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Abstract

All graphs considered in our study are simple, finite and undi-
rected. A graph is equitable total domination edge addition criti-
cal (stable) if the addition of any arbitrary edge changes (does not
change) the equitable total domination number. In this paper, we
introduce the following new parameters: equitable independent dom-
ination number, equitable total domination number and equitable
connected domination number and study their stability upon edge
addition, on special families of graphs namely cycles, paths and com-
plete bipartite graphs. Also the relation among the above parameters
is established.

Keywords: Domination, Equitable domination, Edge addition sta-
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1 Introduction

Let G = (V, E) be a simple, finite, undirected and connected graph. For
graph theoretic terminology, we refer to Harary [4].

Domination is a rapidly developing area of research in graph theory.
The concept of domination has existed for a long time and early discussions
on the topic can be found in works of Ore [6]. An excellent treatment of
domination is given in the book by Haynes et al. [5]. New concepts of
domination emerge from practical considerations. In order to study this
practical concept, Prof. E. Sampathkumar introduced various types of
equitability in graphs [7).
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The open neighborhood of v € V is denoted and defined by N(v) = {u €
V :uww € E} and the closed neighborhood of v € V' is N([v] = N(v) U {v}.
The degree of a vertex v € V is deg(v) = |[N(v)|. A vertex of degree zero
in G is called an isolated vertex and a vertex of degree one is a pendant
vertex or a leaf of G. The vertex which is adjacent to a pendant vertex is
called a support vertex. For any set S C V, the induced subgraph < § > is
the maximal subgraph of G with vertex set S. Thus two vertices of S are
adjacent in < S > if and only if they are adjacent in G. A vertex u € V
dominates a vertex v € V if uv € E. A vertexv € V dominatesaset SC V
if v dominates every vertex in S.

In this study, we obtain equitable independent domination number, eq-
uitable total domination number and equitable connected domination num-
ber of graphs of some interesting graph classes and also analyze the concepts
of edge addition stability of the above graph parameters on special families
of graphs namely cycles, paths and complete bipartite graphs.

We give below a brief summary of definitions which are useful for the
present investigations.

Definition 1. /5] Let G = (V, E) be a graph. A subset D of V is called
a dominating set of G if every vertez in V — D is adjacent to at least one
vertez in D. A dominating set D is called a minimal dominating set if no
proper subset of D is a dominating set. The domination number v(G) of a
graph G is the minimum cardinality of a minimal dominating set in G.

Definition 2. /2] A dominating set D of a graph G = (V,E) is a total
dominating set if the induced subgraph < D > has no isolated vertices. The
total domination number v,(G) of a graph G is the minimum cardinality of
a minimal total dominating set in G.

Definition 3. [1/ A dominating set D of a graph G = (V,E) is an in-
dependent dominating set if the induced subgraph < D > has no edges.
The independent domination number v;(G) of a graph G is the minimum
cardinality of a minimal independent dominating set in G.

Definition 4. [7] A dominating set D of a graph G = (V, E) is a connected
dominating set if the induced subgraph < D > is connected. The connected
domination number v.(G) of a graph G is the minimum cardinality of a
minimal connected dominating set in G.

Definition 5. [7] A dominating set D in G is said to be an equitable
dominating set if it possesses the ‘equitable property’, i.e., for every vertez
v € V — D there exists an adjacent vertez u € D such that |d(u) —d(v)| < 1,
where d(u) denotes the degree of u. The minimum cardinality of a minimal
equitable dominating set of G is the equitable domination number of G,
denoted by v.(G).
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Definition 6. [3] Let P be a graph parameter. A graph G is said to be
P-edge addition critical if P(G + e) # P(G) for every edge e of G, the
complement of G. A graph G is said to be P-edge addition stable if P(G +
e) = P(G) for every edge e of G.

2 Equitable Total Domination Upon Edge Ad-
dition Stable

In this section, we extend the concept of total domination (2], to equitable
total domination v.:(G) and we investigate ‘equitable total domination edge
addition stable’ property for various classes of graphs like cycles, paths and
complete bipartite graphs.

Definition 7. A total dominating set D of a graph G = (V, E) is called
an equitable total dominating set if it also possesses the equitable property.
The minimum cardinality of a minimal equitable total dominating set of G
is the equitable total domination number of G, denoted by ve:(G).

Remark 8. Since any equitable total dominating set is also a total domi-
nating set, ¢(G) < Yet(G) for any graph G.

Theorem 9. If G is regular or (k,k + 1) bi-regular, for some k, then
Yet(G) = 71:(G).

Proof. Suppose G is a regular or bi-regular graph. Then every vertez of G
has degree either k or k + 1. Let D be a minimum total dominating set of
G. Then |D| = v(G). Letu € V—D. Then as D is a total dominating set,
there exists v € D and uwv € E(G). Also deg(u) = deg(v) = k. Therefore
|deg(u) —deg(v)| = 0 or 1 < 1. Therefore D is a equitable total dominating
set of G, so that v (G) < |D| = %(G). But v(G) < 7ee(G). Therefore
Yet(G) = 7(G).

In the following proposition, equitable total domination number v, for
various classes of graphs are given.
Proposition 10. 1. For the cycle C, of order n > 3,
nf2l+1 whenn=4k+2,k>1
'Yet(cn) = r / ] .
[n/2] otherwise.
2. For the path P, of order n > 2,

[n/2]+1 whenn=4k+2,k2>1

Yer(Fn) = {[n/2] otherwise.
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3. For the wheel graph W,, of order n > 4,

_Jn/3) when n =4
Yet(W1n) = {f" /3] +1 otherwise.

4. For the complete graph K, of order n 2 2, Ver(Ky) = 2.
5. For the star graph Ky, of order n > 3, vet(K1n) =n+1.

6. For the complete bipartite graph Kmn, m,n 2 2, Yet(Kmn) = 2,
whenm=norm=n+1.

Definition 11. A graph G is said to be an equitable total domination edge
addition stable or in short v}-stable, if addition of any edge to G does not
change the equitable total domination number. In other words, a graph G
is v} -stable if 7.:(G + €) = Yet(G) for every edge e € E(G).

Theorem 12. Cycle graphs C,, are vJ,-stable if n = 4k, k > 1.

Proof. Let C,, : v1,vs,...,vn be a cycle of length n > 4. An equitable
total dominating set of C,, can be obtained by taking D = {v4i41,Vai42/i =
0,1,2,...,k—1}. Adding an edge between non-adjacent vertices v; and v; in
C, increases the degrees of v; and v; by 1. Therefore, the equitability prop-
erty is not affected up on edge addition and also equitable total dominating
set remains the same and hence the equitable total domination number is
not changed. Hence Cy, is vJ;-stable, when n = 4k, k > 1.

Corollary 13. C, is not v}-stable if n # 4k, k > 1.

Proof. By using the labeling of C,, as in the above theorem, an equitable
total dominating set of C,, n = 4k + 1 is given by D = {v4is1,vVair2/t =
0,1,2,...,k — 1} U{ v,} containing k vertices and D = {v4i+1,vait+2/t =
0,1,2,...,k—=1}U{va_1,vn}, whenn = 4k+2 or 4k+3. Up on adding an
edge between vy and v,_1, the equitable total domination number is reduced
by 1. Hence C, is not vJ,-stable, when n # 4k, k > 1.

Theorem 14. For n > 5, path graphs P, are not v} -stable.

Proof. Let P, : v1,v3,...,v, be the path graph of order n > 5. Addition
of an edge between the support vertices v, and vn_) forces us to include
both v, and v, into the equitable total dominating set in order to maintain
equitability. Hence adding an edge between support vertices increases the
equitable total domination number implying that P,, n > 5 are not v}-
stable.

Note. The path graphs P; and P, are v/;-stable.
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Proposition 15. For n > 5, Yet(Ppn + €) = 7et(Pn) if an edge e is added
between two pendant vertices or pendant and support vertices.

Proposition 16. Forn > 5,

Vet (Pn) when n = 4k + 2
Yet(Pn +€) = Yet(Pn)+1 whenn=4k+1 or4k+3
Yet(Pn) +2 whenn =4k

if an edge e is added between two support vertices.
Theorem 17. For n > 2, complete bipartite graphs K, n are 'y;t-stable.

Proof. Let the vertex partition of Knn, n > 2 be Vi = {u1,uz,...,un}
and Vo = {v1,va,...,v,}. The equitable total dominating set of K, ,, is
D = {u;,n1}. Therefore, Vet(Knn) = 2. By adding an edge e between
u; and u; orv; and v;, 1 < 4,5 < n in Vi or V; increases the degrees of
these vertices by 1. Therefore, the equitability property is not affected up on
edge addition and also equitable total domination number is not changed.
Therefore complete bipartite graphs K n, n > 2 are vJ;-stable.

Theorem 18. For n > 2, complete bipartite graphs K,y are not v}-
stable.

Proof. Let the vertez partition of Kny1,n, 1 > 2 be Vi = {uy,u2,...,Uny1}
and Vo = {v1,vq,...,v,} with |Vij| = n+1 and |Vo| = n. We see that
Yet(Knt1,n) = 2. If an edge e = (vi,v;), 1 i # j < n, is added in V), then
equitable total domination remains the same. When n > 3, by adding any
arbitrary edge between vertices in Vs, the equitable total domination number
is increased by one. Therefore the equitable total domination number is
changed. Therefore, Ky 410, n 2> 2 is not v} -stable.

Result 19. (i) Forn 2 2, Yet(Knt1,n + €) = Yee(Kn41,0), where V3| =
n+1, Vo] =n,e=(v;,v;), 1 <i#j<nandv,v; € V).

(it) For n 2 2, Yet(Knt1,n + €) = Yet(Knt1,n) + 1, where e = (v;,;),
1<i#j<nandv;,v; €V

3 Equitable Independent Domination Upon
Edge Addition Stable

In this section, we extend the notion of independent domination (1], to
equitable independent domination 7.;(G) and we investigate ‘equitable in-
dependent domination edge addition stable’ property for various classes of
graphs like cycles, paths and complete bipartite graphs.
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Definition 20. An independent dominating set D of a graph G = (V, E)
is called an equitable independent dominating set if it also possesses the eq-
uitable property. The minimum cardinality of a minimal equitable indepen-
dent dominating set of G is the equitable independent domination number
of G, denoted by ve:(G).

Remark 21. Since any equitable independent dominating set is also an
independent dominating set, vi(G) < Yei(G) for any graph G.

Theorem 22. If G is regular or (k,k + 1) bi-regular, for some k, then
Yei(G) = 7(G).

The proof is similar to the one given in Theorem 9.

The equitable independent domination number of various families of
graphs are given in the following proposition.

Proposition 23. 1. For the cycle C, of order n > 3, 7.:(Cpn) = [n/3].
2. For the path P, of order n > 2, vei(Pn) = [n/3].
3. For the complete graph K, of order n > 2, v.:(K,) = 1.

4. For the complete bipartite graph Kpmpn, m,n 2 2, Yei(Kmn) = n,
whenm=norm=n+1.

Definition 24. A graph G is said to be an equitable independent domi-
nation edge addition stable or in short v} -stable, if addition of any edge
to G does not change the equitable independent domination number. In
other words, a graph G is v};-stable if 7ei(G + €) = 7ei(G) for every edge
e € E(G).

Theorem 25. Cycle graphs Cp, are v}-stable if n #3k + 1, k > 1.

Proof. Let C, : v1,vs,...,un be a cycle of length n > 4. Here n takes
one of the two forms 3k or3k+2, k > 1 (asn # 3k +1). An equitable
independent dominating set of C, can be obtained by taking D = {v3;—1/i =
1,2,...,k} ifn =3k or D = {v3;42/i=0,1,2,...,k} if n = 3k+2. Adding
an edge between non-adjacent vertices v; and v; in C, increases the degrees
of vi and v; by 1. Therefore, the equitability property is not affected up
on edge addition and also equitable independent dominating set remains
the same and hence the equitable independent domination number is not
changed. Hence C, is v}-stable whenn # 3k+1, k > 1.

Corollary 26. C, is not v} -stable if n =3k +1, k > 1.
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Proof. By using the labeling of C, as in the above theorem, an equitable
independent dominating set of C,,, n = 3k + 1 is given by D = {vzi—1/i =
1,2,...,k}U {v,} containing k 4 1 vertices. Up on adding an edge between
vo and v,, the equitable independent domination number is reduced by 1.
Hence C,, is not v},-stable, whenn =3k + 1, k > 1.

Theorem 27. For n > 5, path graphs P, are not vJ;-stable.

Proof. Let P, : v1,vo,...,v, be the path graph of order n > 5. Addition
of an edge between the support vertices vy and v, forces us to include
both vy and v, into the equitable independent dominating set in order to
maintain equitability (except Ps, for which addition of such an edge results
in graph for which there is no equitable independent dominating set). Hence
adding an edge between support vertices increases the equitable independent
domination number implying that P,, n > 5 are not vJ;-stable.

Note. The path graphs P; and P; are v}-stable.

Proposition 28. For n > 5, 7.i(Pp + €) = 7Yei(Pr) if an edge e is added
between two non-support vertices.

Proposition 29. For n =3k, k > 2, Vei(Pn + €) = Yei(Pn) + 2 if an edge
e is added between two support vertices.

Proposition 30. Forn > 5, n# 3k, k> 1, 7ei(Pn +€) = Yei(Pn) + 1 if
an edge e is added between two support vertices.

Theorem 31. Forn > 2, complete bipartite graphs K, , are not vy} -stable.

Proof. Let the vertez partition of Knn, n > 2 be Vi = {u1,u2,...,un}
and Vo = {v1,v2,...,vn}. We observe that ve;(Knn) = n = [Vi] or |V2|.
Without loss of generality let us assume that an edge e is added between
ui and uj, 1 < i # j < ninV). This reduces the equitable independent
domination number by one as it is evident that only one of u; or u; needs to
be in the equitable independent dominating set. Therefore complete bipartite
graphs K, n, n > 2 are not v}, -stable.

The following proposition is an immediate consequence of the argument
in the previous theorem.

Proposition 32. For n > 2, vei(Kpn +€) = Yes(Knn) — 1, where e €
E(Kpy).

Theorem 33. For n > 2, complete bipartite graphs K1, are not v}-
stable.
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Proof. Let the vertez partition of Kny1,n, n 2 2 be V1 = {ug,u2,...,Un41}

and Vo = {v1,vs,...,vn} with |V}| = n+ 1 and |V2| = n. We see that

Yei( Kn+1,n) = n = |Vo|. If an edge e = (v;,v;), 1 £ i # j < n, is added

to Kny1,n, then vei(Knt1,n +€) =n — 1. Therefore, Knyyn, n > 2 is not

7% -stable.

Result 34. (i) Forn 2 2, Yei(Kn+1,n + €) = Yei( Knt1,n), where |[Vi| =
n+1, Vol =n, e=(v,v;), 1 <i#j<nandv,v; € V).

(it) For n 2 2, Yei(Knt1,n + €) = Yei(Kn41,n) — 1, where e = (v;,v;),
1<i#j<nandv,v; € Va.

4 Equitable Connected Domination Upon Edge
Addition Stable

In this section, connected domination (7] is extended to equitable connected
domination number 7..(G) and we do a similar study for equitable con-
nected domination for various classes of graphs like cycles, paths and com-
plete bipartite graphs.

Definition 35. A connected dominating set D of a graph G = (V, E) is
said to be an equitable connected dominating set if it also possess the equi-
table property. The minimum cardinality of a minimal equitable connected
dominating set of G is the equitable connected domination number of G,
denoted by vec(G).

Remark 36. Since any equitable connected dominating set is also a con-
nected dominating set, v.(G) < Vec(G) for any graph G.

Theorem 37. If G is regular or (k,k + 1) bi-regular, for some k, then
Yee(G) = 1:(G).

The proof is similar to that of Theorem 9.

We list in the following proposition the equitable connected domination
number of some classes of graphs.

Proposition 38. 1. For the cycle C,, of order n > 4, v¥..(Cy) =n —2.
2. For the path P, of order n > 4, Yec(Ppn) =n —2.
3. For the wheel graph W,, of order n > 4,

[n/3] when n =4

W =
Yee(W1,n) {rn/3'| + 1 otherwise.
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4. For the complete graph K,, of order n > 2, ve.(K,) = 2.
5. For the star graph K, , of order n > 3, Yec(K1,n) =n+ 1.
6. For the complete bipartite graphs Kpy n, m,n 2> 2,

2 m=n
n whenm=n+1.

’7ec(Km,n) = {

Definition 39. A graph G is said to be an equitable connected domination
edge addition stable or in short v},-stable, if addition of any edge to G does
not change the equitable connected domination number. In other words, a
graph G is v7 -stable if Yec (G + €) = Yec(G) for every edge e € E(G).

Theorem 40. For n > 4, cycle graphs C,, are v}, -critical.

Proof. Let C,, : v1,vs,...,v, be the cycle graph of ordern, n > 4. An equi-
table connected dominating set with minimum cardinality can be obtained by
taking D = {v1,v2,...,Vn—2} and therefore, Ye.(Cpn) = n—2. By adding an
edge between vertices at distance 2, equitable connected domination number
is reduced by 1. But adding an edge e between vertices v; and vj, i < j at
distance k, 3 < k < |n/2], results in a smaller equitable connected dominat-
ing set with vertices {v;,v;,Vj—1,Vj=2,. -, Vi+3,Vj+1, Vj+2, - - - » Vi—3}, Where
the addition in the subscripts are such that, when they ezceed n, subtract n;
reduces the equitable connected domination number by 2. Therefore cycle
graphs are critical.

Theorem 41. For n > 5, path graphs P, are not v -stable.

Proof. Let P, : vi,v2,...,v, be the path graph of order n > 5. The set of
inner vertices, namely {va,vs,...,vn_1} forms the minimal equitable con-
nected dominating set. If an edge is added between v, and a center vertezx,
the equitable connected domination number is decreased by one. Therefore,
path graphs are not v} -stable.

Proposition 42. (i) For n > 6, Yec(Pr + €) = Vec(Pr) if an edge e is
added between two non-center vertices.

(ii) Forn > 8, Yec(Prn +€) = Yec(Pn) — 1 if an edge e is added between v;
and v; and either v; or v; is a center vertex.

Theorem 43. For n > 3, complete bipartite graphs K, » are v},-stable.

Proof. Let K, ., be a complete bipartite graph with n > 3 and let the
vertez partition be V = V3 U Vs, where Vi = {uj,u,...,un} and Vo =
{v1,v2,...,vn}. An equitable connected dominating set is D = {uj, v}
and hence Yec(Knn) = 2. By adding any arbitrary edge between vertices
in V] or Va, the equitable connected domination number is not affected.
Therefore, complete bipartite graphs Ky n are v}, -stable, for n > 3.
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Note. K32 is not v}.-stable.

Theorem 44. For n > 2, complete bipartite graphs Kn41,n are not v},-
stable.

Proof. Let K, i1, be a complete bipartite graph with n > 2 and let the
vertex partition be V = Vy U V;, where V; = {uy,uz,...,upn41} and V5 =
{v1,v2,...,vn}. An equitable connected dominating set is D = {u;, v} and
hence Yec(Knt1,n) = 2. Whenn > 3, by adding any arbitrary edge between
vertices in Vo, the equitable connected domination number is increased by
one. When n = 2, Yec(Knt1,n + €) = 4, where e = (v1,v2). Therefore,
complete bipartite graphs K, 1 n are not 4}, -stable, for n > 2.

Proposition 45. Forn > 2, Yec(Knt1,n + €) = Yec(Kn+1,n) if an edge e
is added between vertices in V.

Result 46. For any graph G of order n > 4, 7ei(G) £ Yet(G) £ Yec(G).

Conclusion

In our future work, we propose to analyse edge addition stability for
other families of graphs. This study can further be extended by identifying
edge addition stability of graph families for which these parameters are
equal to other kinds of domination upon edge addition stability.
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