THE ZERO-DIVISOR GRAPH OF A MEET-SEMILATTICE
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ABSTRACT. In this paper, we introduce the zero-divisor graph I'(L)
of a meet-semilattice L with 0. It is shown that I'(L) is connected
with diamI'(L) < 3 and if I'(L) contains a cycle, then the core X of
T'(L) is a union of 3-cycles and 4-cycles,
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1. INTRODUCTION

Beck [3] introduced the notion of coloring in a commutative ring R as
follows. Let G be a simple graph whose vertices are the elements of R and
two distinct vertices z and y are adjacent in G if zy = 0 in R. The graph
G is known as the zero-divisor graph of R.

Anderson et al. [1] and Anderson and Livingston [2] studied graphs on
commutative rings. Let R be a commutative ring with 1 and let Z(R) be
its set of all zero-divisors. They associated a (simple) graph I'(R) to R
with vertex set Z*(R) = Z(R) — {0}, the set of nonzero zero-divisors of R
and distinct z,y € Z*(R) are adjacent if and only if zy = 0 and called this
graph as the zero-divisor graph of R. They gave relationship between ring-
theoretic properties of R and graph-theoretic properties of I'(R). Later,
Demeyer et al. [4] studied graphs on commutative semigroups with 0 in a
similar manner.

Nimbhorkar et al. [6] introduced the zero-divisor graph for a meet-
semilattice L with 0 and proved a form of Beck’s conjecture. They associ-
ated the zero-divisor graph to L with 0, whose vertices are the elements of
L and two distinct elements z,y € L are adjacent if and only if t Ay = 0.
They correlated properties of semilattices with coloring of the associated
graph. Also Nimbhorkar et al. (7] studied graphs on lattices with 0 by
defining adjacency in a similar way. They have shown that when the lat-
tice is atomic or distributive then the chromatic number of the associated
graph is equal to the clique number of the graph.

2010 Mathematics Subject Classification. Primary 05C15, Secondary 06A99, 06B10,
06D99.

JCMCC 89 (2014), pp. 303-310



In this paper, we define a graph on a meet-semilattice L with 0. An
element a € L is called a zero-divisor if there exists a nonzero b € L such
that a Ab = 0. We denote by Z(L) the set of all zero-divisors of L. We
associate a graph I'(L) to L with vertex set Z*(L) = Z(L) — {0}, the set
of nonzero zero-divisors of L and distinct =,y € Z*(L) are adjacent if and
only if z Ay = 0 and call this graph as the zero-divisor graph of L. In a
meet-semilattice L with 0, a nonzero element a € L is called an atom if
there isno x € L such that 0 < z < a.

In section 2, we show that I'(L) is connected with diamI'(L) < 3. We
show that, if I'(L) contains a cycle, then the core K of I'(L) is a union of
3-cycles and 4-cycles. Moreover, any vertex in I'(L) is either a vertex of the
core K of I'(L) or else is a pendant vertex of I'(L). In section 3, we study
graphs of product of meet-semilattices and obtain some properties of such
graphs. The undefined terms are from West (8] and Grétzer [5].

A graph I is called a star graph if it has a vertex adjacent to every other
vertex and these are the only adjacency relations. A star graph with n
vertices is denoted by K . A path is a simple graph whose vertices can be
ordered so that two vertices are adjacent if they are consecutive in the list.
A path with n vertices is denoted by P,. A graph I is called connected if
there is a path between any two distinct vertices. A graph I' is complete
if any two vertices are adjacent. We denote the complete graph with n
vertices by K,. A vertex of a graph I is called a pendant vertez if its
degree is 1. For distinct vertices = and y of a graph I', let d(z,y) be the
length of the shortest path from z to y; (d(z,y) = oo if there is no such
path). The diameter of I is diamI’ = sup{d(z,y) | £ and y are distinct
vertices of I'}. The girth of I, denoted by gr(I'), is defined as the length
of the shortest cycle in I'. (gr(I") = oo if I" contains no cycles). The core
of I is defined as the union of cycles in T'.

2. PROPERTIES OF I'(L)

In this section, we show that I'(L) is always connected and has small
diameter and girth.

We begin this section with some examples.

The zero-divisor graph of a finite meet-semilattice with only one atom is
the empty graph. The zero-divisor graph of the meet-semilattice in Figure
1 is the empty graph.

However, this does not hold for infinite meet-semilattices with one atom.
For, consider the infinite meet-semilattice given in Figure 2, where the
descending dots represent infinite descending chain. It has only one atom
¢ but its graph I'(L) is an infinite star graph.
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The following example shows that nonisomorphic meet-semilattices may
have the same zero-divisor graph.

Example 1. The meet-semilattices in Figures 3 and 4 are not isomorphic
but their zero-divisor graph is the path P;.
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bb a b a b #c
I>I : ° \/ \I/
b c
0 0 0 0

Figure 3 Figure 4 Figure 5 Figure 6

Example 2. All connected graphs with less than four vertices may be
realized as I'(L) for some meet-semilattice L with 0.

There is only one connected graph Ko with two vertices and one can see
that K2 = I'(L), where L is the meet-semilattice given in Figure 5.

Note that P; and K3 are the only connected graphs on three vertices.
Both are realizable as the zero-divisor graph of a meet-semilattice L with
0. The corresponding meet-semilattices are given in Figures 4 and 6 re-
spectively.

There are eleven graphs with four vertices of which only six are con-
nected. Of these six, the five graphs shown in Figure 7 to Figure 11 can be
realized as I'(L). The corresponding meet-semilattices of these graphs are
shown in Figure 7a to Figure 11a respectively.

a c d b d b a
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Figure 7 Figure 8 Figure 9 Figure 10
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We next observe that the graph P, cannot be realized as I'(L) for any
meet-semilattice L with 0. Let V(P;) = {a,b,¢,d} with
aAb=0bAc=cAd=0 and no other meet is zero. If a A d = z for some
zthenz < a,z<dhencezAb =0, zAc=0 that is z is a common
neighbour of b and ¢, a contradiction. Hence P4 cannot be realized as I'(L).

Remark 2.1. We have seen above that I'(L) can be a 3-cycle or a 4-cycle.
But, I'(L) cannot be an n-cycle for any n > 5. For, consider an n-cycle G
given by a) — a2 —az---a, — a; with n > 5. Suppose that G = I'(L) for
some meet-semilattice L with 0. Let az A aq = z then = < a9, = < a4 gives
zAaz =0, z Aas = 0 that is = is a common neighbour of a3 and as. We
note that if z = a4, then a4 < a2 and hence a4 A a; = 0, a contradiction.
This shows that as A as does not exist.

Let L be a meet-semilattice with 0. Then I'(L) is complete if and only
ifzAy=0forall z,y € Z*(L). For the meet-semilattice
L = M, = {0,a1,+- ,an}, where a; Aa; = 0, for all ¢ # j, I'(L) is the
complete graph K.
Theorem 2.1. Let L be a meet-semilattice with 0, then I'(L) is connected
and diam(I'(L)) £ 3. Moreover, if I'(L) contains a cycle, then grI'(L) < 4.

Proof. Let z,y € Z*(L) be distinct. If zAy = 0, then d(z,y) = 1. Suppose
that z Ay # 0, then there are a,b € Z*(L) — {z,y} withaAz =bAy=0.
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If a = b then £ — a — y is a path of length 2; thus d(z,y) = 2. Thus we
may assume that a # b. If a Ab =0, then z — a — b — y is a path of length
3 and hence d(x,y) < 3. If aAb# 0, then £ — a Ab—y is a path of length
2; thus d(z,y) = 2. Hence d(z,y) < 3 and thus diam(['(L)) < 3.

As seen above, there exists a path between any two distinct elements in
Z*(L) and so I'(L) is connected.

Now, suppose that I'(L) contains a cycle. If grTI'(L) > 5, then I'(L)
contains an n-cycle say ay —as —as---a, —a; with n > 5.

Let ag Aag = z,a3ANas =y, asNaz =zin L. ThenzAy =0,
yANz=0,2Az =0, a contradiction to the assumption that grI'(L) > 5.
Hence grI’(L) £ 4. O

Remark 2.2. There exists a lattice L such that grI'(L) = 4, see Figure
7a and Figure 7.

Theorem 2.2. Ifa —x — b is a path in (L), then either = is an atom in
L or a—z ~ b is contained in a cycle of length < 4.

Proof. Suppose a —x — b is a path in I'(L) and z is not an atom in L then
there is a nonzero ¢ < z. ThenaAc=bAc=0. Hencea—~r—-b—-c—a
is a cycle of length equal to 4. 0

Theorem 2.3. If L does not contain any atom, then any edge in I'(L) is
contained in a cycle of length < 4, and therefore I'(L) is a union of 3-cycles
and 4-cycles.

Proof. Let a—z be an edge in I'(L). Since I'(L) is connected and {['(L)| > 3,
there exists a vertex b in ['(L) with a —z —bor z —a — b is a path in I'(L).
In the first case, if bAa=0thena—2 —b—ais a 3-cycle. fbAa #0,
since z is not an atom then there existsac < z. ThenaAc=0,bAc=0.
Hence a — z —b~c—a is a cycle of length 4. Thus z is contained in a cycle
of length < 4, so a — z is an edge of either a 3-cycle or a 4-cycle. In the
second case, if tAb=0thenz—a—b—xis a 3-cycle. f zAb# 0, since a
is not an atom then there exists a d < a. ThendAz =0, dAb=0. Hence
d—z —a—b—disa cycle of length 4. Thus a is contained in a cycle of
length < 4, so a — z is an edge of a 4-cycle. Hence a — z is an edge of a
3-cycle or a 4-cycle. O

Theorem 2.4. Let L be a meet-semilattice with 0. If T'(L) contains a
cycle, then the core K of T'(L) is a union of 3-cycles and 4-cycles and any
vertez in I'(L) is either a vertex of the core K of T'(L) or is an end of I(L).

Proof. Let a) € K and suppose that a; does not belong to any 3-cycle or
a 4-cycle in I'(L). Then q; is in some n-cycle a; — az —ag - - - an — ay with
n > 5. By Theorem 2.2, a, is an atom in L. Then a; < a4 and implies
that a; A a3z =0, a contradiction. Hence a; is in a 3-cycle or a 4-cycle.
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Now suppose that a is any vertex in ['(L). If e ¢ K and a is not a
pendant vertex then the following possibilities hold. (i) a is contained in a
path of the form z —y — a — b with b € K or (ii) a is contained in a path
of the form z —a - bwith b e K.

Since b € K, b is contained in a 3-cycle or a 4-cycle,say b—c—d —bor
b—c—d—-e—b.

In (i), we get d(z, c) = 4, contradicts diam(I'(L)) < 3. Hence (i) cannot
hold.

In (ii), weget z —a—b—c—d—-borz—a—-b-c—d—e—b. Hence
by Theorem 2.2, a must be an atom. Therefore, a A ¢ = a. This gives
aAd =0, a contradiction as a ¢ K. Thus (ii} cannot hold. O

Theorem 2.5. Let L be a meet-semilattice with 0 and a € Z*(L) be a
pendant vertez in I'(L). Let x be the vertez adjacent to a. Then z is an
atom in L.

Proof. 1f I'(L) has only two vertices, then the result is trivial. Otherwise
suppose I'(L) has more than two vertices. Since a is an end vertex and
T'(L) is connected, there exists a vertex b in I'(L) such that = — b is an edge
in T(L). Then @ —z — b is a path in I'(L) not contained in a cycle, and by
Theorem 2.2, z is an atom in L. O

Theorem 2.6. If L does not contain any atom then every pair of vertices
in I'(L) is contained in a cycle of length < 6.

Proof. Let a,b be vertices of '(L). If a — b is an edge in I'(L), then by the
Theorem 2.3, a — b is an edge of a 3-cycle or a 4-cycle.

If a—b is not an edge, then d(a, b) = 2 or d(a,b) = 3. Suppose d(a,b) = 2,
then there is a path a — z — b and since z is not an atom, by Theorem 2.2,
a—z—bis contained in a cycle of length < 4. If d(a, b) = 3, then there exists
a path a — z —y — b. Since z,y are not atoms, there exist nonzero ¢,d € L
suchthat c<zandd <y. ThencAa=cAy=0anddAb=dAz=0.
Thus we get two cyclesa—z —y—c—a and b—y—x —d—b. Thus there
exists a cycle e —z —d — b — y — ¢ — a of length less than or equal to 6
containing the vertices a, b. a

3. INTEGRAL MEET-SEMILATTICES AND
GRAPHS OF PRODUCT OF MEET-SEMILATTICES

We say that a meet-semilattice L with 0 is an integral meet-semilattice
if for a,b € L, a Ab = 0 implies a = 0 or b = 0, for example, the meet-
semilattice in Figure 1.

Theorem 3.1. If L, and Ly are integral meet-semilattices with 0 such that
|Lij=m+1, |[L2) =n+1 and L = Ly x Ly then T'(L) is the complete
bipartite graph Km n.
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Proof. 1f Ly = {0,a1,- - ,am} and Ly = {0,by,--- ,b,} then the pairs of
the form (a;,0) and (0, b;) are all adjacent.

Moreover, no pairs of the form (a:,0), (ax,0) are adjacent, since
aiAag # 0in Ly. Similarly, no pairs of the form (0, 4;), (0, b;) are adjacent.
The resulting graph is a complete bipartite graph with partitions
A= {(a1,0),---,(am,0)}, and B ={(0,51),---,(0,bn)}. a

Theorem 3.2. Let L, and Ly be two meet-semilattices with 0 and
L =L, x Ly. Then gr(I'(L)) = oo if and only if either
(1) I(L)| <2 or
(2) IT(L)| = 3 and T'(L) is not complete or
(3) L & Cy x Ly, where Ly is an integral meet-semilattice and C, is
the two element chain. In this case, I'(L) is a star graph.

Proof. Suppose grI'(L) = oo, then either |I'(L)| < 2 or [I'(L)| = 3 and
I'(L) is not complete. Suppose both these fail.

Case 1: Let L, Ly be two meet-semilattices but one of these say L, is
not an integral meet-semilattice. There exist nonzero elements a,b € L,
withaAb=0. Let c € Ly, ¢ #0. Then (a,0), (b,0), (0,c) € Ly x L, form a
3-cycle in I'(L), which is a contradiction to grI'(L) = co. Hence both Ly,
Lo must be integral meet-semilattices.

Case 2: Suppose that both L; and L» are integral meet-semilattices
with |L;] > 2, |La| > 2. Then choose nonzero a,b € L and ¢,d € L. The
elements (a,0), (0, ¢), (b,0), (0,d) form a 4 — cycle in I'(L), a contradiction.
Thus either L; or Ly is C, and the other is an integral meet-semilattice.

Conversely, suppose either |['(L)| < 2 or [I'(L)| = 3 and I'(L) is not
complete or L & L; x Ly where Ly = C; and L, is an integral meet-
semilattice. We have to prove that grI'(L) = cc.

If {I'(L)| = 2 then the zero-divisor graph is P,. Hence grI'(L) = oo.

If |II'(L)| = 3 and I'(L) is not complete then the zero-divisor graph is Pj.
Hence grI'(L) = oo.

Suppose L = L; x L; where Ly = C; and Ly is an integral meet-
semilattice. Let (1,0),(0,a1), - ,(0,a,) form a cycle in I'(L). Then
(0,a1), (0, az) are adjacent. Hence ajAas = 0 for nonzero a1, az € Lq, a con-
tradiction since Ly is an integral meet-semilattice. Hence grT'(L) = 00. O

Corollary 3.1. Let Ly and Ly be two meet-semilattices with 0 and
L =1L, x Ly. ThenI'(L) does not contain a 3-cycle if and only if L, Lo
are integral meet-semilattices.

Remark 3.1. For any star graph with n elements there corresponds a
meet-semilattice with 0.

Theorem 3.3. Let L; and Ly be two meet-semilattices with 0 and
L =L, x Ly. Then ezactly one of the following holds:

309



(1) T'(L) has a cycle of length 3 or 4 (that is gr['(L) < 4),
(2) T(L) is a star graph.

Proof. Case (1): Suppose L = L; x L,, where at least one of L; and L, is
not an integral meet-semilattice, say L, is not an integral meet-semilattice.
Then there exist nonzero a,b € L;, with a Ab = 0 and choose nonzero
¢ € La. Then (a,0),(b,0), (0,c) form a cycle of length 3 in I'(L).

Case (2): Let L = Ly x Ly where L;, Ly both are integral meet-
semilattices with |Ly| > 2, |Lz| > 2. Let a,b € L;, and ¢,d € Ly be
nonzero elements. Then (e, 0), (0, ¢), (,0), (0, d) form a cycle of length 4 in
I(L).

Case (3): Let L = L; x Ly, where either |L;| = 2 or |[L2| = 2. Let
|L1| = 2 and Ly be an integral meet-semilattice then by Theorem 3.2, I'(L)
is a star graph. O
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