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Abstract. Let AK, be the complete multigraph of order v and index A, where
any two distinct vertices = and y are joined exactly by A edges {z,y}. Let G be
a finite simple graph. A G-design of AK,, denoted by (v, G, A)-GD, is a pair
(X, B), where X is the vertex set of K, and B is a collection of subgraphs of
K, called blocks, such that each block is isomorphic to G and any two distinct
vertices in K, are joined in exactly A blocks of B. There are four graphs with
seven vertices, seven edges and one 5-cycle, denoted by G;, ¢ = 1,2,3,4. In
(9], we have solved the existence problems of (v,G;,1)-GD. In this paper, we
obtain the existence spectrum of (v, G, A)-GD for any index .

Keywords: G-design, G-holey design, G-incomplete design.

1 Introduction

A complete multigraph of order v and index A, denoted by AK,, is a
graph with v vertices, where any two distinct vertices z and y are joined
by exactly A edges {z,y}. A t-partite graph is one whose vertex set can be
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partitioned into t subsets X, X», ..., X3, such that two ends of each edge lie
in distinct subsets respectively. Such a partition (X, Xs,...,X;) is called
a t-partition of the graph. A complete t-partite graph with replication A
is a t-partite graph with ¢-partition (X;, X2, ..., X:), in which each vertex
of X; is joined to each vertex of X; by A times (where 7 # 7). Such a graph
is denoted by AKy, n,...n, if |[Xi| =0 (1 <1< 2).

Let (Xl,Xg,... X:) be the t-partition of Ky, n,,...n., and |X;| = n,.
Denote v = Z n; and G={X1, X, ..., X:}. For any given graph G, if the
edge set of )\Kn,,n,, .,ne can be decomposed into a collection of subgraphs
A, each of which is isomorphic to G and is called block, then the system
(X,G,A) is called a holey G-design with index A, denoted by G-HD\(T),
where T = nlnl...n} is the type of the holey G-design. Usually, the type
is denoted by exponential form, for example, the type 1¢273% ... denotes 4
occurrences of 1, 7 occurrences of 2, etc. A G-HD)(1v"%w?) is called an
incomplete G-design, denoted by G-ID)(v,w) = (V,W, A), where |V| =
v, Wl=wand WCV.

Let G be a finite simple graph. A G-design of AK,, denoted by (v, G, A)-
GD, is a pair (X, B), where X is the vertex set of K, and B is a collection
of subgraphs of K, called blocks, such that each block is isomorphic to G
and any two distinct vertices in K, are joined in exactly A blocks of B.
Obviously, a (v,G, A)-GD is a G-HD»x(1") or a G-IDj(v; w) with w = 0 or
1. Tt is well known that if there exists a (v, G,A)-GD, then

Av(v — 1) =0 (mod 2¢(G)) and A{v —1) =0 (mod d),

where e(G) denotes the number of edges in G and d is the greatest common
divisor of the degrees of the vertices of G. For the path Py and the star K, x,
the existence problems of their graph designs have been solved (see [1] and
[2)). For the graphs which have fewer vertices and fewer edges, the problem
of their graph designs has already been researched (see [3]-[8]). There are
four graphs with seven vertices, seven edges and one 5-cycle, denoted by
Gi,i =1,2,3,4. In [9], we have solved the existence problems of (v, G, 1)-
GD. In this paper, we obtain the existence spectrum of (v, G;, A)-GD for
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any index A. The four graphs G; (i = 1,2, 3,4) are drawn as follows.

- ﬁ ﬁgJ I \a
a a

e (4 g e e
Gl G2 G3 G4

For convenience, the graphs G, — G4 above are denoted by (a, b,¢,d, ¢, f, g).

2 General structures

Theorem 2.1 Let G be o simple graph. For positive integers h,m,\ and
nonnegative integers w, if there exist a G-HDy(h™), a G-I D) (h+w;w) and
a(w,G,A)-GD (or an (h+w,G,)-GD), then there ezxists a (mh+w, G, A)-
GD.

Proof. Let X = (Z, x Z,,)|JW, where W is a w-set. Suppose there exist

G-H.D,\(hm) = (Zh X ern A)’
G-IDx(h+w;w) = ((Zn x (i}) UW,B;), i € Zr, or i€ Zy\ {0}, and
(w,G,A)-GD = (W,C) or (h+w,G,\)-GD = ((Z, x {0}) UW, D),

then (X,9) is a (mh + w, G, A)-GD, where
m—1 m—1
Q=Al) .L_JO Bi)UC or AlJ( '91 B)YUD.

Note that
= )\(mh+w) { Ag’:;h _l_mtxg")wh) +2 A3
G) A(m—l)( +wh) A(wth
2 _(T'zi_+ e(c(:)) + 2(5))

m—1
A+ Y 1Bid +c|

—_ i=0
- m—1 .0

[Al+ > 1Bil + D]
i=1
The necessary conditions for the existence of (v, G;, \)-GD are Av(v —
1) =0 (mod 14) and v > 7, i.e.,
v=0,1 (mod 7) for any A, v=2,3,4,5,6 (mod 7) for A =0 (mod 7).

In [9], we have obtained the following three lemmas:
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Lemma 2.2 There ezists a (v,G;,1)-GD if and only if v=0,1 (mod 7)
andv > 7, where i = 1,3, 4.

Lemma 2.3 There ezists a (v,G2,1)-GD if and only if v = 0,1 (mod 7)
andv #7.

Lemma 2.4 There exists a G;-HD(7%**1!) fori=1,2,3,4.

Theorem 2.5 Forv = 0,1 (mod 7) and any A > 1, there exists a (v, Gy, A)-
GD,where i =1, 3,4.
Proof. By Lemma 2.2, let each block in (v, Gy, 1)-GD repeat A times. O
Lemma 2.6 There erists a (7,G2,A)-GD for any A > 1.
Proof. (7,G2,2)-GD: X = Zg|J{oo} (5,00,0,1,3,2,4) mod 6.
(7,G2,3)-GD: X = (23 x Z3) | J{oo}

(01,00, 00,13,20,10,21) (0,131, 10,21,00,20,01)

(0p, 0, 11,01,21,10,20) mod (3,-).
Obviously, there are nonnegative integers m and 7 such that A = 2m 4 3n
for any A > 1. So there exists a (7,G2,\)-GD for any A > 1. m}

Theorem 2.7 Forv = 0,1 (mod 7) and any A > 1, there exists a (v, Ga, A)-
GD.

Proof. By Lemma 2.3 and Lemma 2.6. )

For v = 2,3,4,5,6 (mod 7) and A = 0 (mod 7), in order to solve
(v, Gi, A\)-GD, we only need to construct a (v, G;,7)-GD. By Theorem 2.1
and the following table, considering the existence of the needed HD (see
Lemma 2.4), we only need to give the constructions of I.D and GD for the
pointed orders in the Table 2.1.

v(mod 14) | HD 1D GD (A=7)
2 7RFT17(16; 9) 9
3 7241 1 (17;10) 10
4 72+ 1 (18;11) 1
5 7241 | (19;12) 12
6 7Z'+i (20;13) 13
9 72+ (95 2) 9
10 72+ [ (10;3) 10
1 72+ [ (11;4) 1
12 72+ 1 (12;5) 12
13 7241 | (13;6) 13

(Table 2.1) For G1,G2,G3 and G4
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3 Incomplete G;-designs

Lemma 3.1 There ezists a G1-ID(T+w;w) for2<w <6 and9 < w < 13.
Proof. Let X = Z; U{a1,a2,...,aw} and a G1-ID(7+w; w)=(X, B). The
family B consists of the following blocks, where [B| = w + 3.

w=2: (074s113’6a5’2) (1,0.1,4,5,6,0,0.2) (2,0aal,5ya27 473)
- (3y az, 4’6’ 2’ 51 1) (a'la21 11 a2, 61 310)
w=23: (0, 2,01,6, 1,a3,3) (1,a2,0,6,5, 4,3) (2,1,3,&1,5, 4, 0.3)
’ (3; 6a 2: a'2a5s 0) 4) (alyos 5) 0.3,1,4, 6) (0'2’ 3a 2: 0'376’ 4, 5)
(Os a, 2a 1,31 az, 6) (17 az, 3, a4, 4a 6: 0) (25 5a a4, 6) 3, Oa 1)
w=4: (3, a, 6, 5, as, 4, 2) (al, 1, a4,0, 4, 5, 3) (az, 5, 1, as, 4,2, 6)
((13, 0, 51 41 63 21 04)
(01 a1721 4a 02,5, as) (1) a, 4, 5) a2, 6) 0.5) (2’Oa 613’ as, 1,(15)
w=>5: (3s a1,5a6,02s01a3) (4731 21“45 1,6,&1) (5,(13, 1,3,04,2,(12)
(6’ a3’4)0$ a4, 2,05) (a530$195737 4, 04)
(075’3, 1,05,06,4) (17ala4$0$a3’2y 3) (2,5,6,4,05,0,04)
w=6: (35 02,0, 6,05,4, 04) (4,1,06,2,02,5,@5) (alao’ 3,(13, 2a61a6)
(0.2, 5?0'6’3,67 1,0) (03,5,04,2,4,6, 1) (0.4,3,0,1,5, 1»612)
(0,&9,6,08,1,3,03) (1,07,0, 6,05,4, a3) (2; 0'9141 a6551 3,(13)
w=9: (3,0.1,2,0,(12,6,04) (4,0.1,1,3, 5,0,0.4) (5,03,4, 3, a7,0,a5)
’ (6, ar, 2,0,2,1, 5’ a5) (a1,5’17a3»6: 01 aG) ((12,5,(14,2,6, 4,(17)
(a31 29 1;0'9,5:0’ a8) (04,4,2,(16, 113') ag) (0'5,4, 6: ag, 3’2"1’8)
(0,as,4,a3,6,a1,1) (1,07,6,a10,3,5,2) (2,1,as,6,a1,a3,0)
(01,5,6, 1541 3,&7) (02,3, 5,(14, 0) 2a (17) (a37 1,(12,4, 5’ 31 a’8)
w=10: (04,1,0,&5,3,2,(13) (a5y5’01 3v21 4,09) (0.6,4,0,2,6,1,09)
(a71 4:3,061 5,0:0'10) (08,5,0:9,3,6, lyaIO) (09, 6) a'414;210’aﬁ)
(aIO) 4, 61 as, 5) 23 0,6)
(O)Sa 0.4,4,05,0.1,3) (1,3,&8,5,05,01,4) (all)3a 5a4s0s1’6)
(274’ Qg, 330'270'11)5) (al)5)13a2, 6,2,&6) (02,4, 3: 2,5,0,@10)
w=11: (a3,3,0,a4,6,1,a8) (as,3,a6,4,1,2,a9) (as,2,1,0,6,3,a7)
(a'6a 5a az, 4; 61 07a8) (0.3,2,0,03,4, 67 alO) (0'7,23 as, 5$ 6)Oa a'9)
(09,5,0;10, 2)6; 19“7) (a'10’ 3, 69 0.11,4, 11 0'6)
(4,610'1)5,0'1110'1070) (laa2’4?012val2a 3) (270'2)3, 11“730'12’4)
(3,0'11,0: 012159(1'4;1) (0,0»9, 1743 ay, 6y2) (ala 21570'3)371’0'11)
w=12: (02,5,4,0,3,0, 6,012) (03,2, 0.4,0, 17610‘7) (a4557 11 %?6’4$ a’8)

(a‘s! 4’ 31 Qg, 2) 1) a'lo)
(agv 2’ a, 67 31 5, alO)

(06,0,05,6,5, 47a9) (a774a2v310=51 a8)
(a8,35a51 51 07 6,&9) (0;10,2, as, 11 6) 31 a'f)
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(01 a2, 3’4v 05,09,5) (110'77590»3’ alO’B) (2763 0‘13)3aa10a0a a7)
(0,12, lsasa 31 5’ 61 05) (3s 09,4, as, 6a 21 05) (0'11 2,(113, 1101 4) a'lO)
(a17 1'» 2, ar, 31 61 a'4) (0.2, 01 ag, 5, 4!15 03) (a11:2’ a2, 41 1:01 a6)
(a2=6,a7=4y 2,5, al) (0.5, 1,a,2,5, 3! a2) (0'1394a 0616>5a0a 0.3)

(a3)37a4a0y 6,2,&8) (04, 4y a‘335v 1, 2, a‘ﬁ) (4a an, 51“101(): 6$ a’9)
(a5,3,a11,6,1,5,a4) a

Lemma 3.2 There exists a Go-ID(7T+w;w) for2<w <6 and9 < w < 13.

Proof. Let X = Z;|J{a1,a2,...,0y} and a Go-ID(7+w; w)=(X, B). The
family B consists of the following blocks, where |B| = w + 3.

. (490a3a271aa215) (5’1a3a4,2aa116) (6)0'2,210'1,01374)

W=2" (4,3,5,0,1,4,6) (a2,0,2,6,1,3,5)
=3 (01 67 2, 5, 4, a31a2) (1a4y 61 31 51 0.3,0) (2$ 0.1,0,5, 02,03,4)
W= (3,03,5,6,02,1,2) (4; 113,6, 170'213’“1) (ala 1» 210: 3357 6)
(01,5,04, 1141 21 3) (a2,3,1,a1,6, 03 2) (a'3,4’2’5, 37 136)
w=4: (as4,a5,6,0,3) (0,54,63,a1,1) (1,20,a3,5,as6)
(2161 0, 413’0'3,0'4)
(0) 1a6) a3a4a alvaZ) (17 a4101 61 as, ay, 03) (2a 0) a’5131 as,ay, 1)
w=5: (3,0,(13,5, 1; a2)a'4) (41 a4,5, 2: 620'210'5) (510'51 21 3: 6: 4’ O)
(04,4,2,@4,6, 3' 5) (a251,4’3$512)6)
(01 a4, 296)0‘5’ a3)4) (1107 51 31 410'470'2) (27 1731 a670a (15,(11)
w=06: (330'415’4’0'3’0» (12) (430'5: 1,(13, 23 61 0.6) (5$ 6) Qy4, 4,01,2, 1)

(6,03,5,05,3, 1,(12) (0'113,250'67 1:0a6) (02,0,6,03,5, 21 4)

(01,2, a9141 3;6a 0) (11 a9)01a6a67 01,04) (0.3,1,5, aSvoa 41 2)
w=9: (04,5,2,06,4,3,6) (430v 6a (13,5,(17,08) (0a2» a8a1sa7aa4a a2)
) (a2a 370'6y 1»4v 6a 5) (2!0'2’1)0’ 3: a4, a5) (3y az, 61 5: a9, as, a5)

(0'570a 51 3161 4, 1) (570'7,2!4) al)a'SyaG) (6$ ag, 3’112a 4,09)

(as,4,2,a3,5,6,1) (3,a2,5,a1,4,a3,a5) (ar,2,0,,0as,4,6,3)
(0.8, 1,0'975, 35632) (6,3’ 1,0«7,0,09,(110) (010,1,a3,6,2,0,3)

10: (0,(11,6,1,(14,4, 5) (1,02,0, 0.5,2,4,0,1) (2"1610,31‘11’5,‘12)
(aﬁa 3: 270'4: 5a 6’ 1) (41 a10$5’ 6) a?)a41a6) (51 41 a'3v0a 17“’7:‘1’8)
(aQy 3$ a4, 61 43 0’ 2)

((11,5, 1,a7,6,0, 3) (1’ as, 6,2, as, 01,04) (a'Gv 2,a10,0,3, 4, 5)
(0,4, 3a as, Ov 57476) (5a asg, 1)0’ 2)0'9,0'10) (0’02,3’ 2,04,6, a'3)

w=11: (a2a4a 23“81 6a1,5) (31 09,1,010,6,05,0,11) (allvo)a972a 1s41 5)
(0,3, 47 01a77 37275) (2a 0.1,4,5,&7,02,(111) (4,09, 6151370'750'8)
(G'Saoa ag, 1a49695) (6v 113a 0.10,4, allaaﬁ)

g
I
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(a1,5,a10,2,6,0,1)
(0.4, 1: 4:0'12,6,3,5)

: (av7,1,00,5,2,4,6)

(05,0, as, 21 4) 37 5)
(0-81 2’ Oy ag, 4-; 61 5)

(a1;312: a11,4,0, 1)
(4,0,as5,1,4,2,3)
(as, 3, 0.12,4,6, 172)

" (as,4,2,010,3,5,6)

(a2,4,3,6,5,1,2)
(as,2,0,1,5,3,4)

(6,49,3,0,a11,05,5)

(1, a2, 3’ 21 as,az, alo)
(2,011,1,0,a12,01, a9)

(4) 3) az, 0; 5: a4, a'll)
(5! asg, 31 6) l: ar, 0:12)

(3,a13,1,a8,0,a2,a0)

(0.6, 2, a2, ly 6) 31 4)
(0, as, 57 3) az, 6) alz)

(1, a4, 6, ali, 3,a7, as)

(a7,2,1,a10,6,4,5)

(as,4,0,a10,6,1,2)
(as,1,3,a11,5,4,6)
(0,as,1,2,a4,a3,6)
(3,(11, 4,6, az, ag, as)
(a2,4,a10,3,5,0,2)

(4, a13,0,as, 5,a3,a10)
(6) az, 07 5,a12,as, a13)
(aga 1, aiy, 01 4) 5) 6)
(2’ ag, 0’ ao, 5,a1, as)
(5, ap, 6, 2, ai13,aq, a.u)
0

Lemma 3.3 There ezists a G3-ID(T+w;w) for2<w <6 and9 < w < 13.

Proof. Let X = Z7 | J{a1,a2,...,0+} and a G3-I1D(7+w;w)=(X, B). The
family B consists of the following blocks, where |B| = w + 3.

(aly 0,5,a2,4, 2, 6)

(a1,1,0,4,6,3,5)

(a2,2,3,6,1,0,4)

w=2: (4,3,0,2,5,1,02) (615731 1,210'2’0'1)
w=3 (Oa4a5’ as, 6121 3) (0: 5,0:1,4, a3’3’6) (1,630'2:370'3’5:4)
(1,3,6,2,4,0, 5) (2,0.1,0,0.2,5,1,6) (2,&2,1,01,3,03,4)
(Oa 01,6,2,1,04,5) (1,04, 4101 3)0'4) 2) (210'21115’37“'3?4)
w=4 (3,02, 5a6» 4a alyo) (4aa3)0a 2a 5,(14,6) (5v 0.3,3,6,0,04,1)
(61 a4, 27 4) 1) a2, 3)
(alaor a4,2,1, 61 3) (a2:012:3,675v4) (a2, 17 615’2’47 0)
w=>5 (0.1,3, 41 6s 2a 570'2) (0.3, 41 05,5, 31 0,(11) (03,5, 41 a4111 6’0)
(04,6,05, 1,5, 3) 0) (05,2,4,1,3,0,03)
(11 5’0'4761 ag, ag, 4) (0,5:‘12) 2» Qg, A5, al) (0) 4; 01)2’ 1,3,0,3)
w==6 (176) 57 06,39 0.4,0.3) (21 61 0.1,1, as, 3)‘15) (2a 07 al)3a 5, 4a 6)
(37 02,4,06,6, QS)O) (3,0/3,5, 0.5,4, a4a0) (4,04,2,0.5, 1’6)0)
(a5109a2s 1,4,6,0.7) (05,1,0,3,5,2,(13) (a6;2a 63a2’ 3) 1,a8)
w=9 (aﬁaoaalv17514:2) (a771a21a1,3a 4’0'4) (a7,2,4,al,5,6,a2)
(a81 3, 2,03,0, 51 6) (08,4,04,3, 1)6’0'9) (09,5,03,6, 11270)
(0,9,3, a‘3’410a 6s 0.5) (6, 4’ az, 5)0'410'1, 3) (6| 552a a4!0$ ag, 4)
(2:0'10;07 4108:0‘51 3) (0,09,6,1,0.8,0.2,5) (1,0’.9,4,3,0.1,0.3,2)
(lv 10, 6: 2141 a4a5) (0: 6a5!3s 11 a174) (2,(11,6,(15,0,0,2, 4)
w=10: (3’0'2,610390"14’1) (350'3:5’1»0'7’61 2) (3,&3,5,2,06,09,6)
(4,05,3, 210'770'371) (5;0'6’112,0'470'5:0) (550'7161 06,4,01,0)
(4» a4, Oy 5’ a2,a10, 6)
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w=11
w=12
w=13

(0$ a4, 41 3> 2, Qag, 5)
(6’ aty, 1) as, 2: 0) 5)
3,021,2,5,1,a7,0)
(5,as,3,09,6,4,1)
(6,a7,1,0,a10,3,4)

(0'2;0y 31 as, 5) l»all)
(a5v lv 3!0'6:0’5, 2)
(0.3, Or 5) 2’ 6, 47 alZ)
(a7,1,a3,2,3,0,a9)
(5,6,0,as,1,0a3,012)

(01’6»‘7'3, 1, 5, 2,0,12)
(a47 1’6! 2: 31 0)“2)
(a7,2,06,0,1,5,a4)

: (a‘1013’a'1!01 2,5,@5)

{as,1,212,2,5,4,01)
(07 5) 3a 61 a0, 4, all)

(1) Qg, 5: as, 4,0'2’ 0)
(2,03,0,3,a6,a11,6)
(2’ az, 5: a0, 4,(19, 0)
(5,a9,1,a4,3,as,4)

(0, as,6,as,4,a11,3)
(210'2, 5,0, as, a10, 4)
(31 az, 6) 41 a, aio, 0)
(4,as,1,6,as,a1,3)
(17 a1,6,a4,2,a10, 5)

(a'4y0) 1,a11,6,5, al)
(’-7'6: 1) 4’ ay, 6’ 21 a12)
(ag, 2, a2,4, 0, 3,411)
(alo’ 2; a4, 11 6i 57 a'l)
(4a 6,as,3,a12, 2, 0'2)

(aa, 2, 0, aio, 4, 6, a.12)
(3, 4, Qag, 5, a,az, a4)
(3,5,a6,4,a11,a4,012)
(3, 6, ai, l, aio0, 03, 0.9)
(4, 5, ar, 2, as,ai, a.u)

(as,1,2,a13,6,5,a11)
(5,4, as, 3,a9,a13,a12)
(6,5, a3, 4,a2, a4, a12)
(4,3,212,0, a9, a13,a6)
(61 4: as, 5x as, ae, al)
D

(a'2, 01 a13, 1) 31 51 (15)
(a.3, 0, 6, ay, 3, 2,011)
(as,2,as5,4,1,0,a11)
(a11,3,0,a7,4,6,a13)
(a9,2,4,a10,1,6,a2)

Lemma 3.4 There exists ¢ G4-ID(7T+w;w) for2<w <6 and9 < w < 13.

Proof. Let X = Z7|J{a1,0a2,...,a,} and a G4-ID(7+w; w)=(X, B). The
family B consists of the following blocks, where |B| = w + 3.

w=2:

w=3:
w=4
w=2>5
w=6
w=9

(ala 3) 01 6a 1, 5’0'2)
(0,2, 5? 3s 65 2! 11 4)

(Oa 57 31 ag, 11 4’ 6)
(11 5: 6’ Os ag, 2» 0'3)

(01 2’: 41 61 31 as, a’2)
(3s 21 ai, ]-v 4» a4, 0)
(0,4,4,0.3, 175v 61 3)

(07 1,0.1,3,0.5, 61 4)
(2’ 3) Cl4,6, as,a, 0)
(57 Oy as, 47 aq, 67 1)

(0,03, 1’0'254: 5,0'4)
(170'516a374, 512)
(3; 5,0.4,0,0,3, az, 4)

(a5, 27 01 as, 41 11 a'7)
(aﬁ: 3a 01 az, 6’ 5’ 4)
(aSa 2’ 3’ a4, 0’ 5$ 4)
(a9’ 3a 51 az, 2’ 6) 03)

(017011!5:4:2,3) (6)4a2a3sa21a1a0)
(5) Ov 45 11 2$ 6a a‘2)

(0,3,4,a2,2,a3,1) (1,0:1,5, 4) 6’ 31“3)
(2, 3» ay, 4) as, 6a0) (23 5’ az, 6: a1,4s 3)
(1,3,5,4,0,&4,01) (2)1)6’()’ 5,04,03)
(02,3,01,6,5,2,4) ((13,0,@2,6,2,5,1)

(Oa 4aa295v 213’ 1) (17510'3727 a4,4, 3)

(3,5,a1,6,1,a2,0) (4,2,a9,6,3,5,0)

(6) 41 as, 11 21 asg, 5)

(0,0.5,5, 6, 13a2’4) (1a06557 as, 31 250'2)
(2,02,6,0,01,(15,4) (21510'11 6’061011)
(3,2,03, 41 a‘5’0a6) (4a 2, a4137a11a6a6)
(0,5,0, 170'173, 5,(16) (a91472’ 01,0,5, 04)
(6’ 31110/23 2: 0, 0.9) (0.7, 1121 as, 3: 4) 5)

(a'8a 1, 41 a'2:3s 61 5) (0'61 035, 6: 41 2a 0.2)
(6,a1,4,a4,1,0as5,08) (6,a4,5,1,a3,a7,a1)
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(0,&8,6,0,1,2, 0'5)1) (01 11 0912:(17;0'1’6) (1’310'9;4:“4: 510)

(1, 2,010, 5,a7,4,0) (2, 3:01011,08,03,6) (2,4,21,1,02,5,3)
w=10: (3,4,02,5,6,a3,0) (3,0,a3,6,a4,02,1) (4,0, a4,5,a3,as,2)

(4,6,as,1,as8,a10,2) (5, 4,a6,3,as,01,0) (5,3,a7,6,a6,a9,4)

(Gy 2, as, 5$07 02,3)

(07 1,01,2,0:6,4,6) (1,5,0,1,0,0.7,09,4) (0,5,02,3,09,@11,2)

(3,0,a3,6,a4,5,2) (2,1,a2,0,04,a10,6) (4,2,a7,6,as,a9,3)
w=11: (3,4,&4,5,6,&1,1) (6,0,a10,3,a5,a11, 1) (5,4,06,1,0«5,0,3,6)

(2,3,as,1,as5,0,4) (5,2,08,3,06,010,0) (4,6, a9,5,a7,a2,2)

(1:4:05, 5,0.11,3,0) (6) 2,‘11114) a10, 1)3)

(02,0, aa,l, 5, 4, 2) (2,06,0,4, a4,5,a11) (2,010,0,5,a5,a2,a1)

(0.9,4,0:5,1,3,6,0) (5)0'5)4!6:0'1’“11:1) (410'1;15061570'11)0'12)
w=12: (0.4,6, 0.7,2, 3, 0, 4) (1,0.2,3,0,09,0.4,6) (5,a12,6,as,3,a4,a3)

(0.3,3,0-6,4,2,0,6) (5,09,2,0, a7,a3,a1) (6’0593’0'7, 1,0,11,0.12)

(a](), 1,01 6:5: 4: 012) (1,03,4,0:12,2,0111,3) (67010)390'11,21 az’al)

(as,2,1,a7,6,0,a13) (5,a13,6,2,07,1,a12) (as,6,0,a2,2,3,as)
(as,5,0,011,2,1,a6) (5,@10,1,012,4,a3,a11) (e1,1,6,as,4,0,as)
. (a10,3,1,0a9,2,0,a3) (4,a13,3,6,a10,a3,a11) (as,3,2,013,0,1,5)
: (a6,4a 2,(13,5, 1y012) (011,5,3,06,6,4,0,12) (07:01 2101’3:4:0'6)
(a9,0,3,a5,4,5,a4) (4,a2,6,09,3,04,a1) (4,6,5,a4,1,0,a1)
(a2,1,0,a12,5,3,a3) a

4 Graph designs

Lemma 4.1 There exists a (v,G1,7) forv=9,10,11,12,13 .
Proof. v=9: X =27,
(4,0,1,2,3,5,8) (8,0,2,4,6,5,3) (5,0,3,6,2,8,7)
(7,0,4,8,3,5,2) mod?9

v=10: X = Zg(J{oo}
(4,0,1,2,3,5,8) (00,0,2,4,6,5,8) (5,0,3,6,2,00,7)

(7,0,4,8,3,00,2) (7,0,1,3,6,5,8) mod 9

v=11: X = Z11
(4,0,1,2,3,5,6) (8,0,2,4,6,10,1) (1,0,3,6,9,4,7)

(5,0,4,8,1,9,2) (9,0,5,10,4,3,8) mod 11

v=12: X = Zu U{OO}
(,0,1,2,3,4,9) (8,0,2,4,6,3,1) (0,00,9,6,3,4,1)

(4,0,00,1,8,10,7) (4,0,1,2,3,7,9) (9,0,5,10,4,2,6) mod 11

v=13: X =23
(4,0,1,2,3,10,6) (8,0,2,4,6,1,5) (12,0, 3,6,9,7,4) (3,0,4,8,12,6,7)

(7,0,5,10,2,12,1) (11,0,6,12,5,10,8) mod 13 o
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Theorem 4.2 Forv = 2,3,4,5,6 (mod 7) and A =0 (mod 7), there exists
a (v,G1,A)-GD.
Proof. By Theorem 2.1, Lemma 2.4, Lemma 3.1 and Lemma 4.1. m]
Lemma 4.3 There ezists a (v,Gg,7) forv=19,10,11,12,13 .
Proof. v=9: X =27y
(4,0,1,2,3,7,6) (8,0,2,4,6,7,5) (5,0,3,6,2,7,8)
(7,0,4,8,3,1,6) mod9 '
v=10: X = Zg|J{oo}
(00,0,1,2,3,5,6) (6,00,7,2,4,1,3) (0,1,3,6,8,00,4)
(7,0,1,2,4,3,5) (5,0,3,6,2,1,8) mod9
v=11: X =2
(4,0,1,2,3,9,8) (8,0,2,4,6,3,1) (1,0,3,6,9,2,10)
(5,0,4,8,1,6,3) (9,0,5,10,4,6,1) mod 11
v=12: X = Z;; U{oo}
(00,0,1,2,3,4,5) (6,00,0,2,4,3,8) (0,3,6,9,1,00,4)
(5,0,4,8,1,9,2)  (9,0,5,10,4,3,6) (0,1,2,3,5,4,9) mod 11
v=13: X = Z;3
(4,0,1,2,3,10,9) (8,0,2,4,6,3,7) (12,0,3,6,9,8,11)
(3,0,4,8,12,9,1) (7,0,5,10,2,3,4) (11,0,6,12,5,8,9) mod 13O
Theorem 4.4 Forv =2,3,4,5,6 (mod 7) and A =0 (mod 7), there exists
a (v,G2,A)-GD.
Proof. By Theorem 2.1, Lemma 2.4, Lemma 3.2 and Lemma 4.3. m]
Lemma 4.5 There exists a (v,G3,7) forv=29,10,11,12,13 .
Proof. v=9: X = Z,
(4,0,1,2,3,7,5) (8,0,2,4,6,1,3) (4,0,3,6,1,2,8)
(5,0,4,8,2,3,1) mod9
v=10: X = ZgJ{oo}
(00,0,1,2,3,5,6) (0,0,2,4,6,1,3) (0,3,6,1,4,2,00)
(0,4,8,3,7,2,6) (0,1,2,3,4,6,7) mod 9
v=11: X =2y,
(0,1,2,3,4,9,10) (8,0,2,4,6,9,1) (1,0,3,6,9,4,8)
(5,0,4,8,1,10,6) (9,0,5,10,4,2,7) mod 11
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v=12: X = Z; {J{oo}
(00,0,1,2,3,4,8) (00,0,2,4,6,1,3) (0,3,6,9,1,2,00)
(0,4,8,1,5,3,6)  (0,5,10,4,9,2,6) (0,4,9,3,7,1,5) mod 11
v=13: X =23
(0,1,2,3,4,6,7) (0,2,4,6,8,3,5) (0,3,6,9,12,4,7)
(0,4,8,12,3,5,9) (0,5,10,2,7,1,6) (0,6,12,5,11,2,8) mod 13 O
Theorem 4.6 Forv=2,3,4,5,6 (mod 7) and A = 0 (mod 7), there ezists
a (v,G3,A)-GD.
Proof. By Theorem 2.1, Lemma 2.4, Lemma 3.3 and Lemma 4.5. @]

Lemma 4.7 There ezists a (v,G4,7) for v=9,10,11,12,13 .
Proof. v=9: X =274
(4,0,1,2,3,7,5) (8,0,2,4,6,1,3) (4,0,3,6,1,2,5)
(5,0,4,8,2,6,7) mod9
v=10: X = Zg|J{oo}
(,0,1,2,3,5,4) (0,0,2,4,6,1,5) (0,3,6,1,4,2,8)
(0,4,8,3,7,2,5) (0,1,2,3,4,6,00) mod9
v=11: X =2, .
(0,1,2,3,4,9,6) (8,0,2,4,6,9,7) (1,0,3,6,9,4,5)
(5,0,4,8,1,10,3) (9,0,5,10,4,2,8) mod 11
v=12: X = Zy; |J{oo}
(00,0,1,2,3,4,9) (00,0,2,4,6,1,3) (0,3,6,9,1,2,7)
(0,4,8,1,5,3,00) (0,5,10,4,9,2,8) (0,4,9,3,7,1,6) mod 11
v=13: X =Zj3
0,1,2,3,4,6,11) (0,2,4,6,8,3,9) (0,3,6,9,12,4,5)
(0,4,8,12,3,5,6) (0,5,10,2,7,1,4) (0,6,12,5,11,2,9) mod 13 O
Theorem 4.8 Forv =2,3,4,5,6 (mod 7) and A = 0 (mod 7), there exists
a (v,G4,N)-GD.
Proof. By Theorem 2.1, Lemma 2.4, Lemma 3.4 and Lemma 4.7. 0
Theorem 4.9 For i = 1,3,4, there ezxists a (v,G;, A\)-GD if and only if
M(v—-1)=0 (mod 14) end v > 7.
Proof. By Lemma 2.2, Theorem 2.5, Theorem 4.2, Theorem 4.6 and The-

orem 4.8. ]
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Theorem 4.10 There ezists a (v,G2,A)-GD if and only if Av(v — 1)
0 (mod 14), v > 7 and (v, A) # (7,1).
Proof. By Lemma 2.3, Theorem 2.7 and Theorem 4.4. |
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