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Abstract

We present a simple bijection between the set of triangulations of a
convex polygon and the set of 312-avoiding permutations.
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1 Introduction

The sequence (C)n>0 of Catalan numbers defined by

C,,=L(2n)= P—ﬁ, for n>0
n+l\n il

is ubiquitous in enumerative combinatorics. We find a current list of more
than 200 objects that are enumerated by Catalan numbers on the homepage
of R.P. Stanley [9]. In this work we consider triangulations of convex polygons
and 312-avoiding permutations. There are many bijections between Catalan
families. (See for instance [3], (5], [10]). However we can not find any direct
description of a bijection between triangulations and 312-avoiding permutations
in the literature. Though our bijection can be constructed as a composition of
known ones, we think that it is worthwhile to formulate this direct bijection.
On the one hand it has a nice, simple description: we label the vertices of the
underlying (n + 2)-gon and project this labelling to the triangles. We define a
special code word (permutation) for the labelled triangles. The way triangles are
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attached to each other (without any intersection in their interior) corresponds
to the fact that the code permutation can not contain the pattern 312. On the
other hand our bijection emphasizes the role of the inversion table of a 312-
avoiding permutation, which we think is a new observation in this area. See
Observations 1 and 4.

Another feature of our coding is that it can be applied to k—-triangulations
(4], [8], [12]). In [8] a geometric view of k-triangulations is presented in which
(2k + 1)-stars are substituted for the triangles. The projection of the vertex
labelling of the underlying polygon to a star labelling is natural. Also there are
several natural methods of coding the labelled stars into words. To exploit this
observation remains an open problem.

2 Previous results

The literature about Catalan families is very rich. We don’t even attempt to
give a complete picture of the previous work on the topic, but in this section we
collect some related results.

Possibly the best known bijection involving triangulations is given in [9,
Prop. 6.2.1 and Cor. 6.2.3.]. This translation of a triangulation to a binary tree
is very natural and elegant.

In [5] one finds nice correspondences between several Catalan families, such
as binary trees, nested parentheses, Dyck—paths, and certain integer sequences.
Also included in Knuth’s correspondences is a certain class of permutations
which is characterized by conditions on its inversion table. This turns out to be
the class of 312-avoiding permutations, though Knuth makes no note of that.

The bijection we present in our work is a composition of one given by Knuth
and one given by Stanley. When we modify (by reflection) the binary tree that
represents the colex forest in Knuth’s work we obtain a binary tree that can be
translated to a triangulation by the standard bijection given by Stanley. The
bijection of our Theorem 1 is precisely the composition of these two bijections.

It is well known that the set of triangulations ordered by diagonal flips defines
the Tamari lattice. In [2, Section 9] Bjérner and Wachs studied this lattice. They
discuss — as they remark — a surprisingly close connection that exists between
Tamari lattices and weak order on the symmetric group. By defining a map
from permutations to binary trees they showed that the sublattice of the weak
order consisting of 312-avoiding permutations (and thus the Tamari lattice) is
a quotient of the weak order in the order theoretic sense.

We remark here that in view of our bijection this fact is a natural observation.
It is interesting that though in {2] the Tamari lattice is actually defined on the
set of inversion tables of 312-avoiding permutations, this simple fact is not
mentioned there.

Reading [7] continued to study the Tamari lattice. He defined a direct map
from permutations to triangulations that is identical to the one given in [2] up
to the standard bijection from triangulations to binary trees. A generalization
of this concept led to the introduction of Cambrian lattices.
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3 312-avoiding permutations, inversion tables and
triangulations

We denote by 7;, the set of triangulations of a convex (n + 2)-gon into n tri-
angles by diagonals that do not intersect in their interior. The number of such
triangulations is equal to the n-th Catalan number.

We denote by S, the symmetric group of all permutations of the set
[n] == {1,2,...,n}. We write a permutation # € S, in one-line notation as
a word m = ajap---a, of length n where a; = w(i). A subword of 7 is a
subsequence a;,a;, -+ - a;, of w with i} < i3 < --- < it. Let 7 € S, and 7 € Sy;
then 7 is called 7-avoiding if  does not contain a subword of length k having
the same relative order as 7. In particular 7 is called 312-avoiding if m does not
contain a subword a;a;ar with ¢; < ar < a;. We denote the set of 312-avoiding
permutations by S,(312).

It is well known (see for example [1], [9]) that for any 7 € S3 the number of
T-avoiding permutations is equal to the n-th Catalan number.

A pair (a;,a;) is called an inversion of the permutation # = ajaz---ay if
t < 7 and a; > a;. The inversion teble of the permutation 7 is an n-tuple of
integers s = (s, 82, ..., 8,) Where s, is the number of elements that are greater
than k£ and are to the left of it.

sk = [{ailai > k=a; and i < j}|.

Clearly it is true that 0 < sy < n—k for 1 € kK € n. The inversion table
determines the permutation uniquely.

Observation 1 The inversion table of a 312-avoiding permutation ™ = ajaz - - an
satisfies the following condition:

Skri X8 —1 for 1<k<n-2 and 1<i< s

Furthermore for an inversion table with this additional property the correspond-
ing permutation is a 312-avoiding permutation.

Namely, when 1 < i < sg, then k + i is to the left of k, but also the elements
k+1,...,k+1,...,(k+ 1) + sg4: are to the left of k. We mention that this
observation is very crucial for us. It is implicit in several of our references but
we couldn’t find it stated explicitly.

In this section we give a simple bijection between the sets 7,, and S,.(312).
We label the vertices of the (n + 2)-gon with the numbers {0,1,...,n,n + 1}
in clockwise order. We mark the vertices of the triangle Q by Ag, Bg,Cqg so
that [(Ag) < {(Bg) < l{(Cg) where I(P) denotes the label of the vertex P in
the (n+ 2)-gon. We refer to these as the first (Ag), middle (Bg) and last (Cp)
vertices of the triangle.

Lemma 2 In each triangulation, for everyi € {1,2,...,n} there is ezactly one
triangle Q where the middle vertez is i (I(Bg) =1).
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Proof. Assume that there exist two triangles P and @ with {(Bp) = I(Bg).
Then without loss of generality

1. I(Ap) = l(Ag) < I(Bp) = (Bg) < l(Cp) < {(Cq) or
2. (Ap) < I(Aq) < I(Bp) = I(Bg) < I(Cp), I(Cq).

In the first case the sides [Ap,Cp| and [Bg, Cg] cross each other. In the second
case the sides [Ap, Bp] and [Ag, Cg] cross each other. This is a contradiction
to the fact that P and Q are triangles in a triangulation.

With the help of this observation we can define a map w from the set of
triangulations to the set of 312-avoiding permutations.

Coding algorithm
Input: a triangulation T
Output: a permutation of {1,2,...,n}
1. Label th;iangles according to their middle vertex

2. Fori=2,...,n+ 1 do the following:

Consider the labels of the triangles such that the last vertex has label
i. List these labels in decreasing order (this is the same as the counter
clockwise order of the triangles meeting at vertex ).

The length of the listing increases as we process the vertices. The output
(w(T)) is the list after examining the last vertex (n + 1). Then w(T) contains
the labels of all the triangles in some order. An example is given in Figure 1.

w(T) = 342651

7 0
6 1
2
5 2
w(T) = 342...
4
w(T) = 3..... 3

Figure 1: The bijection

Theorem 1 (Main theorem) The map w is a bijection between the set of
triangulations of a convez (n + 2)-gon and the set of 312-avoiding permutations

of [n].
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4 Proofs and remarks

Lemma 3 The word w(T) is a 312-avoiding permutation of [n] (we consider
permutations as words).

Proof. Note that for two triangles P and Q with {(Bp) < l(Bg) and {(Cp) =
[(Cg) the algorithm records the label of @ before the label of P.
Assume that w(T) is not 312-avoiding. Then there are three triangles P,Q, R
with

I(Bp) < (Bo) < I(Br) and I(C) < I(C) < U(Ca).
But then the sides [Bp,Cp] and [Bg, Cg] cross each other, a contradicton.

Observation 4 Let T be a triangulation. Take the triangle labelled by i. Its
[B;, C;] side determines the i—th condition of the inversion table of the permu-
tation w(T):

8 = l(C.) - l(Bi) -1.

Proof of the main theorem. We prove the theorem by defining the inverse
map of w. We use Observation 4 in constructing the decoding algorithm.

Decoding algorithm:

Input: a 312-avoiding permutation 7

Output: a triangulation T

0. Compute the inversion table (sy,s2,...,3,) of 7.
1. Let the triangle with label 1 be: {(4;) =0, {(By) =1, {(C,) = s; + 2

i. (1=2,...,n) Let the triangle with label i be I(B;) = ¢, I(C;) = s;+(i+1),
and [(A;) minimal so that the A;B;C; can be a triangle of a triangulation
([As, Bi]) and [A;, C;] do not create any new crossings).

From the properties of the inversion table of a 312-avoiding permutation it
follows that the sides of the triangles do not cross each other and so the algorithm
determines a unique triangulation.

Remark 1. Recall that for a permutation = = ajay...a, the reverse of
is defined as 7" = a,a,_1...a; and the complement of = as the permutation
whose i-th entry is n + 1 — a;.

Using these two operations we can modify the bijection w. We generate
the reverse permutation when we read off the word moving around the polygon
counter-clockwise, and we generate the complement permutation when we mod-
ify the labelling of the triangles so that the triangle Q gets the label n +1 — &
when its middle vertex is k ({{Bg) = k).

With these modifications we generate bijections between the set of triangu-
lations and S,(213), S,(132), S,.(231), since if a permutation avoids the pattern
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312, then its reverse avoids the pattern 213, its complement avoids the pattern
132 and the reverse of its complement avoids the pattern 231 (see [1]).

With a further modification of the algorithm we can generate the inversion
of a permutation. To this end we have to label the triangles according their last
vertex and define the code word according the last vertices moving around the
polygon clockwise.

Remark 2. As we already noted our coding algorithm can be used in several
different ways to map k-triangulations to permutations. The most natural way
is to label (2k+1)-stars by their middle vertex. The code words can be based on
the (k+2)nd, (k+3)rd, ..., last vertices. This suggests two open problems. Is it
true that the above defined map of k-triangulations to k—tuples of permutations
is an injection? Can one characterize the image of this map?
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