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Abstract. Let H and G be two simple graphs, where G is a subgraph of
H. A G-decomposition of A\H, denoted by (AH,G)-GD, is a partition of
all the edges of AH into subgraphs (G-blocks), each of which is isomor-
phic to G. A large set of (AH,G)-GD, denoted by (AH,G)-LGD, is a
partition of all subgraphs isomorphic to G of H into (AH, G)-G Ds (called
small sets). In this paper, we investigate the existence of (AK n, K1,5)-
LGD and obtain some existence results, where p > 3 is a prime.
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1 Introduction

Let G = (V(G), E(G)) be a graph, where each edge in E(G) is denoted
by an unordered pair {u,v}, u,v € V(G). The degree dg(v) of a vertex v in
Gis [{u: {u,v} € E(G)}|. A graph G is a subgraph of H if V(G) C V(H)
and E(G) € E(H). A spanning subgraph of H is a subgraph G with

- V(G) = V(H). Let G be a spanning subgraph of H. G is called an F-
- factor if each component of G is isomorphic to a given graph F. Let G be
- a spanning subgraph of H. If G can be partitioned into some subgraphs
" isomorphic to F, and the number of times each vertex of H appears in

" subgraphs isomorphic to F' is exactly A, then G is called a A-fold F-factor of
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H, denoted by Sx(1, F, H). A large set of A-fold F-factors of G, denoted
by LSx(1, F,G), is a partition {B;}; of all subgraphs of G isomorphic to
F, such that each B; is a A-fold F-factor of G. For A = 1, the index 1 is
often omitted. About LS\(1, F,G), we have the following result.

Lemma 1.1 U There exists an LS\(1, Ki, Ky) if and only if k|\v and
21

Let G be a graph and A be a positive integer. We use AG to denote the
multigraph obtained from G by repeating each edge A times. In this paper,
K, is the complete graph on n vertices, where any two distinct vertices
z and y of K, are joined by exactly one edge {z,y}. Also, Km,x is the
complete bipartite graph with two parts X and Y of cardinalities m and
n, respectively, where any vertex z in X and any vertex y in Y are joined
by exactly one edge {z,y}.

Let H and G be two simple graphs, where G is a subgraph of H. A G-
decomposition (or G-design) of \H, denoted by (AH, G)-GD, is a partition
of E(AH) into subgraphs (called G-blocks), each of which is isomorphic to
G. For H = K, and some simple graphs of G, such as the cycle Cj,
path P, star Sk, k-cube and some graphs with fewer vertices and fewer
edges, the existence of these G-decompositions has been solved (see 2.
A large set of (\H,G)-GD, denoted by (AH,G)-LGD, is a partition of
all subgraphs isomorphic to G of H into (AH, G)-GDs (called small sets).
The large set (K,,C3)-LGD (that is large sets of Steiner triple systems
LSTS(n)) has been completely solved (see [6-8]). There are some other
results regarding the existence of (A\H, G)-LG D(see [4],[5],(9]). Not a long
time ago, the existence spectrums of (AKm,n, P3)-LGD (that is, large sets of
K 2-decompositions of complete bipartite graphs) and (AKm,n, K2,2)-LGD
(that is, large sets of Kja-decompositions of complete bipartite graphs)
were obtained (see [10] and [3]).

In this paper, a K , which contains p edges {a, 1}, {a, b2}, -, {a,b,—1}
and {a,b,} is denoted by [a; by, b2,---, bp). We investigate the existence of
(MK, K1,p)-LGD and obtain some existence results, where p > 3 is a

prime. (Note: In the following content, p is always a prime.)
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2 Main Constructions

A MK, n,Kl,,,) -GD consists of 222 K, ,-blocks. A (AKm,n, K1,p)-
m-l

n— 1
LGD contains (&2 =12 pairwise disjoint (AK, n, K1,p)-GDs (small sets).

So we have the following result.

Lemma 2.1 There exists a (AKm,n, K1,5)-LGD only if p|Amn and A|[("‘_1)+
G-

Therefore, in order to determine the existence spectrum of (AKm », K1,p)-
LGD, it is enough to construct (Kpm,pn, K1,)-LGD, (Kpmn, K1,p)-LGD
(where n # 0 (mod p) and (pKmn,K1,p)-LGD (where m # 0 (mod p)
and n # 0 (mod p)). In this paper, we obtain the sufficient and neces-
sary conditions of (AKpm pn, K1,p)-LGD and (AKm n, K1,p)-LGD (where
m # 0 (mod p) and n # 0 (mod p)).

Lemma 2.2 There exists a (Kpm,pn, K1,5)-LGD for any positive integers

m and n.

Proof. Let v = pt, by Lemma 1.1, there exists an
LS(1,Kp, Kpt) = {(Zpt, T3) : 1< < (”“1)}
Each 7; consists of ¢ p-subsets of Z,;, which forms a parallel class on Zp;.
Let the vertex set of Kpm pn be Zpm U Zpn. There exist
LS(1, Kp, Kpm) = {{Zpm,Pi): 1<i< (pm 11)}
and
LS(1, Kp, Kpn) = {(Zpn, Q;): 1 <5 < (”"“1)}
on Zp, and on Zp, respectively, where each P; consists of m p-subsets
of Zpm, which forms a parallel class on Z,,, and each Q; consists of n
p-subsets of Z,,,, which forms a parallel class on Zp,.
Define
A; ={[z;01,a2, - ,0p| : TE Zpn, {a1,02," ,8,} €Pi}, 1 <i < (”;"_‘11).
B = {[yib1,ba, -, bp) 1 Y € Zpmm, {b1,b2,- -, bp} € Q1,15 < (p"“l)
Then each (Zym U Zpn, As) is a (Kpm,pn,Kl,,,) GD for1 <i < (P;'}_-ll)
because each P; is a parallel class on Zpn,. Similarly, each (Zpm U Zpn, B;)
is a (Kpm,pn, K1,)-GD for 1 < j < (”""1) because each Q; is a parallel
class on Zp,. So we have s N+ G ') small sets, just as expected.
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Furthermore, the family {A4;} just forms a partition of all K ,-blocks in
the form [z;ai,a2, -+, ap] (Where z € Zpn, {a1,a2,---ap} is a p-subset in
Zym) because {(Zpm, P;i)} forms a LS(1, Kp, Kpm) on Zpm, and the family
{B;} just forms a partition of all K, ,-blocks in the form [y; by,bs,- -, b
(where y € Zpm, {b1,b2,---,bp} is a p-subset in Z,,) because {(Zpn, Q;)}
forms a LS(1, Kp, Kpn) on Zpn. So (JA:))U (U B;) forms a (Kpm pn, K1,p)-

: J

LGD on Zpm U Zpy,. i

Lemma 2.3 Let p be a prime, if n # 0 (mod p), then n|(3).

n—-1
Proof. (") = ""1) (i) “) (") is an integer, so -—(%'—‘l is an integer.

)

p is a prime and n # 0 (mod p) S0 p|("‘1) that is, £L‘ =t is an integer,
then (7) = nt, so we have n|(7). m)

Lemma 2.4 There ezists a (pKmn,K1,)-LGD, where m # 0 (mod p)
and n Z 0 (mod p).

Proof. Let the vertex set of K, n be Zn U Z,.. Because m # 0 (mod p),
by Lemma, 1.1 and Lemma 2.3, we know there exist
LSy(1, Kpy Km) = {(Zm,P2) : 153 < 21Dy,
where each P; consists of m p-subsets of Z,,, which forms a p-parallel class
on Z,. Similarly, because n # 0 (mod p), by Lemma 1.1 and Lemma 2.3,
we know there exist .
LSy(1, Kpy Kn) = {(Zay @5) : 1< < (51,
where each Q; consists of n p-subsets of Z,, which forms a p-parallel class
on Z,. Define
Ai = {[z;a1,02, -, ap] 1 T € Zp, {a1,a2,---,8,} €P;)}, 1 <i < le.
By = {[wib1 o+, b) : y € Zm, {rsbar - b} €@} 155 i),
Then each (Zm U Zp, As) is 8 (PKmyn, K15)-GD for 1 < i < () because
each P; is a p-parallel class on Z,,. Similarly, each (Z, U Z,,B;) is a
(PKm,n, K1,p)-GD for 1 < j < Qi—: because each Q; is a p-parallel class

1

m-—1 n—
on Z,. So we have Lﬂgil + L‘%‘l small sets, just as expected.
Furthermore, the family {.A;} just forms a partition of all K p-blocks

in the form [z;a;,a2,---,a,) (Where z € Z,,, {a1,a2,:-+,0,} is & p-subset
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in Z,) because {(Zy,P;)} forms a LSy(1, Kp, K) on Z,,, and the family

{B;} just forms a partition of all K -blocks in the form [y; b1, b2, -+, bp)

(where y € Z,, {b1,b2,--+,bp} is a p-subset in Z,) because {(Z,, Q;)}

forms a LS,(1, Kp, Ky,) on Z,. So (UA:)UU B;) forms a (pKm,n, K1,5)-
i J

LGDon Z,,U Z,. O

'3 Conclusion

Theorem 3.1 There exists a (AKpm,pn, K1,p)-LGD if and only if z\|[(”;"_'11)

+(7 )

Proof. By Lemma 2.1, we only need to prove the sufficiency.

By Lemma 2.2, there exists a

(Kpm,pns K1,p)-LGD={(Zpm U Zpn,Ci) : 1 <i < () + ()}
Define

(k+l)A (pm—])+ pn—1
Dk = U Civ 0 S k ..<_ =t Yy =1
i=kA41
_ (pm—l)+ pn-—-1 L.
then {(ZpmUZpn, Di) : 0 < k < 2e=tiae=ll 1} s just a (AKpm,pn, K1,p)-
LGD. m]

Theorem 3.2 There ezists a (AKmn, K1,p)-LGD if and only if p|A and
)\l[(':__ll) + (Zj)], where m # 0 (mod p) and n # 0 (mod p).

Proof. By Lemma 2.1, we only need to prove the sufficiency.

By Lemma 2.4, there exists a . )
(PK s K1,p)-LGD={(ZmUZn,C:) : 1 < i < (mt) 4 2a)y,

Define .
(k+1)2 ——ty
D= U C,0<k< &G o
i=k3 41
- m—1 n—1
then {(Zm U Zn, Dx) : 0 < k < E= G20 _ 13 4o just & (AKomm, K1p)-
LGD. |

In order to obtain the existence spectrum of (AKm n, K1,p)-LGD, we
only need to solve the existence problem of (Kpm,n, K1,p)-LGD (where
n # 0 (mod p)). About (Kpmn, K1,p)-LGD (where n # 0 (mod p)), we

obtain the following result.
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Lemma 3.3 There exists a (Kpm pt1, K1,p)-LGD for any positive integer

m.

Proof. Let the vertex set of Kpm,pt+1 be Zpm U Zpy1. There exist
LS(1, Kp, Kpm) = {(Zpm, P:) : 1 <3 < (P7Y)}

on Z,m, where each P; consists of m p-subsets of Z,m, which forms a
parallel class on Zp,.

Let

Q;=2Z,11\{j}, 0<j<p,
then the family {Q;} just forms a partition of all the p-subsets in Z,4,.
Define
Ai ={[z;a1,02, -, ap] 1 T € Zpt1, {a1,a2,--,0,} €Pi},2<i < (p;"_'ll)
B} = {[y; b1, ba, - ’bP] tYE me’ {b1’b2"’ "bP} = QJ'}’
BJ? = {[F;a1,02,---,ap) : {a1,a2,---,a,} € P1},
Let B;=BjUBZ,0<j<p.
Then it is easy to verify that each of (Zpm U Zp41,4:) and (Zpm U Zpy1, B;)
is a (Kpm,p+1, K1,p)-GD for 2 < i < (”'"‘1) and 0 < j < p. So we have
”'"") -1+(p+1)= (7" ') + p small sets, just as expected.

Furthermore, the famlly {.A, 12<i L (’"""1)} U{B2?:0<j<p} just
forms a partition of all K ,-blocks in the form [z;a;,a2,---,a,] (Where
T € Zp41y {01,02,---ap} is a p-subset in Z,n), and the family {B} : 0 <
J < p} just forms a partition of all K p-blocks in the form (y; by, b2, - - -, by
(where y € Zpm, {b1,b2,-:,bp} is a p-subset in Zp+1). So (U AU (U B;)

i j

forms a (Kpm,p+1, K1,p)-LGD on Zpm U Zpy1. o

Theorem 3.4 There exists ¢ (AKpm,p+1, K1,p)-LGD if and only if )\I[(”"" )
+p].

Proof. By Lemma 2.1, we only need to prove the sufficiency.
By Lemma 3.3, there exists a
(Kpm,p+laK1,p)'LGD={(me U2p+hci) 14 (pm_l) +P}
Define (k+1)2 pm—1
)+

Dk = U cia 0 S k S
i=kA+1
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- pm=—1
then {(ZomUZps1, D) : 0 < k < 002 11 i iust & (AKpmprs K1 p)-
LGD. o
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