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Abstract

In this paper, we show that there exist all admissible 4-GDDs of type g°m' for
£ =0 (mod 6).

For 4-GDDs of type g'm', where g is a multiple of 12, the most values of m are
determined.

Particularly, all spectra of 4-GDDs of type g"ml are attained, where $ is a
multiple of 24 or 36. Furthermore, we show that all 4-GDDs of type g“m" exist
for g = 10, 20, 28, 84 with some possible exceptions.

Keywords: Group divisible design; Labeled group divisible design; Resolvable
group divisible design; Transversal design

1. Introduction

A group divisible design (GDD) with index A is a triple (X, G, B), where X is a
set of points, G is a partition of X into groups, and B is a collection of subsets of
X called blocks such that any pair of distinct points from X occurs either in
some group or in exactly A blocks, but not both. A K-GDD, of type

8'g; .8, is a GDD in which each block has a size from set K and in which
there are u; groups of size g,, i=1, 2,...,s . The notation is similar to (3] [6]. If
A=1, the index A is omitted. If K={k} then the K~GDD, is simply
denoted by k-GDD, .

Theorem 1.1 ([4]). Let gand u be positive integers. Then there exists a 4-
GDD of type g" if, and only if, the conditions in Table 1 are satisfied.
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Table 1
Existence of 4-GDDs of type g*

g u Necessary and sufficient conditions
=1, 5 (mod 6) =1, 4 (mod 12) uz4

=2,4(mod6) =1 (mod3) uzd, (g, u)+(2,4)

= 3 (mod 6) =0, 1 (mod 4) uz4

=0 (mod 6) no constraint uz4,(g,u)+(6,4)

For a 4-GDD of type g‘m' with g,m>0 and u#>4 are the necessary
conditions summarized in Table 2.

Table 2 ([13)])
Necessary existence criteria for a 4-GDD of type g“m' with u >4

g u m Mmin Mmax

=0(mod 6) noconditions =0(mod3) 0 gu-1)/2

=]l(mod6) =0(@mod12) =1(@mod3) 1 (gu-1)-3)/2
=3(mod12) =1(mod6) 1 gu-1/2
=9(mod12) =4(mod6) 4 gu-1)/2

=2(mod6) =0 (mod3) =2(mod3) 2 gu-1/2

=3 (mod6) =0 (mod4) =0(mod3) 0 (g(u-1)-3)/2
=1 (mod 4) =0(mod6) 0 gu-1/2
=3 (mod 4) =3(mod6) 3 gu-1)/2

=4 (mod6) =0(mod3) =1(mod3) 1 gu-1/2

=5(mod6) =0{(mod12) =2(mod3) 2 (g(u-1)-3)/2
=3(mod12) =5(mod6) S5 gu-1/2
=9(mod12) =2(mod6) 2 gu-1/2

Theorem 1.2 ([14]). The necessary conditions of Table 2 for a 4-GDD of type
g'm' are sufficient for the minimum values of m, except that there is no 4-

GDD of type 6°0', but a 4-GDD of type 6'3', and except possibly for the types
122", 17'%2", 11*'2' and 1175'.

The necessary conditions of Table 2 for a 4-GDD of type g“m' are sufficient
for the maximum values of m, except that there is no 4-GDD of type 2°5'.
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Theorem 1.3 ([16], [21]). There exists a 4-GDD of type g*m' if, and only if,
g=m=0 (mod 3) and 0<m<3g/2 exceptfor (g, m)=(6,0).

For.some small values of g, an almost complete solution was found.

Theorem 1.4 ([22], [17], [13]).

1. A 4-GDD of type 1"m' exists if. and only if, either u=0 (mod 12) and

m=1 (mod 3), ISm<({(u-1)-3)/2; or u=3 (mod 12) and

m=1l (mod 6), 1sm<(u-1)/2; or u=9 (mod 12) and m=4 (mod 6),

4<m<(u-1)/2.

2. There exists a 4-GDD of type 2"'m' for each u>6, u=0 (mod 3) and

m=2 (mod 3) with 2<m<u—-1 except for (u, m)=(6, 5) and possibly

excepting (u, m)e {(21, 17), (33,23), (33, 29), (39, 35), (57, 44)}.

3. A 4-GDD of type 3'm' exists if, and only if, either u=0 (mod 4) and

m=0 (mod 3), 0<m<@Bu-1)-3)/2; or wu=l(mod 4) and

m=0 (mod 6), 0<m<3u-1)/2; or u=3 (mod 4) and m=3 (mod 6),

O<m<3u-1)/2.

4. There exists a 4-GDD of type 4“m' for each u26, u=0 (mod 3) and

m=1 (mod 3) with 1<m<2(u-1).

5. A 4-GDD of type 5"m' exists if, and only if, either u=0 (mod 12) and

m=2 (mod 3), 2€«m<(S(u-1)-3)/2; or u=3 (mod 12) and

m=5 (mod 6), 5<m<S5u-1)/2;0r u=9 (mod 12) and m=2 (mod 6),

2<sm<5(u-1)/2. '

6. There exists a 4-GDd of type 6"m' for each u24 and m=0 (mod 3) with

0<m<3(~1) except for (u, my=(4,0) and possibly excepting

(u, m)e{(7, 15), (11,21), (11, 24), (11, 27), (13, 27), (13, 33), (17,39), (17, 42),
(19, 45), (19, 48), (19, 51), (23, 60), (23, 63)}.

7. There exists a 4-GDD of type 12'm' for each u24 and m=0 (mod 3)

Wwith 0 S m<6(u-1).

8. A 4-GDD of type 15" m' exists if, and only if, either u=0 (mod 4) and

m=0 (mod 3), O0<m<(5u-1)-3)/2; or u=1 (mod 4) and

m=0 (mod 6), 0<m<15(u-1)/2; or u=3 (mod 4) and

m=3 (mod 6), 3<m<15u-1)/2.
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A transversal design TD,(k,g) , is equivalent to a k—~GDD, of type g* . This
means that, each block in a TD,(k,g) contains a point from each group. If
A =1, the index A is omitted.

Theorem 1.5 ([2]). A TD(k, g) exists in the following cases:
1. k=4, g23 and g#6;
2. k=5,g24and ge{6, 10};
3. k=6, g25and ge{6, 10, 14, 18, 22},
4. k=7, g=27 and
g {10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60} ;
5. k=8,g27 and
g€{10, 12, 14, 15, 18, 20, 21, 22, 26, 28, 30, 33, 34, 35, 38,
39, 42, 44, 45, 51, 52, 54, 58, 60, 62, 66, 68, 74} .

Ina K -GDD,, a parallel class is a set of blocks, which partitions X. If B can
be partitioned into parallel classes, the K -GDD, is called resolvable and
denoted by K —RGDD, . A parallel class is called uniform if it contains blocks
of only one size k (k-pc). If all parallel classes of a X —RGDD, are uniform,

the design is called uniformly resoivable. The following theorem about RGDDs
will be applied later.

Theorem 1.6 ([6], [7], [8], [9], [10], [11], [15], [20], [23], [27], [29], [31], [32]).
The necessary conditions for the existence of a k-RGDD of type g", namely,

u2k, gu=0 (mod k) and g(u-1)=0 (mod k-1), are also sufficient for
k=3, except for (g,u) {(2,3), (2,6),(6, 3)} ; and for
k=4, except for (g,u) e { (2,4),(2,10),(3,4),(6, 4)} and possibly except:
I. g=2,10 (mod 12):
g=2 and
ue {34, 46,52,70,82,94,100,118,130,178,184,202,214,238, 250,334} ;
g=10 and ue{4, 34, 52, 94};
g €[14,454]L{478, 502, 514, 526, 614, 626, 686} and
ue{10, 70, 82}.
2. g=6 (modl2): g=6 and ue{6,68};
g=18 and ue{l8, 38, 62}.
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3. g=9 (modl2): g=9 and u=44.
4 g=0 (modl2): g=24 and u=23;
g=36 and ue{ll, 14, 15, 18, 23}.

A resolvable transversal design RTD,(k,g), is equivalent to a £ -RGDD, of
type g*. A double group divisible design (DGDD) is a quadruple (X, G, H, B)

where X is a set of points, G and H are partitions of X (groups and holes,
respectively) and B is a collection of subsets of X' (blocks) such that
1. foreachblock Be B andeach He H, |BnH|<1, and

2. any pair of distinct points from X which are not in the same hole
occur in some group or in exactly A blocks, but not both.

A K -DGDD of type (g, #'a')" is a double group divisible design in which

every block has a size from the set X and in which there are » groups of size g,
each of which intersects each of the first v holes in 4 points and the last hole in

. a points. Thus, g =hv+a. For example, a ~-DGDD of type (g, 4’a' ) is a

holey transversal design k-HTD of hole type h'a' and is equivalent to a set of
k-2 holey MOLS of type #'a'.

Theorem 1.7 ([S], [19]). There exists a 4—DGDD, (hv, h*)" if, and only if,
u,vz4 and A(u-1)(v-1)h=0(mod3) except for (u, h,v,)=(4,1,6,1).

Construction 1.8 ([18]). Supposed that there is a 4—- DGDD(gu, g*)", and a 4-
GDD of type g"m', g>1, u24, where m is a non-negative integer, then
there exists a 4-GDD of type (ng)'m'.

Since there also exists a 4-GDD of type 4*, we obtain by Wilson’s Fundamental
Construction (WFC) [20]:

Corollary 1.9. Supposed there exists a 4-GDD of type g'm', g>1, u=4,
then there exist a 4-GDD of type (4g)"m' and a 4-GDD of type (4g)" (4m)'.

Theorem 1.10 ([34]). Supposed h and v are positive integers and a is non-

negative, then there exists a 4-HTD of hole type h'a' if, and only if, v24 and
0<sash(v-1)/2 except for (h,v,a)=(1,5,1) or (1,6,0).
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Construction 1.11 [21], [13]). Supposed there exists a 4—HTD of hole type
h'a', then there exists a {3,4}-DGDD of type (3hv, (3h)")* whose blocks of
size 3 can be partitioned into 9a parallel classes.

Theorem 1.12 ([33]). Let m, n be two positive integers. Then there exists a 4-
GDD of type (3m)*(6m)' (3n)' if, and only ifft m<n<2m with four possible
exceptions (m, n)=(3,5), (4,7),(6,7), or (6,11).

Construction 1.13 ([1]). Suppose a TD(k +1, n) exists. Let 6=0 or 1, and

Jorm a block of size n+6 of each group together with 8 infinite points. Now
delete a finite point and use its blocks to define new groups. This results in a
{k+1,n+6}-GDD of type k"(n—1+5)".

The following both constructions are extensively used throughout the paper.

Construction 1.14. If there exists a 4-RGDD of type g" then (by completing
the g(u—1)/3 parallel classes with g(u—1)/3 new points) we get the existence
of a 5-GDD of type g"(g(u-1)/3)' whose blocks are all incident with the last
group.

The next construction is a variation of the WFC.

Construction 1.15. If there exists a 5-GDD of type g"1' whose blocks are all

incident with the last group and there exists a 4-GDD of type x‘a' for any
a=0(modn) and 0<a<nt, then there exists a 4-GDD of type

(xg)m' for m=0(mod n) and 0<m< ntl.

The concept of labeled resolvable designs is needed in order to get direct
constructions for resolvable designs. This concept was introduced by Shen [28],
(30}, [31].
Let (X, B) bea GDD,(K, M; v) where X ={a,, a,,..,a,} is totally ordered
with ordering @, <a, <...<a,. For each block B={x,,x,,...,x,}, ke K itis
supposed that x, <x, <..<x,. Let Z, be the group of residues modulo 4.

k
Let :B— ZEZ] be a mapping where for each B = {x,,x,,..,x,}€B, ke K,
P(B) = (0%, %3 )50, (%), % 9(X, X3 D500, (X0, X%, ) 955X, )5 00s (X1 %)) 5
o(x,x)eZ, for 1<i<j<k
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A GDD, (K, M; v) is said to be a labeled group divisible design, denoted by
LGDD,(K, M; v), if there exists a mapping ¢ such that:

1. For each pair{x, yy<X with x<y, contained in the blocks
B,B,,....B,, then ¢ (x,y)=9¢,(x,y) (modA) if, and only if, i=j
where the subscripts / and j denote the blocks to which the pair
belongs, for 1 <i, /< A;and

2. Foreachblock B={x,x,,..x}, kekK,
o(x,,x)+o(x,,x) = (x,,x,) (mod A),for 1Sr<s<t<k.

The blocks of ¢ will be denoted in the following form:
(X X 0(,%,) o 0(x,3,) 00, %) . 00, %) @0%,%,) .. 9%, %))

with ke K .
The above definition is used for the first time in [24] and is a little bit more
general than the definition by Shen [31] with K = {4k} or Shen and Wang [30]

for transversal designs. The main application of the labeled designs is to blow
up the point set of a given design with the following theorem (Shen, [28]) here
extended for labeled pairwise balanced designs with some uniformly parallel
classes.

Theorem 1.16 ([28], [24], [25]). If there exists aK-LGDD, of type
88y ...g with r} parallel classes of size k, for each ke K, then there

exists a K - GDD oftype (1g,)"(1g,)*..(Ag,)" with r, =r} parallel classes
of size k, for each ke K .

Theorem 1.17 ([26]). All admissible 4-GDDs of type g“m' exist for
g<{8, 12, 16, 24, 48,72, 96, 120, 144}.

In Section 2 we construct some new labeled designs which will be used as
ingredients for our main recursive constructions in Section 3. Since the case of
u =6 is an exception in many recursive constructions in Section 3, all 4-GDDs

of type g®m' with g =0 (mod 6)are determined in Section 4. In Section 5 all
spectra of 4-GDDs of type g“m' are constructed, where g is a multiple of 24
or 36.
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2. Direct constructions

All following designs were found computationally.

Lemma 2.1. There exists a 4-GDD of type 10°m' for me {4, 7, 13, 16, 19}.

Proof A {3,4}-LGDD,, of type 1° with all blocks of size 3 partitioned into 4
3-pcs (each 3-pc is a row):

(236;,781),(145;736),

(356;022),(124;967),

(125;406),(346;208),

(235;648),(146;594),
(1246;147363),(1256;,386538),(2456;925363),
(1345;316835),(3456;095956),(1356;,518637),
(2345;829417),(2456;532879),(1456;372495),
(1234;,718417),(2346;544990),(2345;901121),
(1236;020208),(1234;,662066),(1346;491572),
(1356;044440),(1235;585307),(1256;293714),
(1236;895176),(2456;889011),(1345;702352).

A {3,4}-LGDD,, of type 1° with all blocks of size 3 partitioned into 7 3-pcs

(each 3-pc is a row):

(156;022),(234;473),

(235;604),(146;044),

(134;484),(256;363),

(236;802),(145;132),

(246;286),(135;990),

(125;516),(346;990),

(126;219),(345;527),
(1245;648824),(2345,744770),(1234,762956),
(1356;,878901),(1246;879912),(1356;165549),
(1346;356231),(1234;356231),(2456;174637),
(2356;583385),(1245;994055),(1236;123121),
(1236;,007077),(3456;,015154),(2456;695396),
(1235;475318),(3456;,866880),(1456;320978).

A {3,4}-LGDD,, of type 1° with all blocks of size 3 partitioned into 13 3-pcs

(each 3-pc is a row):

(246;880),(135;516),
(124;363),(356.714),
(245;132),(136;923),
(346;956),(125;187),
(123;505),(456;473),
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(146;044),(235,219),
(145;868),(236;440),

(156;758),(234;824),

(256;,637),(134;857),

(245;693),(136;219),

(156;396),(234;055),

(345;000),(126;286),

(456,989),(123;769),
(1345,345121),(1246;416725),(1246;823451),
(1346;470363),(1245;994055),(2346;391682),
(2356,600440),(3456,857792),(1256;027275),
(1235:670143),(1345,139286),(2356,789121).

A {3,4}-LGDD,, of type 1° with all blocks of size 3 partitioned into 16 3-pcs

(each 3-pc is a row):

(136;219),(245;110),

(256,648),(134,109),

(156;143),(234;561),

(146;703),(235;099),

(135;550),(246;912),

(124;550),(356;451),

(156;857),(234;824),

(236;770),(145;868),

(256;594),(134;846),

(125;143),(346;725),

(135;792),(246;857),

(146;286),(235;2038),

(345;516),(126;473),

(126;066),(345;077),

(456;505),(123;264),

(123;703),(456;219),
(1236;393604),(2356,922330),(3456;,251396),
(1245;967781),(1245;693374),(1245;832549),
(2346;148374),(1346,319868),(1356;,402682).

A {3,4}-LGDD,, of type 1° with all blocks of size 3 partitioned into 19 3-pcs

(each 3-pc is a row):

(345;538),(126;143),
(346;417),(125;396),
(125;264),(346;363),
(156;781),(234;990),
(146;956),(235,857),
(136;264),(245,891),
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(356,956),(124;462),
(156;132),(234;462),
(135,604),(246;549),
(145;242),(236;198),
(134;,846),(256;703),
(245;736),(136;912),
(123;,637),(456;000),
(246;374),(135;132),
(126:891),(345;813),
(124;011),(356;594),
(146;022),(235;626),
(236;220),(145;385),
(134;781),(256;165),
(1236;947583),(1234,707307),(3456,987989),
(1456;520758),(1235;555000),(2456,485417).

The assertions comes from Theorem 1.16 by completing all 3-pcs. o

Lemma 2.2. There exists a 4-GDD of type 10°22' .

Proof A {3,4}-LGDD, of type 2° with all blocks of size 3 partitioned into 22
3-pes (each 3-pc is arow); G = {{1,2}, {3,4}, {5,6}, {7,8}, {9,10}, {11,12} } :
(249;000),(137;324),(61011;011),(5812;132),
(3511;203),(189;000),(467;324),(21012;000),
(31012;022),(1811;313),(269;044),(457,302),
(1712;132),(359;033),(6810;143),(2411;214),
(3912;033),(457;033),(1610;313),(2811;242),
(1912;401),(4810;302),(257;440),(3611;022),
(579;423),(168;044),(41012;143),(2311;434),
(369;220),(71012;231),(258;214),(1411;330),
(1410;022),(2711;203),(5912;022),(368;423),
(1310;242),(7911;242),(2612;341),(458;440),
(367;110),(1412;143),(51011;313),(289;412),
(6812;220),(237;330),(1410;203),(5911;401),
(189;231),(71012;044),(246;324),(3511;412),
(2512;330),(4610;242),(379;214),(1811;121),
(2310;033),(1511;044),(7912;104),(468;110),
(2612;423),(81011;000),(135;423),(479,440),
(2710;044),(4812;214),(6911;143),(135;011),
(169;423),(71011;302),(238;231),(4512;121),
(5810;214),(167;132),(3912;440),(2411;423),
(249;121),(6711;132),(1510;434),(3812;313),
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(1512;324),(269;132),(4711;121),(3810;01 1),
(2510;110),(137;143),(4612;000),(8911;440),
(23812;101401),(361011;343104),(4589;203313),
(14911;410214),(25710;012121),(16712;201341).

The assertion comes from Theorem 1.16 by completing all 3-pcs. o

Lemma 2.3. There exists a {3,4}—~LGDD,; of type 1° with all blocks of size 3
partitioned into m 3-pcs for me {3, 6, 12, 15} .

Proof A {3,4}—LGDD,, of type 1° with all blocks of size 3 partitioned into 3
3-pcs (each 3-pc is a row):

(136;13914),(245;264),

(456;16911),(123;61610),

(145;10155),(236;21715),
(2345;61488212),(1256;01701701),(1346;144330),
(1345;469253),(1235;16517314),(3456;149161327),
(3456;41379312),(2346;149161327),(2356;811331310),
(2356;3091569),(1356;,104101206),(1346;973161214),
(2456;11106171314),(1256;1302572),(1456;238165),
(1256;1286141216),(1345;617511176),(1246;1505338)5),
(2346;411315912),(1235;103711154),(1246;315712410),
(2456;51227158),(1236;118121514),(1246;141211161517),
(1245;714117415),(3456;7711044),(1346;11111088),
(2356;131146113),(1234;421161517),(1356;1221785 15),
(1345;1531361610),(2345;1217135114),(1456;5161611110),
(1356;14141301717),(2346;11311121016),
(1234;1717901010),(1234;278561),(2345;9029112),
(1245;81668168),(1235;101017910),(1246;91314451),
(1256;512157103).

A {3,4}-LGDD, of type 1° with all blocks of size 3 partitioned into 6 3-pcs

(each 3-pc is a row):

(135;121117),(246;7147),

(136;151417),(245;11176),

(123;10311),(456;1503),

(145;7213),(236;286),

(146;2119),(235;17910),

(126;21715),(345;671),
(1234,6983217),(1256;1210151635),(3456;10088168),
(3456;14162264),(1345;6017121117),(1345;1116851510),
(2456;41369211),(1234;517312164),(3456;1541671 12),
(1234;152155013),(2346;18167158),(1245;012612612),
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(1456;55001313),(2345;101129211),(2356;148012410),
(1246;1611313510),(1346;1691211143),(1245;71014374),
(2356;01413141317),(1256;,14064106),(1356;4743015),
(1456;6910341),(2346;81092117),(1356;13429716),
(2346;715128515),(1245;131156214),(1256;81111110),
(2356;91011109),(1246;,1741651712),(1235;97121635),
(1234;41013693),(1346;11713161214),(2345;13141165),
(1236;158473),(1256;335022),(1356;013913914),
(1235;118161558),(2456;171541657),(1346;14147011 11).

A {3,4}-LGDD,; of type 1° with all blocks of size 3 partitioned into 12 3-pcs
(each 3-pc is a row):

(234;,14711),(156;13163),

(124;4216),(356;484),

(246;297),(135;61711),

(145;10917),(236;10513),

(123;8179),(456;10122),

(346;363),(125;143),

(134;4115),(256;11310),

(235;21614),(146;1701),

(134;13813),(256;8717),

(135;8717),(246;8146),

(234;171112),(156;12713),

(146;1668),(235;16638),
(1345;37041511),(1236;1712171305),(1245;129161547),
(1356;,28161711),(2456;31116160),(2456;142116159),
(2345;121107169),(1346;1612514711),(1236;31111880),
(1246;104812164),(1246;0545417),(1256;163105127),
(1245;762171314),(1256;61539156),(1234;5914495),
(2345;001201212),(2346;1566990),(1236;147911132),
(2356;714107314),(2345;5471723),(1235;91566159),
(3456;1601221412),(3456;101015055),(1456;05135138),
(3456;6116131015),(3456;234121),(1245;1131110038),
(1346;101121109),(1356;11412131116),(1245;215113174),
(1236;1501431714),(1345;513108515),(1236;131415121).

A {3,4}-LGDD,, of type 1° with all blocks of size 3 partitioned into 15 3-pcs
(each 3-pc is a row):

(346;121016),(125;41511),

(456;055),(123;066),

(146;171011),(235;396),

(236;473),(145;15172),

(123;171213),(456; 17 14 15),
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(356;31310),(124;792),
(136;51712),(245;16 10 12),

(356;550),(124;187),

(246;1569),(135;1448),

(246;171617),(135,792),

(136;297),(245;13813),

(234;1514 17),(156;5 11 6),

(146;1613),(235;7112),

(134;066),(256; 16 14 16),

(246;121),(135;10144),
(1256;98121734),(1236;64516171),(2345;24220 16),
(1456;0323217),(1245;124121008),(1256;131663 118),
(1246;14185127),(3456,81516781),(1236;1687109 17),
(1456;71113462),(1234;3151112814),(1346;1112411110),
(2356;146010412),(1245,51419145), (1345;173 13 4 14 10),
(1346,16507213),(2346;90159615),(1345;13106 1511 14),
(2356;013813813),(1256;11037103),(2346;81153 15 12),
(1234;89211211),(1236;2115171314),(3456;5169 114 11),
(1345;3131010715),(1256;152165114),(2345;1161213 16),
(1256;107141547),(2345,53416171),(3456;090909). 0

Lemma 2.4. There exists a 4-GDD of type 18°m' for m € {24, 30, 33, 39, 42} . .

Proof A {3,4}-LGDD, of type 2° with all blocks of size 3 partitioned into
m 3-pcs, G ={{1,2}, {3,4}, {5,6}, {7,8}, {9,10}, {11,12}},
m e {24, 30, 33, 39, 42} , is applied as Online Resource [35] Designs 1-5, which
results in a {3, 4}-GDD of type 18° with all blocks of size 3 partitioned into
m 3-pes for me {24, 30, 33, 39, 42} by Theorem 1.16. By completing all 3-
pcs, we obtain the desired designs. D

Lemma 2.5. There exists a 4-GDD of type 90°m' for m € {210, 213, 219, 222} .

Proof A {3,4}-LGDD,, of type 3° with all blocks of size 3 partitioned into
m 3-pcs, me {210,213, 219,222}, is provided as Online Resource [35]
Designs 6-9, which results in a {3, 4}-GDD of type 90° with all blocks of size

3 partitioned into m 3-pcs by Theorem 1.16. By completing all 3-pcs, we
obtain the desired designs. o

Lemma 2.6. There exists a 4-GDD of type 60°m' for m e {141, 144, 147} .



Proof A {3,4}-LGDDy, of type 1° with all blocks of size 3 partitioned into m
3-pcs, me{l41, 144}, is provided as Online Resource [35] Designs 10-11,
which results in a {3, 4}-GDD of type 60° with all blocks of size 3 partitioned

into m 3-pcs by Theorem 1.16. By completing all 3-pcs, we obtain the desired
designs for m e {141, 144} .

A {3,4}-LGDD,, of type 2° with all blocks of size 3 partitioned into 147 3-
pes, G={{,2},{3,4}, {56}, {7,8}, {9,10}, {11,12}}, is given as Online
Resource [35] Design 12, which results in a {3, 4}-GDD of type 60° with all

blocks of size 3 partitioned into 147 3-pcs by Theorem 1.16. By completing all
3-pcs, we obtain a 4-GDD of type 60°147' . o

Lemma 2.7. There exists a 4-GDD of type 10°m' for
me{7,13,16, 19,22, 25,28, 31, 34,37}.

Proof There exists a {3,4}—LGDD,, of type 1’ with all blocks of size 3
partitioned into m 3-pcs, me{16,22,28, 34}, by the Online Resource [35]
Designs 13-16. There exists a {3, 4} - LGDD, of type 2° with all blocks of size
3 partitioned into m 3-pcs, me {7,13,19, 25, 31, 37}, by the Online Resource

[35] Designs 17-22. The assertion follows by Theorem 1.16 and by completing
all 3-pcs. o

Lemmas 2.8 -2.13 show the existence of {3, 4}-GDDs of type 10" with all
blocks of size 3 in 3-pcs for small u.

Lemma 2.8. There exists a {3, 4}-GDD of type 10° with all blocks of size 3 in
4 3-pcs.

Proof Points: Z,, . Groups: {{i,i+9,i+18,...,i+81},i=0,1, ..., 8}.

Blocks: Develop the following base blocks +3 (mod 90), {0, 22, 35}, {1, 23,
36}, {2, 24, 37}, to obtain 3 3-pcs. Develop the following short base block +1
(mod 90); {0, 30, 60} to obtain a 3-pc.

Develop the following base blocks +1 (mod 90): {0, 2, 28, 44}, {0, 4, 37, 43},
{0, 5, 19, 29}, {0, 7, 38, 41}, {0, 15, 23, 40}, {0, 20, 21,32}.0

Lemma 2.9 There exists a {3, 4}-GDD of type 10" with all blocks of size 3
in7 3-pcs

Proof Points: Z,,, . Groups: {{i, i+12,i+24,...,i+108},i=0,1,...,11}.
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Blocks: Develop the following base blocks +3 (mod 120), {0, 1, 44}, {1, 2, 45},
{2, 3, 46}, {0, 34, 56}, {1, 35, 57}, {2, 36, 58} to obtain 6 3-pcs. Develop the
following short base block +1 (mod 120), {0, 40, 80} to obtain a 3-pc.

Develop the following base blocks +1 (mod 120): {0, 2, 37, 53}, {0, 3, 7, 57},
{0, 5, 33, 46}, {0, 8, 38, 55}, {0, 9, 27, 58}, {0, 10, 29, 52}, {0, 11, 26, 32}, {0,
14,39,59}. o

Lemma 2.10. There exists a {3, 4}-GDD of type 10" with all blocks of size 3
in 4 3-pes.

Proof Points: Z,, . Groups: {{i,i+15,i+30,...,i+135},i=0,1,...,14} .
Blocks: Develop the following base blocks +3 (mod 150), {0, 25, 62}, {1, 26,
63}, {2, 27, 64} to obtain 3 3-pcs. Develop the following short base block +1
(mod 150), {0, 50, 100} to obtain a 3-pc.

Develop the following base blocks +1 (mod 150): {0, 6, 24, 64}, {0, 8, 46, 55},
{0, 13, 35, 69}, {0, 14, 42,71}, {0, 17, 21, 65}, {0, 20, 72, 73}, {0, 23, 33, 59},
{0, 27, 66, 68}, {0, 31, 63, 74}, {0, 49, 54, 61}, {0, 51,67,70}. 0

Lemma 2.11 There exists a {3, 4}-GDD of type 10'® with all blocks of size 3
in 7 3-pcs

Proof Points: Z,,, . Groups: {{i,i+18i+36...,i+162},i=0,1,...,17}.

Blocks: Develop the following base blocks +3 (mod 180), {0, 1, 80}, {1, 2, 81},
{2, 3, 82}, {0, 46, 86}, {1, 47, 87}, {2, 48, 88} to obtain 6 3-pcs. Develop the
following short base block +1 (mod 180), {0, 60, 120} to obtain a 3-pc.

Develop the following base blocks +1 (mod 180): {0, 2, 70, 77}, {0, 3, 48, 87},
{0, 4, 33, 89}, {0, 8, 65, 81}, {0, 14, 42, 55}, {0, 15, 38, 82}, {0, 17, 49, 76},
{0, 19, 43, 53}, {0, 20, 50, 71}, {0, 22, 74, 83}, {0, 26, 63, 88}, {0, 31, 66, 78},
{0, 58, 64, 69}. o

Lemma 2.12. There exists a {3, 4}-GDD of type 10* with all blocks of size 3
in 4 3-pcs

Proof Points: Z,,, . Groups: {0, 21,42, ... , 189} (mod 210).

Blocks: Develop the following base blocks +3 (mod 210), {0, 82, 101}, {1, 83,
102}, {2, 84, 103} to obtain 3 3-pcs. Develop the following short base block +1
(mod 210), {0, 70, 140} to obtain a 3-pc. Develop the following base blocks +1
(mod 210): {0, 1, 47, 100}, {0, 2, 78, 95}, {0, 3, 12, 51}, {0, 5, 23, 77}, {0, 10,
74, 90}, {0, 11, 55, 92}, {0, 13, 35, 102}, {0, 20, 50, 86}, {0, 24, 62, 103}, {0,
26, 32, 91}, {0, 27, 88, 96}, {0, 28, 71, 85}, {0, 29, 97, 104}, {0, 31, 83, 87},
{0, 34, 49, 94}, {0, 40, 73, 98}, {0, 82, 101}. 0
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Lemma 2.13. There exists a {3, 4}-GDD of type 10% with all blocks of size
3 in 4 3-pcs

Proof Points: Z,,, . Groups: {{i,i+21i+42...,i+189},i=0,1,...,20}.

Blocks: Develop the following base blocks +3 (mod 270); {0, 7, 104}, {1, 8,
105}, {2, 9, 106} to obtain 3 3-pcs. Develop the following short base block +1
(mod 270); {0, 90, 180} to obtain a 3-pc. Develop the following base blocks +1
(mod 270): {0, 2, 116, 122}, {0, 3, 89, 133}, {0, 5, 85, 103}, {0, 8, 75, 107}, {0,
15, 110, 132}, {0, 19, 88, 119}, {0, 20, 76, 125}, {0, 28, 73, 134}, {0, 30, 78,
113}, {0, 34, 94, 127}, {0, 36, 115, 128}, {0, 37, 87, 111}, {0, 38, 52, 129}, {0,
40, 41, 66}, {0, 42, 65, 124}, {0, 47, 63, 131}, {0, 51, 109, 121}, {0, 53, 57,
96}, {0, 55, 64, 126}, {0, 72, 101, 118}, {0, 102, 112, 123}. o

Lemma 2.14. There exist 4-GDDs of types 10°4', 107", 104", 10”7,
10%4', 1074',

Proof The assertions follow by Lemmas 2.8 - 2.13 by completing all 3-pcs. o.

Lemma 2.15. There exists a 4-GDD of type 20°m' for
me{8,11,14,17,23,26,29,32, 38,41, 44,47}.

Proof A {3, 4}-LGDD,, of type 1° with all blocks of size 3 partitioned into m
3-pes, me{8,11,14,17,23, 26,29, 32,38, 41,44}, is provided as Online
Resource [35] Designs 23-33, which results in a {3, 4}-GDD of type 20° with

all blocks of size 3 partitioned into m 3-pcs by Theorem 1.16.
A {3,4}-LGDD,, of type 2 with all blocks of size 3 partitioned into 47 3-pcs,

is provided as Online Resource [35] Design 34, which results in a {3, 4}-GDD

of type 20° with all blocks of size 3 partitioned into 47 3-pcs by Theorem 1.16.
By completing all 3-pcs, we obtain the desired designs. o

Lemma 2.16. There exists a 4-GDD of type 20°m' for
m e {26, 38, 44, 62, 68, 74} U {29, 41, 47, 53,59, 71,77}.

Proof A {3,4}-LGDD,, of type 1’ with all blocks of size 3 partitioned into m
3-pcs, me{26,38,44,62,68,74}, is provided as Online Resource [35]
Designs 35-40, which results in a {3, 4}-GDD of type 20° with all blocks of
size 3 partitioned into m 3-pcs by Theorem 1.16.
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A {3,4}-LGDD,, of type 2” with all blocks of size 3 partitioned into m 3-pcs,
me {29, 41,47, 53,59, 71, 77}, is provided as Online Resource [35] Designs
41-47, which results in a {3, 4}-GDD of type 20° with all blocks of size 3

partitioned into m 3-pcs by Theorem 1.16. By completing all 3-pcs, we obtain
the desired designs. o

Lemma 2.17. There exists a 4-GDD of type 28m for
m € {34, 46, 52, 58, 76, 82, 94, 100, 106}
v {37, 43, 55, 61, 67,73, 79, 85, 97, 103, 109}.

Proof A {3, 4}-LGDD,; of type 1° with all blocks of size 3 partitioned into m
3-pcs, me{34, 46,52, 58, 76, 82, 94, 100, 106}, is provided as Online
Resource [35] Designs 48-56, which results in a {3, 4}-GDD of type 28’ with

all blocks of size 3 partitioned into m 3-pcs by Theorem 1.16.
A {3,4}-LGDD,, of type 2’ with all blocks of size 3 partitioned into m 3-pcs,

me {37,43,55, 61, 67,73,79, 85,97, 103, 109}, is provided as Online
Resource [35] Designs 57-67, which results in a {3, 4}-GDD of type 28’ with

all blocks of size 3 partitioned into m 3-pcs by Theorem 1.16. By completing
all 3-pcs, we obtain the desired designs. o

Lemma 2.18. There exists a 4-GDD of type T°m' for m € {4, 10, 16, 22, 28} .

Proof There exists a 4-GDD of type 7°m' for m < {4, 28} by Theorem 1.2. A
{3,4}-LGDD,, of type I’ with all blocks of size 3 partitioned into m 3-pcs,
me {10, 16, 22}, is provided as Online Resource [35] Designs 68-70, which
results ina {3, 4}-GDD of type 7° with all blocks of size 3 partitioned into m

3-pcs by Theorem 1.16. By completing all 3-pcs, we obtain the desired designs.
o

Lemma 2.19. There exists a 4-GDD of type 18°m' for me {12, 15, 21}.

Proof A {3,4}-LGDD, of type 6° with all blocks of size 3 partitioned into m
3-pcs, me {12, 15,21}, is provided as Online Resource [35] Designs 71-73,
which results in a {3, 4}-GDD of type 18> with all blocks of size 3 partitioned

into m 3-pcs by Theorem 1.16. By completing all 3-pcs, we obtain the desired
designs. o
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3. Recursive constructions

Theorem 3.1. Let g =0(mod 72). Then there exists a 4-GDD of type g“m' if,
andonlyif, u24, m=0 (mod 3) with 0<m<g(u-1)/2.

Proof A 4-GDD of type 72"m' exists if, and only if, >4, m=0 (mod 3)
and 0 < m<36(u—1) by Theorem 1.17.

Therefore, let g=72n, n22. There exists a 4-RGDD of type 12, u>4 by
Theorem 1.6. Completing the parallel classes results in a 5-GDD of type
12“(4(u—1))' which is our master design. There exists a 4-GDD of type
6n)'a', a=0(mod3), 0<a<9n for n=2 by Theorem 1.3. In the last
group of the master design the points obtain appropriate weights like a. All
other points obtain weight 67. The result is a 4-GDD of type (72n)"m',

m=0(mod3) and 0<m<36n(u-1), n22,uz4.0

Theorem 3.2, If g =36 (mod 72) and for u=4, u =6 there exist all 4-GDDs
of ype g'm,', m,=0(mod3) and 0<m, < g(u-1)/2, then there exist all 4-
GDDs of type 3g)'m', m=0 (mod 3) and 0<m<3g(u-1)/2.

Proof Let g =12n, n=3(mod 6) . There exists a 4-RGDD of type 12“, u 24
by Theorem 1.6. Completing the parallel classes results in a 5-GDD of type
12"(4(u-1))' as our master design. There exists a 4-GDD of type (3n)‘a',

a=0(mod 3), 0<a<(9n-3)/2 by Theorem 1.3. In the last group of the
master design the points obtain appropriate weights like a. All other points
obtain weight 3n . The result is a 4-GDD of type (36 n)“m', m =0 (mod 3) and
0<m<(18n-6)(u-1), u=24.

There exists a TD(4, u) for u >4, u # 6 by Theorem 1.5. Remove a point and
use this point to redefine the groups. Complete the groups of size # with a new
point. This results in a {4, u+1}- GDD of type 3“u' as master design. There
exists a 4-GDD of type (12n)* by Theorem 1.1 and 4-GDDs of type (12n)"a,’,
a, =0(mod 3), 0 <a, <6n(u—1) by above premise. Every point in a group of
size 3 in the master design is given weight 12n. The points in the group of size
u obtain appropriate weights. The u#—1 “old” points obtain weight 12» and
the new point obtains weights like a, . The result is a 4-GDD of type (36 n)*m'
with m=0(mod3), Rna(u-1)<m<12n(u-1)+6n(u-1)=18n(u-1) for
u24 and u+#6.0
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Theorem 3.3. If g=0(mod 6)and for u=>4 there exist all 4-GDDs of type
g'm,, m,=0(mod3) and 0<m, < g(u—-1)/2, then there exist all 4-GDDs
of type (4g)'m' for m=0 (mod 3) and 0<m<2g(u-1) .

Proof For h=g/3=0(mod 2) there exists a 4-HTD of hole type Had,vz4
and 0<a<h(v-1)/2 by Theorem 1.10. Therefore, there exists a
{3,4}—-DGDD of type (3hv, (3h)")" whose blocks of size 3 can be partitioned

into 9a parallel classes by Construction 1.11. Adjoin 9a infinite points to
complete the 3-pcs and then adjoin further m, ideal points, filling in 4-GDDs of

type (3h)'m,, my=0 (mod 3), 0<m,<3h(v—1)/2 coming from the
premise to obtain a 4-GDD of type (I12h)'m', m=0 (mod 3) and
0<sm<9h(v—-1)/2 +3h(v—-1)/2 =6h(v—1). Each value m can be combined
because 3h(v-1)/229.0

Theorem 3.4. If g =36 (mod 72) and for u >4 there exist all 4-GDDs of type
g'm,, m,=0(mod3) and 0<m, < g(u—~1)/2, then there exist all 4-GDDs
oftype (5g)'m', m=0 (mod 3) and 0<m<5g(u-1)/2 .

Proof Let g=36n, n=1(mod2). Let M, ={6, 10, 14, 18,22} . Then there
existsa TD(6, u) for u =5 with u¢ M, by Theorem 1.5 and, therefore, there
exists a {6,u+1}—GDD of type 5“u' by Construction 1.13, which is our
master design. There exist a 4-GDD of type (36n)’a', a=0(mod3),
0<a<72n and 4-GDDs of type (36m)‘a,, a,=0(mod3),
0<a, <18n(u—1) by above premise. Every point in a group of size 5 in the
master design is assigned weight 367 . The points in the group of size « obtain
appropriate weights. The #—1 “old” points obtain weights like a and the new
point weights like a,. The result is a 4 —GDD of type (180n)"m" for 4-
GDD for m=0 (mod 3), 0<m<72n(u-1)+18n(u-1)=90n(u~1), u25
and ug M.

There exists a 4-RGDD of type 30", u € M, by Theorem 1.6. Completing the
parallel classes results in a 5-GDD of type 30“(10(x—1))' which is our master

design. There exists a 4-GDD of type (6n)'a', a=0(mod3), 0<a<9n by
Theorem 1.3 (3<a<9 for n=1). In the last group of the master design the
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points obtain appropriate weights like a. All other points get weight 6n. The
result is a 4-GDD of type (180n)*m', m=0 (mod 3) and 0 <m <90n(u—-1)

(30(u-1)<sm<90(u-1) for n=1).

For n=1 there exists a 4-RGDD of type 12“, ue M, by Theorem 1.6.
Completing the parallel classes results in a 5-GDD of type 12“(4(z-1))" as our
master design. There exists a 4-GDD of type 15°a', a=0(mod 3), 0<a <2l

by Theorem 1.3. In the last group of the master design the points obtain
appropriate weights like a . All other points obtain weight 15. The result is a 4-

GDD of type (180n)"m', m=0 (mod 3) and 0<m<84(u-1), ue M,.
The assertion follows for u# =4 by Theorem 1.3. 0

4, 4-GDDs of type g°m" and g°m’

Since the case of u=6 is an exception in many recursive constructions in
Section 3, all 4-GDDs of type g®m' with g =0 (mod 6) are constructed in this
section.

Lemma 4.1. There exists a 4-GDD of type g'm' for g=0(mod180),
m=0 (mod 3) with0<m<g(6-1)/2.

Proof There exists a 4-RGDD of type 30° by Theorem 1.6. Completing the
parallel classes results in a 5-GDD of type 30°(10(6—1))' as our master design.
There exists a 4-GDD of type (6n)‘a', a=0(mod3), 0<a<9n by Theorem

1.3 (3<a<9 for n=1). In the last group of the master design the points
obtain appropriate weights like a. All other points receive weight 6n. The

result is a 4-GDD of type (180n)‘m', m=0 (mod 3) and 0<m <90n(u-1)
(30(u-1)=m=<90(u-~1) for n=1).

For n=1, there exists a 4-RGDD of type 12° by Theorem 1.6. Completing the
parallel classes results in a 5-GDD of type 12°(4(6 -1))', as our master design.
There exists a 4-GDD of type 15°a', a=0(mod3), 0<a<21 by Theorem

1.3. In the last group of the master design the points obtain appropriate weights
like a. All other points obtain weight 15. The result is a 4-GDD of type

180°m', m=0 (mod 3) and 0<m<84(u-1).o0

Lemma 4.2. There exists a 4-GDD of type 18°m', m=0 (mod 3) with
0<m<96-1).
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Proof There exists a 4-GDD of type 6°a', a=0(mod3), 0<a<l5 by
Theorem 1.4 (6). Therefore, there exists a 4-GDD of type 18°a', a=0(mod 9),
0<a<45 by WFC. A 4-GDD of type 18°21' is given in [33]. There exists a
{3, 4}-LGDD,, of type 1° with all blocks of size 3 partitioned into m 3-pc
for me{3, 6,12, 15} by Lemma 2.3, which results in a {3, 4}-GDD of type

18° with all blocks of size 3 partitioned into m 3-pc for m e {3, 6, 12, 15} by
Theorem 1.16. The assertion follows with Lemma 2.4. o

Lemma 4.3. There exists a 4-GDD of type 36°m', m=0 (mod 3) with
0<m<18(6-1).

Proof There exists a TD(7, 7) by Theorem 1.5 and we obtain a {7, 8} - GDD of
type 6’7" by Construction 1.13. Deleting all points from one group of size 6 we
geta {6,7, 8} - GDD of type 6°7' as our master design. There exist 4-GDDs of
types 6°a', 6°a', a=0(mod3), 0<a<12, 6°a,, 6'a,, a4, =0(mod3),
0<a, <15 by Theorem 1.4 (6). We assign weight 6 to every point in a group of

size 6 in the master design. The points in the group of size 7 obtain appropriate
weights. The result is a 4-GDD of type 36°m', m=0 (mod 3) and

0<m<12-6+15=87. There exists a 4-GDD of type 36°90' by Theorem 1.2.0

Lemma 4.4. There exists a 4-GDD of type 90°m', m=0 (mod 3) with
0<m=<45(6-1).

Proof There exists a 4-GDD of type 90°m', m=0 (mod 3) with 0<m <207
by [26] (Lemma 6.2). A 4-GDD of type 90°216' comes from a 4-GDD of type
30°72' [26] and a 4-GDD of type 90°225' exists by Theorem 1.2. The
assertion follows with Lemma 2.5. o

Lemma 4.5. Ler M, = {6, 10, 14, 18,22} . There exists a 4-GDD of type 60" m'
for ue M, and m=0 (mod 3) with 0<m<24(u-1)+18. There exists a 4-
GDD of type 60" m' for ue M, and m=0 (mod 15) with 0<m <30(u—-1).

Proof There exists a TD(6, u+1), u € M, by Theorem 1.5, and therefore there
exists a {6, u+2} —GDD of type 5“*'(u+1)' by Construction 1.13. Removing a
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group of size 5, we obtain a {5, 6, u+1,u+2}-GDD of type 5“(u+1)". There
exist 4-GDDs of types 12°a', 12°a', a=0(mod 3), 0<a <18, and 4-GDDs
of types 12*a,', 12*"'a,’, a, =0 (mod 3), 0 <a, <6(u—1) by Theorem 1.4 (7).
The points in the group of size u+1 obtain appropriate weights. The » “old”
points obtain weights like a and the new point gets weights like a,. The result

is a 4-GDD of type 60'm', ueM, and m=0 (mod 3) with
0<m<18u+6(u—-1)=24u-1)+18.

There exists a 4-GDD of type 12‘m', ueM, and m=0 (mod 3) with
0<m<6(u-1) by Theorem 1.4, which is our master design. We assign each

point weight 5, apply a 4-GDD of type 5' (Theorem 1.1) and obtain a 4-GDD
of type 60“(5m)', which is the second assertion. 0

Lemma 4.6. There exists a 4-GDD of type 60°m' for m=0 (mod 3) with
0<m<150.

Proof There exists a 4-GDD of type 60°m,’ for m, =0 (mod 3),
0<m, <150 by Lemma 4.5, Lemma 2.6 and Theorem 1.2. 0

Theorem 4.7. Let g =0 (mod 6). Then there exists a 4-GDD of type g*m' if,
andonly iff, m=0 (mod 3) with 0<m<g(6-1)/2.

Proof There exists a 4-GDD of type (6n)a', a=0(mod3), 0<a<l5n,
ne{l,2} by Theorem 1.5, which we apply as ingredient design. Let
M,={2,3,4,5,6, 10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60} . By Theorem
1.5 there exists a TD(7, k) for hg M, . This is a 7-GDD of type h’ = h*H'

which we use as master design. In the last group of the master design the points
obtain appropriate weights. All other points obtain weight 6x . The result is a 4-

GDD of type (6nh)'m', m=0 (mod 3) and 0 <m <3nh(6-1).
We obtain a 4-GDD of type (64)°m', m=0 (mod 3) and 0<m<3h(6-1)
for n=1 and h¢ M, . The remaining cases are shown in the following table.

nh 6nh=g source of (6nh)’a'; n-h

1 6 Theorem 1.4
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2 12 Theorem 1.4

3 18 Lemma 4.2

4 24 Theorem 1.17
5 30 [26] (Theorem 4.6)
6 36 Lemma 4.3

10 60 Lemma 4.6

14 84 2.7

15 90 Lemma 4.4

18 108 2-9

20 120 Theorem 1.17
22 132 2-11

26 156 2:13

30 180 Lemma4.1

34 204 2-17

38 228 2:19

46 276 2-23

60 360 Theorem 3.1. 0

Lemma 4.8. There exists a 4-GDD of type 18°m' if and only if,
m=0 (mod 3) with 0<m<18(5-1)/2 =36 possibly excepting m € {3,33}.

Proof There exists a 4-GDD of type 18°m' for m € {0, 6, 9, 18, 24, 27, 30, 36}

by [26] Lemmas 5.3 and 5.4. There exists a 4-GDD of type 18°m' for
me {12, 15,21} by Lemma2.19.0

Theorem 4.9. A 4-GDD of type 36"m' exists iff and only if, uz4,
m=0 (mod 3) with0<m<18(u-1).

Proof There exists a 4-RGDD of type 12“, u >4 by Theorem 1.6. Completing
the parallel classes results in a 5-GDD of type 12“(4(uz-1))', as our master
design. There exists a 4-GDD of type 3%a', ae{0,3} by Theorem 1.4 (3). In
the last group of the master design the points obtain appropriate weights like a.
All other points get weight 3. The result is a 4-GDD of type 36'm',
m=0 (mod 3) and 0<m<12(u-1), u24.

There exists a TD(4, ) for u >4, u# 6 by Theorem 1.5. Remove a point and
use this point to redefine the groups. Complete the groups of size u with a new
point. This gives a {4, u+1}- GDD of type 3“u' as the master design. There
exists a 4-GDD of type 12“a,', a, =0(mod3), 0<qa, <6(u—1) by Theorem
1.4 (7). We give every point in a group of size 3 in the master design the weight

87



12. The points in the group of size u obtain appropriate weights. The u—1
"old” points obtain 12 as weight and the new point weights as a, . The result is
a 4-GDD of type 36'm', u24, u#6, m=0 (mod 3) and
Ru-D<m<12(u-1)+6{(u-1)=18(m-1). The case of u=6 is solved in
Theorem 4.7. 0

Theorem 4.10. Let g = 0 (mod 6). Then there exists a 4-GDD of type g’m' if,
and only iff, m=0 (mod 3) with 0<m<g(5-1)/2, possibly excepting
g=18 and me {3,33}.

Proof There exists a 4-GDD of type (6n)’a', a=0(mod3), 0<a<li2n,
ne{l,2} by Theorem 1.4, which we apply as ingredient design. Let
M, ={6,10, 14, 18,22} . By Theorem 1.5 there exists a TD(6, h) for h=5,
he M,. This is a 6-GDD of type 4° =h’h' which we use as master design. In

the last group of the master design the points obtain appropriate weights. All
other points obtain weight 6n. The result is a 4-GDD of type (6nh)’m',

m=0 (mod 3) and 0<m<3nh(5-1).

We receive a 4-GDD of type (64)°m', m=0 (mod 3) and 0<m<3Aa(5-1)
for n=1 and h2>5, he M. The case of g =18 is shown in Lemma 4.8. The
remaining cases are shown in the following table:

nh 6nh=g source of (6nh)’a'; n-h
1 6 Theorem 1.4

2 12 Theorem 1.4

4 24 Theorem 1.17

6 36 Theorem 4.9

10 60 2-5

14 84 2-7

18 108 2-9

22 132 2-11.0o

5. New 4-GDDs of type g'm’

Lemma 5.1. Let g =12 (mod24). There exists a 4-GDD of type g"’m' for
m=0 (mod 3) with0<m<(g(10-1)/2)-18.
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Proof There exists a 4-RGDD of type 4' by Theorem 1.6. Completing the
parallel classes results in a 5-GDD of type 4'°12', as our master design. Let
n=2i+1, i21. There exists a 4-GDD of type (3n)‘a', a=0(mod 3),
0<a<3(2i+1)3/2=9i+4.5 by Theorem 1.3. In the last group of the master
design the points obtain appropriate weights. All other points are assigned
weight 37 . The result is a 4-GDD of type (127)"m', n23, m=0 (mod 3)
with 0Sm <12(9i+3)=9(12i +4) = {12(2i +1) -4} 9/2 =12(2i +1) 9/2 ~18..
There exists a 4-GDD of type 12'°m', m=0 (mod 3) with 0<m <6(10-1)
by Theorem 1.4. 0

Theorem 5.2. Let g =12 (mod24). There exists a 4-GDD of type g'm' for
u24,u=0,1,3(mod4), m=0 (mod 3) with 0<sm<g(u-1)/2-3|u/2].

Proof There exists a TD(5,u) for u=24 and u{6,10} by Theorem 1.5.
Remove a point and use this point to redefine the groups. Complete all groups of
size u by adding a new point. This gives a {5, u+1} -GDD of type 4"u' as
master design. Let n=2i+1, i>1, therefore n=23. There exist a 4-GDD of
type (3n)*a', a=0(mod3), 0<a<9n/2 by Theorem 1.3, and a 4-GDD of
type (3n)“a,', a, € {0, 3n(u—1)/2} by Theorem 1.2 for u unequal 2 modulo 4.

Every point in a group of size 4 in the master design is given the weight 3n.
The points in the group of size u obtain appropriate weights. The #—1 “old”
points obtain weights like a and the new point gets weights like a,. The result

is a 4-GDD of type (12n)"m' for n23, u24, ug{6,10} and m=0(mod 3),
0<m<9n(u-1)/2+3n(u-1)/2-3|u/2|=12n(u~1)/2-3\u/2]. |..] is
the integer part of the value. Each value of m can be combined, because the
range of a has no gap.

There exists a 4-GDD of type 12°m' for u>4, and m=0(mod3),
0<m<6(u—1) by Theorem 1.4 (7). 0

Theorem 5.3. Let g =0 (mod 24). There exists a 4-GDD of type g“m' if, and
onlyiff u24, m=0 (mod 3) with0<m< g(u-1)/2.

Proof There exists a TD(5,u) for u>24 and u¢{6,10} by Theorem 1.5.
Remove a point and use this point to redefine the groups. Complete all groups of
size # by adding a new point. This gives a {5, u+1} - GDD of type 4“u' as
master design. There exist a 4-GDD of type (6n)‘a', a=0(mod3),
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0<a<9n, -n>2 by Theorem 13, and a 4-GDD of type (6n)a,,
a, €{0,3n(u—-1)} by Theorem 1.2. Every point in a group of size 4 in the

master design is given weight 6n. The points in the group of size u obtain
appropriate weights. The #—1 “old” points obtain weights like aand the new

point gets weights like a,. The result is a 4-GDD of type (24n)"m' for n22,
u=4, ug{6,10} and m=0(mod3), O0<m<9n(u-1)+3n(u-1)
=12n(u —1). Each value of m can be combined, because the range of a has no
gaps.

There exists a 4-GDD of type (24n)°m', m=0(mod 3), 0<m <12n(u-1) by
Theorem 4.7.

There exists a 4-RGDD of type 4' by Theorem 1.6. Completing the parallel
classes results in a 5-GDD of type 4'°12', as our master design. There exists a
4-GDD of type (6n)'a', a=0(mod3), 0<a<9n, n>2 by Theorem 1.3. In
the last group of the master design the points obtain appropriate weights. All
other points are assigned weight 6x. The result is a 4-GDD of type (24n)"m’,

n22, m=0(mod3) with 0<m<12-9n=12n(10-1).
There exists a 4-GDD of type 24"m' for u>4, and m=0(mod3),
0<m<12(u—-1) by Theorem 1.17. 0

Theorem 5.2 and Theorem 5.3 mean that we have the most values of m for
£ =0(mod 12) . There are better results in some special cases.

Theorem 5.4. A 4-GDD of type 108'm' exists if, and only if, u=4,
m=0 (mod 3) with 0<m<54(u-1).

Proof All 4-GDDs of type 36" m' exist by Theorem 4.9. Therefore, the assertion
follows with Theorem 3.2 and Theorem 4.7. o

Theorem 5.5. A 4-GDD of type 180"m' exists if and only if, u=4,
m=0 (mod 3) with0<m<90(u-1).

Proof All 4-GDDs of type 36" m' exist by Theorem 4.9. Therefore, the assertion
follows with Theorem 3.4. o

Theorem 5.6. A 4-GDD of type 192°m' exists if, and only if, u=4,
m=0 (mod 3) and 0 < m<96(u-1).
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Proof All 4-GDDs of type 48'm' exist by Theorem 1.17. Therefore, the
assertion follows with Theorem 3.3. o

Now we show the existence of 4-GDDs of type (60m)“m'. Let
M, =16, 10, 14, 18,22} . Then there exists a TD(6, u) for u =5 with ug M,
by Theorem 1.5.

Theorem 5.7. Let g =60n, n>1. Then there exists a -GDD of type g'm' if;
andonly if, u>24, m=0 (mod 3) with 0<m< g(u-1)/2, possibly excepting

u=14, n=1 and 333<m<387;
n>1 oddand 81<m <390n-3;
u=18, n>1 oddand 105 m<360n-3.

Proof Let n21. A 4-GDD of type (60n)'m' exists for m =0 (mod3) with
0<m<90n exists by Theorem 1.3. Let u>5, ue M, then there exists a
TD(6, u), and, therefore, there exists a {6,u+1}—GDD of type S'u' by
Construction 1.13, which is our master design. There exist a 4-GDD of type
- (12n)’a', a=0(mod 3), 0< a<24n by Theorem 4.10. There exists a 4-GDD
of type (12n)“a,', a, € {0, 6n(u—1)} by Theorem 1.2 . We assign weight 12
to every point in each group of size 5 in the master design. The points in the
group of size u obtain appropriate weights. The u—1 “old” points obtain
weights like @ and the new point gets weights like a, . The result is a 4-GDD of
type  60"m'  for u>5, wueM, and m=0(mod3)  with
0<m<24n(u-1)+6n(u—1)=30n(u-1). Each value of m can be obtained,
since the range of a has no gap. The case # =6 is handled in Theorem 4.7.
Let #=10: There exists a 4-GDD of type 60'°m' for m=0(mod3) with
0<m=<24(10-1)+18 =234 by Lemma4.5.
There exists a 4-RGDD of type 10" by Theorem 1.6. Completing the parallel
classes results in a 5-GDD of type 10'°30' as our master design. There exists a
4-GDD of type 6°a', ae{3,6,9} by Theorem 1.4. In the last group of the
master design the points obtain appropriate weights. All other points get weight
6. The result is a 4-GDD of type 60'°m', m =0 (mod 3) and 90 <m <30-9.
There exists a 4-RGDD of type 10'° by Theorem 1.6. Completing the parallel
classes results in a 5-GDD of type 10'°30' as our master design. Let n>2 there
exists a 4-GDD of type (6n)°a', a=0(mod 3), 0 < a<9n by Theorem 1.3. In
the last group of the master design the points obtain appropriate weights. All
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other points weight 6n. The result is a 4-GDD of type (60n)m',
m=0(mod3) and 0<m <30n(10-1).

u=14: There exists a 4-GDD of type 60'“m' for m=0(mod3) with
0<m<24(14-1)+18=330 by Lemma 4.5.

For n even, there exists a 4-GDD of type (60n)"*m', m=0(mod3) with
0 <m <390n by Theorem 5.3.

For n>1 odd, there exists a 4-DGDD of type (168, 12")* by Theorem 1.7 and
a 4-GDD of type 12"*m', m=0(mod3) with 0<m <78 by Theorem 1.4 (7)
and therefore, a 4-GDD of type (60n)"*m', m =0 (mod 3) with 0<m <78 by

Construction 1.8.
u=18: There exists a 4-GDD of type 60"m' for m=0(mod3) with

0<m<24(18-1)+18=426 by Lemma 4.5. There exist a 4-GDD of type
360* by Theorem 1.1 (the master design). There exists a 4-GDD of type 60°m,'

for m, =0(mod3), 0<m, <150 (the ingredient design) by Theorem 4.7.
Adjoin m, infinite points to the last group of the master design and fill all other
groups of the master design with the ingredient design. The result is a 4-GDD of
type 60'*m', m =0 (mod 3), 360 <m<510.

For n even, there exists a 4-GDD of type (60n)*m', m=0(mod3) with
0<m <510n by Theorem 5.3.

There exists a 4-GDD of type (60n)°m,' for m, =0(mod3), 0<m, <150n

(the ingredient design) by Theorem 4.7. There exist a 4-GDD of type (360n)"

by Theorem 1.1 (the master design). Adjoin m, infinite points to the last group

of the master design and fill all other groups of the master design with the
ingredient design, whereas the infinite points form the group of size m,. The

result is a 4-GDD of type (60n)*m', m=0(mod 3), 360n<m<510n.

For n>1 odd, there exists a 4-DGDD of type (216,12")*" by Theorem 1.7 and
a 4-GDD of type 12*m', m =0 (mod 3) with 0 <m <102 by Theorem 1.4 (7)
and therefore, a 4-GDD of type (60n)"*m', m =0 (mod 3) with 0 <m <102 by

Construction 1.8.

u =22 There exists a 4-RGDD of type 2** by Theorem 1.6. Completing the
parallel classes results in a 5-GDD of type 2%14' as our master design. Let
n21. There exists a 4-GDD of type (30n)*a', a=0(mod 3), 0<a<45n by
Theorem 1.3. In the last group of the master design the points obtain appropriate
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weights. All other points weight 30n . The result is a 4-GDD of type (60n)*m',
m=0(mod3) and 0sm<14-45n=30n(22-1). 0

Next we show the existence of 4-GDDs of type 20" m'.

Lemma 5.8. There exists a 4-GDD of type 20'm' for each u212,
u=0 (mod 3), m=2(mod3) and 2<m<10(u-1), possible except u=21
and m=17 .

Proof There exists a 4-GDD of type 60°m', 124, 1#14, m=0(mod 3) and
0<m<30(z—1) by Theorem 5.7. Adjoin 20 infinite points and fill all groups
of size 60 with a 4-GDD of type 20° (Theorem 1.1), where the infinite points
are filled in the group of size m . This results in a 4-GDD of type 20 (m +20)'
for 4124, 4#14, m=0(mod3) and 20 < m+20<30(z-1)+20=10(3u-1).
There exists a 4-GDD of type 120’a', a=0(mod3) and 0<a<360 by
Theorem 1.17. Adjoin 4, infinite points and fill all groups of size 120 with a 4-
GDD of type 20°a,', a, €{2, 50}, respectively (Theorem 1.2), in which the
infinite points are filled in the group of size a. This gives a 4-GDD of type
20%m', m=2 (mod 3) and 2<m=a+a, <360+50=410=10(42-1).

By Theorem 1.4 there exists a 4-GDD of type 5"m' for each u =3 (mod 12)
and m=S5 (mod 6), 5<m<5w-1)/2; or u=9 (mod 12) and
m=2 (mod 6), 2<m<5(u-1)/2;0r u=0 (mod 12) and m=2 (mod 3),
2<m<(5(u-1)-3)/2. Therefore, there exists a 4-GDD of type 20"m' for
each u=3 (mod 12) and m=5 (mod 6), 5<m<5m-1)/2; or
u=9 (mod 12) and m=2 (mod 6), 2<m<5(u-1)/2;0r u=0 (mod 12)
and m=2 (mod 3), 2<m=<(5(u-1)-3)/2 by Corollary 1.9.

Particularly, there exists a 4-GDD of type 20”m', me{2,5, 8, 11, 14, 17}.
Particularly, there exists a 4-GDD of type 20°m', me {5, 11, 17} . There exists
a4-GDD of type 2"°m', me {2, 5, 8, 11, 14} by Theorem 1.4. Therefore, there
exists a 4-GDD of type 20”m' for me {2, 5,8, 11, 14} by Theorem 1.7 and
Construction 1.8.

There exists a 4-GDD of type 2'°a' for a=2(mod3) and 2<a<18-1 by
Theorem 1.4. Therefore, there exists a 4-GDD of type 20'a' for a =2 (mod 3)
and 2<a<18-1 by Theorem 1.7 and Construction 1.8.
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Particularly, there exists a 4-GDD of type 20%m', m e {2, 8, 14} . There exists
a4-GDD of type 2*'m', me {2, 5, 8, 11, 14} by Theorem 1.4. Therefore, there
exists a 4-GDD of type 20*'m' for me{2,5,8, 11, 14} by Theorem 1.7 and

Construction 1.8.
There exists a 4-GDD of type 2'a' for u224, u=0 (mod 3) and

me{2,5,8,11,14, 17} by Theorem 1.4. Therefore, there exists a 4-GDD of
type 20“d' for u>24, u=0 (mod 3) and me{2,5,8,11, 14,17} by
Theorem 1.7 and Construction 1.8. o

Lemma 5.9. There exists a 4-GDD of type 20°m', m=2(mod3) with
2sm<10(6-1).

Proof There exists a 4-GDD of type 4%a,', a,=1(mod3), 1<a,<10 by
Theorem 1.4. Therefore, there exists a 4-GDD of type 20°a', a=5(mod 15),

5<a<50 by WFC. A 4-GDD of type 20°2' exists by Theorem 2.1. All other
needed 4-GDDs are given in Lemmas 2.16 and 2.17. o

Lemma 5.10. There exists a 4-GDD of type 20°m' if and only if
m =2 (mod 3) with 2<m <80, possibly excepting me {11, 17, 23}.

Proof There exists 2 4-GDD of type 4’a,, a,=1(mod3), 1<q,<16 by
Theorem 1.4. Therefore, there exists a 4-GDD of type 20°a', a=5(mod15),
5<a<80 by WFC. There exists a 4-GDD of type 5°a,', a, =2 (mod6),
2<a, <20 by Theorem 1.4. Therefore, there exists a 4-GDD of type 20°a',

aef{2,8, 14,20, 32, 56, 80} by Construction 1.10. The assertion follows with
Lemmas 2.18 and 2.19. 0

The last three lemmas result in:

Theorem 5.11. There exists a 4-GDD of type 20"m' if, and only if, either
wu,m)=(3,20) or uz26 and u=0 (mod 3), m=2(mod3) and
2<m<10(u-1), possibly excepting

u=9,mefll, 17,23} and

u=21, m=17.



Now we are going to deal with 4-GDDs of type g“m' with g =0 (mod 36). Let
M, =1{5,6,10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 39, 46, 60} .

Theorem 5.12. Let g =36 (mod 72). There exists a 4-GDD of type g'm' if,
andonly if, u24, m=0 (mod 3) with 0<m<g(u-1)/2.

Proof A 4-GDD of type 36"m' exists if, and only if, # >4, m=0 (mod 3)
and 0<m<18(u—1) by Theorem 4.9. A 4-GDD of type 108“m' exists if, and
only if, u>4, m=0 (mod 3) and 0 <m <54(x—1) by Theorem 5.4.

There exists a 4-RGDD of type 12, u>4 by Theorem 1.6. Completing the
parallel classes results in a 5-GDD of type 12“(4(x—1))' which is our master
design. There exists a 4-GDD of type (3n)'a', a=0(mod3),
0<a<(9n-3)/2, n25, n=1(mod 2) by Theorem 1.3. In the last group of
the master design the points obtain appropriate weights like a. All other points
obtain weight 37 . The result is a 4-GDD of type (36n)‘m', m=0 (mod 3)
and 0<m<(18n-6)(u—-1), u24, nz25, n=1(mod 2).

Let us deal separately with the two cases: # even and ¥ odd.

Case |- u even: There exists a 4-GDD of type (36n)'m', ue{4,6} for
m=0 (mod 3) with 0<m<18n(u—-1) by Theorem 1.3, and Theorem 4.7.
There exists a 4-RGDD of type (6n)‘, n=25, n=1(mod2), u=4,
u=0(mod 2) by Theorem 1.6. Completing the parallel classes results in a 5-
GDD of type (6n)"(2n(u—1))', as our master design. There exists a 4-GDD of
type 6*a', ae€{3,6,9} by Theorem 1.3. In the last group of the master design
the points obtain appropriate weights like a. All other points get weight 6. The
result is a 4-GDD of type (36m)'m', m=0 (mod 3) and
6n(u—-1)<sm<18n(u—-1), n=25, n=1(mod2), u>4, u=0(mod 2).

Case 2 - u odd: There exists a 4-GDD of type (36n)°m' for m=0 (mod 3)
with 0 <m <18n(5-1) by Theorem 4.10.

Let n=1(mod2). There exists a TD(7, ) for u27 with ugM, by
Theorem 1.5 and we obtain a {7, u+1}- GDD of type 6"u' by Construction
1.13 as our master design. There exists a 4-GDD of type (6n)°a',
a=0(mod 3), 0 <a<3n(6-1) by Theorem 4.7. There exists a 4-GDD of type
(6n)' @', ae{0,3n(u-1)} by Theorem 1.2. Every point in a group of size 6 in
the master design is given weight 622 . The points in the group of size u receive
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appropriate weights. The result is a 4-GDD of type (36n)*m', m=0 (mod 3),
0<m<15n(u-1)+3n(u—1)=18n(u-1), ue M,. Each value of m can be
combined, since the range of a has no gap.

There exists a 4-GDD of type (36n)'m', m=0 (mod 3) and
0<m<(18n-6)(u—-1), uefl539}, n=25, n=1(mod2) by the first
paragraph of the proof.

There exists a 4-GDD of type (36-3n)’a’, a=0(mod3) and
0<a<18-3n(i-1), uef{513}, n=5, n=1(mod 2) see above. Adjoin 36n
infinite points and fill all groups of size 36-3n with a 4-GDD of type (36n)*
(Theorem 1.1), whereas the infinite points are filled in the group of size a . This
gives a 4-GDD of type (36n)“m' for ##€{513}, n>5, n=1(mod?2),
m=0 (mod 3) and 36n<a+36n<18-3n(u-1)+36n=18n(3u-1).0

Theorem 5.13. Let g =0(mod 36). There exists a 4-GDD of type g'm' if,
andonly ifu24, m=0 (mod 3) with 0sm<g(u-1)/2.

Proof The assertion follows by Theorem 3.1, Theorem 5.12 and Theorem 1.2. o

Theorem 5.14. Let g=u=0(mod 6), u=24. There exists a 4-GDD of type
g'm' if and only it m=0 (mod 3) with 0<sm<g(u-1)/2.

Proof There exists a 4-GDD of type (6g)’a’, a=0 (mod 3) and
0<a<3g(#-1) by Theorem 5.13 which is our master design. Adjoin a,
infinite points and fill all groups of size 6g with a 4-GDD of type g‘a,',
a,=0 (mod 3) and 0<a, <5g/2 (Theorem 4.7), whereas the infinite points
are placed in the group of size @. This results in a 4-GDD of type g*“m' for
#24, m=0 (mod 3) and 0<m=a+a,<3g(H-1)+5g/2=g(6a-1)/2.0

Now we are going to deal with 4-GDDs of type 84" m' .
Let M, ={5, 6, 10, 12, 14, 15, 18, 20, 21, 22, 26, 28, 30,
33, 34, 35, 38, 39, 42, 44, 46, 51, 52, 54, 58, 60, 62, 66, 68, 74} .

Lemma 5.15. There exists a 4-GDD of type 84'm' for m=0 (mod 3),
0<m<42(u-1), uz4, ue{l0, 14, 26, 38, 62, 74} .
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Proof There exists a 4-GDD of type 84“m', ue{4,5,6} for m=0 (mod 3)
with 0 <m <42(u—1) by Theorem 1.3, Theorem 4.7 and Theorem 4.10.

There exists a TD(8, ») for u 27 with u ¢ M, by Theorem 1.5 therefore, we
obtain a{8,u+1}- GDD of type 7“u«' by Construction 1.13 as our master
design. There exists a 4-GDD of type 12’a', a=0(mod3), 0<a<36,
12a,', a, =0(mod 3), 0<a, <6(u—1) by Theorem 1.4 (7). Every point in a
group of size 7 in the master design is given weight 12. The points in the group
of size u obtain appropriate weights. The result is a 4-GDD of type 84"m',
m=0 (mod 3), 0<m<36(u-1)+6(u-1)=42u-1), ueg M,.

There exists a 4-RGDD of type 28", u>4, u=1(mod3) by Theorem 1.6.
Completing the parallel classes results in a 5-GDD of type 28“(28(u—1)/3)', as
our master design. There exists a 4-GDD of type 3‘a', ae {0, 3} by Theorem
1.1. In the last group of the master design the points obtain appropriate weights
like @. All other points obtain weight 3. The result is a 4-GDD of type 84" m',
m=0 (mod 3) and 0<m<28(u-1), u24, u=1(mod3).

There exists a 4-RGDD of type 14", u24, u=4(mod 6), u ¢ {10, 70, 82} by
Theorem 1.6. Completing the parallel classes results in a 5-GDD of type
14“(14(u-1)/3)" which is our master design. There exists a 4-GDD of type
6*a', ae{3,6,9} by Theorem 1.3. In the last group of the master design the
points obtain appropriate weights like a. All other points are given weight 6.
The result is a 4-GDD of type 84"m', m=0 (mod 3) and
14u-1)<sm<42w-1), u24, u=4(mod6), u ¢ {10, 70, 82} .

There exists a 4-GDD of type 84"m', m=0 (mod 3) and 0<sm<42(u-1),
u>12, u=0(mod 4) by [16].

There exists a 4-GDD of type 252°m' for #>4, m=0 (mod 3) and
0<m<126(i—1) by Theorem 5.12. Adjoin 84 infinite points and fill all groups

of size 252 with a 4-GDD of type 84° (Theorem 1.1), whereas the infinite
points are filled in the group of size m. This results in a 4-GDD of type
84 (m+84)', m=0 (mod 3), 84<m+84<126(1i—1)+84=42(341-1) for
u 24 and therefore 0 <m<42(u-1) for ue{l5, 21, 33,39,51} by Theorem
5.2.

There exists a 4-DGDD of type (216,12'*)’ by Theorem 1.7 and a 4-GDD of

type 12"m', m=0 (mod 3) with 0<m<102 by Theorem 1.4 (7) and



therefore, a 4-GDD of type 84'*m', m=0 (mod 3) with 0<m<102 by
Construction 1.8 and therefore, 0 < m < 42(18—1) by the last paragraph.
There exists a 4-GDD of type 84°m', m=0 (mod 3) and 0<m<42(30-1)

by Theorem 5.14.
There exists a 4-GDD of type 84”m', m=0 (mod 3) and

0<m<42(u-1)-51 by Theorem 5.2.

There exists a 4-GDD of type (7-84)*(14-84)'(7-84)" = (7-84)"(7-84)'(14-84)'
by Theorem 1.12. There exists a 4-GDD of type 84’a', a=0(mod3),
0<a<42-6 by this lemma. We add a points to the last group and fill all other

groups with the above design. The result is a 4-GDD of type 84°m',
m=0 (mod 3), 1176=14.84<m<42.28+42-6=42(35-1). 0

Theorem 5.16. There exists a 4-GDD of type 84'm' for u=4,
m=0 (mod 3), 0<m<42(u-1), except possibly when

u=10 and 42(u-1)-18<m<42(u-1);

u=14 and 33(u-1N+9<m<42u-1);

u=26 and 22(u-1)-42<m < 42(u-1);

u=38, me{l161, 1164, 1167, 1170, 1173}, 42(u—-1)-126 <m <42(u-1);
u=62 and 42(u-1)-108 <m <42(u-1);

u=74 and 2u-1)-168<m<42(u-1).

Proof There exists a 4-GDD of type 84'm' for m=0 (mod 3),
0<sm<2@u-1), uz4, ug{lo, 14, 26,35, 38, 62, 74} by Lemma 5.15.
There exists a 4-GDD of type 84“m', m=0 (mod 3) and
0<m<42(10-1)-~18 by Lemma 5.1.

There exists a TD(8, u+1) for u {26, 35, 62,74} by Theorem 1.5 and we
obtain a {8, u+2}- GDD of type 7“*'(u+1)' by Construction 1.13. Removing a
group of size 7, we obtain a{7,8,u+1,u+2}- GDD of type 7(u+1)' as our
master design. There exist 4-GDDs of types 12°a', 12’a', a=0(mod3),
0<a<30, 12“a', 12*'a', a,=0(mod3), O0<a,<6(-1) by

Theorem 1.4. Every point in a group of size 7 in the master design is given
weight 12. The points in the group of size » obtain appropriate weights. The

result is a 4-GDD of type 84'm', ue{26,35,62,74}, m=0 (mod 3),
0<sm<30u+6(u—1)=36(u-1)+30.
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There exists a TD(8, u+2) for u{14,38} by Theorem 1.5 and we obtain
a{8,u+3}- GDD of type 7“**(u+2)' by Construction 1.13 as our master
design. Removing two groups of size 7, we obtain a{6, 7,8, u+1, u+2, u+3} -
GDD of type 7“(u+2)'. There exist 4-GDDs of types 12°a', 12°a', 124",
a=0(mod3), 0<a<24, 12“a’, 12a', 12“%a', a,=0(mod3),
0<a, <6(u-1) by Theorem 1.4. Every point in a group of size 7 in the master
design is given weight 12. The points in the group of size # obtain appropriate
weights. The result is a 4-GDD of type 84'm', uc{14,38}, m=0 (mod 3),
0<sm<24(u+1)+6(u-1)=30(u—-1)+48.

There exists a 4-GDD of type (5-84)*(10-84)' (6-84)' = (5-84)*(6-84)'(10-84)'
by Theorem 1.12. There exist 4-GDDs of type 84°a', 84°a', a=0(mod 3),
0<a<42-4 by Lemma 5.15. We add a points to the last group and fill all
other groups with the above designs. The result is a 4-GDD of type 84%m',
m=0 (mod 3), 840=33(26-1)+15<m<840+42-4=42(26-1)-42.
There exists a 4-GDD of type (7-84)*(14-84)"(7-84)" =(7-84)"(7-84)'(14-84)'
by Theorem 1.12. There exists a 4-GDD of type 84’a', a=0(mod3),
0<a<42-6 by Lemma 5.15. We add a points to the last group and fill all
other groups with the above design. The result is a 4-GDD of type 84*’m',
m=0 (mod 3), 1176 =34(35-1)+20<m<42-28+42-6 =42(35-1).

There exists a 4-GDD  of  type (7-84)*(14-84)'(10-84)'
=(7-84)'(10-84)'(14-84)' by Theorem 1.12. There exist 4-GDDs of types
847q', 84°a', a=0(mod3), 0<a<42-6 by Lemma 5.15 and Lemma 5.1.
We add a points to the last group and fill all other groups with the above
designs. The result is a 4-GDD of type 84%m', m=0 (mod 3),
1176 =32(38-1)-8<m<42-28+42-6 =42(38-1)~3-42.

There exists a 4-GDD of type (12-84)%(24-84)'(14-84)’
=(12-84)*(14-84)'(24-84)' by Theorem 1.12. There exist 4-GDDs of types
84?4', 84"“a', a=0(mod3), 0<a<30-13+48=438 by Lemma 5.15 and
the proof above. We add a points to the last group and fill all other groups with
the above designs. The result is a 4-GDD of type 84%m', m=0 (mod 3),
2016 <m<42-48+438 =42(62-1)-108.

There exists a 4-GDD of type  (14-84)*(28-84)'(18-84)'
=(14-84)*(18-84)'(28-84)' by Theorem 1.12. There exist 4-GDDs of types
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84"a', 84'%a', a=0(mod3), 0<a<30-13+48=438 by Lemma 5.15 and
the proof above. We add a points to the last group and fill all other groups with
the above designs. The result is a 4-GDD of type 84™m', m=0 (mod 3),
42.56 <m<42-56+438=42-67-24=42(74-1)-168. 0

Now we are going to deal with 4-GDDs of type 28" m'.

Theorem 5.17. There exists a 4-GDD of type 28'm' if, and only if, either
(u,m=(3,28) or u26, u=0(mod 3), m=1 (mod 3) and
1<m<14(u—-1), except possibly when u=9 and me{19,25,31}.

Proof There exists a 7-GDD of type 77 =7°7' by Theorem 1.5 as our master

design. There exists a 4-GDD of type 4°@', a=1(mod3), 1<a<10 by

Theorem 1.4. In the last group of the master design the points obtain appropriate
weights like a. All other points get weight 4. The result is a 4-GDD of type

28°m', m=1 (mod 3) and 7<m<10-7=70=14(6-1).

There exists a 4-GDD of type 4’ =4°4' by Theorem 1.1 and there exists a 4-
DGDD of type (24,4°)’ by Theorem 1.7. Therefore, there exists a 4-GDD of
type 28°4' by Construction 1.8. There exists a 4-GDD of type 28°l' by

Theorem 1.2.
Recall the existence of a 4-DGDD of type (36,4°)’ (Theorem 1.7). By

Construction 1.8 and by WFC, we get the existence of 4-GDD of type 28’ d',
aefl,4,7,10, 13, 16, 28, 49, 70, 91, 112} .

There exists a 4-GDD of type 7°a,', a,=4(mod 6), 4<a, <28 by Lemma
2.18.  Therefore, there exists a 4-GDD of type 28°4',
ae {4, 10, 16,22, 28, 40, 64, 88, 112} by Corollary 1.9. The assertion follows
for # =9 with the Lemmas 2.20 and 2.21.

There exists a 4-GDD of type 84°m' for 124, nie {10, 14, 26, 38, 62, 74},
m=0 (mod 3) and 0<m<42(ii—1) by Theorem 5.16. Adjoin 28 infinite

points and fill all groups of size 84 with a 4-GDD of type 28 (Theorem 1.1),
whereas the infinite points are filled in the group of size m . This results in a 4-
GDD of type 28%(m+28) for #>4, ael{l0,14,26,38,62,74},
m=0 (mod 3) and 28<m+28<42(u—-1)+28=14(3a-1).

There exists a 4-GDD of type 4“m' for each u26, u=0 (mod 3),
m=1 (mod 3) and 1<m<2(u-1) by Theorem 1.4. Therefore, there exists a
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4-GDD of type 28"m' for each 26, u=0 (mod 3), m=1 (mod 3) and
1<m<2(u—-1) by Theorem 1.7 and Construction 1.8. Note that 2(u 1) > 28

for u=15.
There exists a 4-GDD of type 7'*25' by [16]. Therefore, there exists a 4-GDD

of type 28'225' by Corollary 1.9.

There exists a 4-GDD of type 168°a' for #24, a=0 (mod 3) and
0<a<84(u1—-1) by Theorem 5.3. In the proof above it was shown, that there
exists a 4-GDD of type 28%a,', 4, =1 (mod 3) and 1<q, <70. Adjoin aq,
infinite points and fill all groups of size 168 with the 4-GDD of type 28°a,',
whereas the infinite points are filled in the group of size a. This gives a 4-GDD
of type 28 m' for 124, m=1 (mod 3) and 1< a+a, =m<84(&-1)+70
=14(6u —1) . This solves the cases u €{30, 42, 78, 114, 186, 222}.0

Now we are going to deal with 4-GDDs of type 10“m'.

Lemma 5.18. There exists a 4-GDD of type 10°m', m=1(mod3) with
l<sm<25.

Proof There exists a 4-GDD of type 10°m' for me{l,25} by Theorem 1.2,
me{4,7,13,16,19} by Lemma 2.1, m=22 by Lemma 2.2 and m=10 by
Theorem 1.1. 0

Lemma 5.19. There exists a 4-GDD of type 10°m', m=1(mod3) with
1sm<40.

Proof There exists a 4-GDD of type 10°m' for me{1,40} by Theorem 1.2,
m=4 by Lemma 2.14, me {7, 13, 19, 25, 31,37} by Lemma 2.8, m=10 by
Theorem 1.1 and m € {16, 22, 28, 34} by Lemma 2.7. o

Lemma 5.20. There exists a 4-GDD of type 10“ m' for me {4, 7}, u=24,
u=0(mod 6) and u 233, u=3(mod 6).

Proof There exists a 4-GDD of type 60°, #>4 by Theorem 1.1 (the master
design). Adjoin m infinite points to the master design and fill all groups of the

master design with a 4-GDD of type 10°m', me{4,7} from Lemma 2.1,
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whereas the infinite points form the group of size m . The result is a 4-GDD of
type 10 m', me{4,7}, 1 24.

There exists a 4-GDD of type 60°90', #>4 by Theorem 5.7 (the master
design). Adjoin m infinite points to the master design and fill all groups of size
60 of the master design with a 4-GDD of type 10°m', me {4,7} from Lemma
2.1 and fill the group of size 90 with a 4-GDD of type 10° m', me {4, 7} from
Lemma 5.25, whereas the infinite points form the group of size m . The result is
a4-GDD of type 10 m', me {4,7}, 424.0

Lemma 5.21. There exists a 4-GDD of type 10"m' for each u=12,
u=0 (mod 3), m=1 (mod 3) and 10<m<5(u-1).

Proof There exists a 4-GDD of type 30°m' for 424, 4¢{10, 14,22},
m=0 (mod 3) and 0<m<15(—1) by [26]. Adjoin 10 infinite points and
fill all groups of size 30 with a 4-GDD of type 10° (Theorem 1.1), whereas the
infinite points are filled in the group of size m. This gives a 4-GDD of type
10%(m+10)' for >4, m=0 (mod 3) and 10<m+10=<15@E~1)+10
=5(3a-1).

There exists a 4-GDD of type 60°a" for #€{5,7,11}, a=0 (mod 3) and
0<a<30(i—-1) by Theorem 5.7. There exists a 4-GDD of type 10°a,’,
a, =1 (mod 3) and 1< a, <25 by Lemma 5.24. Adjoin q, infinite points and
fill all groups of size 60 with the 4-GDD of type 10°a,', whereas the infinite

points are filled in the group of size @ . This gives a 4-GDD of type 10° m' for
ue{5 7,11}, m=1 (mod 3) and 1<a+a,=m<30(z-1)+25=5(6u~-1).
This solves the cases u €{30, 42, 66} .0

Combining Theorem 1.1, Lemma 2.14 and the last four lemmas of this section,
we obtain:

Theorem 5.22. There exists a 4-GDD of type 10"m' if, and only if, either
(u,m)=(3,10) or u=26, u=0(mod3), m=1(mod3) with | <m=<5u-1),
possibly excepting (u, m) € {(12,4), (15, 7), (18, 4), 21, 7), (27, T)} .

The main results of this paper are now summarized:
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Theorem 5.23. Let g =0, 24,36, 48 (mod 72). There exists a 4-GDD of type
g'm ifandonlyif u=4, m=0 (mod 3) with 0<Sm<g(u—1)/2.

Let g=60n. There exists a 4-GDD of type g'm' if, and only if, uz4,
m=0 (mod 3) with 0<m< g(u-1)/2, possibly excepting

u=14, n=1 and 333<m<387;
n>1 oddand 81<m<390n-3;
u=18, n>1 oddand 105<m<360n-3.

Proof The cases g=0,24,48(mod 72) follow by Theorem 5.3. The case
g =36 (mod 72) is handled in Theorem 5.13. The case g =0 (mod 60) follows
by Theorem 5.7. o
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