s-cycle v, . . ., vs—1, vo of vertices that induce a complete
subgraph K by adding additional degree-2 vertices uo, . . ., s—1 such that each
u; has neighborhood {v;, v;+1} (calculating subscripts modulo s). The expression
G — v will denote the subgraph of G induced by V(G) \ {v}.

Theorem 1 The following are equivalent for every graph G:

(1.1) G is strongly chordal.

(1.2) Foreveryk > 1, every cycle of weight-k edges of K (G) either has a weight-
k chord or is a weight-k triangle.

Proof. First argue by induction on n > 1 that, if G is a strongly chordal graph
with n = |V(G)|, then K(G) satisfies condition (1.2). The n < 3 basis cases are
trivial, since K(G) would have at most one edge and so could contain no cycle.
_ Therefore assume G is strongly chordal with n > 4 and let H be an induced
subgraph of K(G) with a spanning cycle C of weight-k edges [toward showing
that C either has a weight-k chord or is a weight-k triangle].

Choose v to be a simple vertex of G; thus, N{v] = Q is the unique maxclique
of G that contains v and G' = G — v is also strongly chordal. If H does not
contain the node Q, then C is also a cycle of weight-k edges of K(G’) and the
induction hypothesis on G’ implies that C either has a weight-k chord or is a
weight-k triangle. Therefore assume that H does contain @, and suppose QQ;
and QQ: are weight-k edges of C.

Since v is a simple vertex of G, there cannot exist both w; € (Q N Q1) \ Q2
and wy € (Q N Q2) \ Q; (because either N[w;] C N{wz] or N[wz] C Nfw,], so
either @; C N[we] or Q2 € N{wi], and so either we € @y or w; € Q2). Without
loss of generality, say Q N @1 € QN Q2. Thus QN Q1 = QN Q1N Yo, and
s0 k < wgt(QQ1) = wet(QQ1Q2) < wgt(Q1Q2). Therefore, @1 Q) either is a
weight-k chord of C or is a weight-k edge of C where C is a weight-k triangle.

Conversely, suppose G is not strongly chordal; in particular, suppose that s is
minimum such that either G contains an induced subgraph H that is isomorphic
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to an s-cycle (s > 4) or an s-sun (s > 3). Let vy, ..., v,—; be the degree-(s + 1)
vertices of the s-sun or the vertices of the s-cycle. Either way, vo, ..., Vs are
in s distinct maxcliques Qo,...,Qs—1 of G such that each Q; N V(H) equals
{vi, viq1,ui} or {vi,vit1}, respectively. Let C be the cycle Qo, ..., Qs—1,Qo
that consists of weight-k edges of K(G) where k = min{wgt(QoQ1), ...,
wgt(Qs—1Qo)} = 1 (calculating subscripts modulo s).

Suppose for the moment that s > 4 and Q;Q; is a weight-k chord of C (so |i—
J| 2 2). If there exists aw € (Q;NQ;)\V (H), then deleting vertices vi41,...,v;
[and ©i41,...,u;j— if H is an s-sun] from H and then inserting edges wv; and
wv;4+1 [and wu; and wu; and wuy whenever j + 2 < h < s — 1] would produce
an induced r-cycle [or 7-sun] with » < s, contradicting the minimality of s. Thus
(QinQ;) c V(H). Since v; € (Qi-1 N Qi) \ Q; wheneveri — 1 # j # i,
the cardinality of each chord Q;Q); is less than |Q;—; N Q;| and so less than k.
Therefore, the cycle C of weight-k edges would not have a weight-k chord.

Finally, suppose s = 3, and so that H is a 3-sun. Since v; € (Qo N Q1) \ Q2,
the cardinality of QoNQ;NQ; is less than |QoNQ, | and so less than k. Therefore,
the triangle QoQ; Q> of weight-k edges would not be a weight-k triangle. o

2 Trivially perfect and component-complete

Both Proposition 1 and Theorem 1 characterize strongly chordal graphs in terms
of clique graphs and chordal graphs. This section will use paths instead of cycles
to mimic these two results in terms of trivially perfect graphs (meaning the graphs
in which the cardinality of the largest independent set in an induced subgraph al-
ways equals the number of maxcliques of that subgraph) and component-complete
graphs (meaning the graphs whose connected components are complete). But
there are unexpected twists in this mimicry that will result in somewhat disar-
ranged analogs of Proposition 1 and Theorem 1.

References [3, 8] contain many characterizations of (and additional names
for) the trivially perfect graphs. One of these, from [5], is that a graph is trivially
perfect if and only if no induced subgraph is isomorphic to C4 or P; (the path of
length 3). It is easy to see that a graph is component-complete if every path either
has a chord or is an edge and so is too short to have a chord—in other words,
every path either has a chord or has length 1. Equivalently, a graph is component-
complete if and only if it contains no induced length-2 path.

Proposition 2 will follow by combining the following four results: (i) the char-
acterization of component-complete graphs by having no induced length-2 path;
(i7) the characterization of trivially perfect graphs by having no induced Cy4 or P,
subgraph,; (iii) the observation that every complete graph K, is the clique graph
of the star graph K ,,; and (iv) the observation that, if K (G) contains an induced
length-2 path, then G contains an induced C, or P, subgraph. Proposition 2 is
only significant in comparison with Proposition 1 and Theorem 2.
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Proposition 2 A graph is component-complete if and only if every induced sub-
graph is the clique graph of a trivially perfect graph.

Although Proposition 2 corresponds to Proposition 1 by replacing “strongly
chordal” with “component-complete” and replacing “chordal” with “trivially per-
fect,” Theorem 2 will correspond to Theorem 1 by reversing this—by replac-
ing “strongly chordal” with “trivially perfect” and by replacing “chordal” with
“component-complete” instead. The “extra” requirement on triangles of weight-k
edges in condition (2.2) can be explained by results in [1, 9, 10] combining to
show that, if every induced subgraph of K(G) is to be a clique graph, then every
triangle of weight-k edges in K (G) must be a weight-k triangle.

Theorem 2 The following are equivalent for every graph G:

(2.1) G is trivially perfect.

(2.2) Forevery k > 1, every path of weight-k edges of K(G) either has a weight-
k chord or is a weight-k edge and every triangle of weight-k edges is a
weight-k triangle.

Proof. The proof will use the following restatement of condition (2.2): For every
k > 1, every length-2 path of weight-k edges is in a weight-k triangle.

First argue by induction on n > 1 that, if G is a trivially perfect graph with
n = |V(G)|, then K(G) satisfies condition (2.2). The n < 3 basis cases are
trivial, since K'(G) would have at most one edge and so could contain no length-2
path. Therefore, assume G is trivially perfect with n > 4 and let P,Q, R be a
length-2 path in K (G) where PQ and QR are weight-k edges [toward showing
that PQR is a weight-k triangle].

Because G is trivially perfect, a result in [12] implies that each connected
component of G contains a vertex that is adjacent to all the other vertices in that
component. Choose v to be adjacent to all the other vertices in the connected
component of G that contains the maxcliques P, Q and R of G; hence v € PN
QN R. If k = 1, then wgt(PQR) > |{v} = 1, and so PQR is a weight-k
triangle of K (G). Therefore assume k& > 2. Let G’ be the trivially perfect graph
G-vandlet P = P—vand Q' = Q —vand R’ = R—v. Therefore, P'Q)’ and
Q'R are weight-(k — 1) edges of G". The induction hypothesis on G’ implies that
P'Q'R’ is a weight-(k — 1) triangle of K(G’), and so PQR is a weight-k triangle
of K(G).

Conversely, suppose G is not trivially perfect; in particular, suppose G con-
tains an induced subgraph H that is isomorphic to a cycle vo, v1, V2, vs, Yo OF
a path vg, v1, U2, v3. In either case, the edges vov1, v1v2, vovs are in, respec-
tively, distinct maxcliques Q1, Q2, Q3 of G that correspond to the nodes of a
length-2 path in K(G) formed by the weight-k edges @,Q2 and Q2Q3 where
k = min{wgt(Q1Q2), wgt(Q2Qs3)}-

If |Q; N Q3] < k, then the length-2 path @1, Q2, Q3 of weight-k edges would
not be in a weight-k triangle. Therefore assume |Q1 N Q3] > &, and so Q1Q3
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is a weight-k edge. The triangle Q1Q2Q3 has weight wgt(Q1Q2Q3) < [(@Q1 N
@2) \ {v1}{ (since v; not adjacent to v3 implies v; & Qs3), and so wgt(Q1Q2Q3)
< min{wgt(Q;Q2); similarly wgt(Q1Q2Q3) < wgt(Q2Q3). Therefore, the tri-
angle Q1Q2Q3 of weight-k edges would not be a weight-k triangle. 0
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