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Abstract

A k-edge labeling of a graph G is a function f from the edge set
E(G) to the set of integers {0, ...,k — 1}. Such a labeling induces a
labeling f on the vertex set V(G) by defining f(v) = 3_ f(e), where
the summation is taken over all the edges incident on the vertex v
and the value is reduced modulo k. Cahit calls this labeling edge-k-
equitable if f assigns the labels {0, ..., k—1} equitably to the vertices
as well as edges.

If Gy,...,Gr is a family of graphs each having a graph H as an
induced subgraph, then by H-union G of this family we mean the
graph obtained by identifying all the corresponding vertices as well
as edges of the copies of H in Gy,...,Gr.

In this paper, which is a sequel to the paper entitled ‘On edge-3-
equitability of K —union of gears’, we prove that K ,-union of copies
of helm H, is edge-3-equitable for all n > 6.

INTRODUCTION

All the graphs we consider are simple and without loops. For a graph G,
by V(G) and E(G), we mean the vertex set and the edge set of the graph G
respectively. Let Gy, Gs,...,Gr be a family of graphs. Let H;,1 <i< T,
be an induced subgraph of G;,1 < ¢ < T, such that each H; is isomorphic
to a fixed graph H. If v € V(H), the vertex corresponding to it in H; is
denoted by v*. Similarly if e € E(H), the edge corresponding to it in H; is
denoted by et.

Definition 1: By the H-union G of the family G;,Gs,...,Gr, we mean
the graph obtained by identifying v*,v2,...vT for every v € V(H) and
identifying e!,e?,...,eT for every e € E(H).

If H = K, the H-union is called the one point union. Similarly, if
H = K,, the H-union is called one edge union.
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Technology, of which this author was the Principal Investigator.
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By a k-edge labeling of a graph G we mean a map f : E(G) —
{0,1,...,k—1}. A k-edge labeling f induces a labeling, also denoted by f,
on the vertex set V(G) of G by defining f(z) := Z f(e), where the sum-
mation is taken over all the edges incident on the vertex = and the value is
reduced modulo k. For a k-edge labeling f, by vy (j) ( respectively ef(j) ),
we mean the number of vertices (respectively edges ) which are assigned the
label j by the labeling f. These are called the vertex numbers, ( respectively
the edge numbers) of f. By vs(0,1,...k—1) and ef(0,1,...,k—1) we mean
the k-tuples (vs(0),vf(1),...,vs(k — 1)) and (ef(0),ef(1),...,er(k —1)).

Definition 2: A k-edge labeling f is said to be edge-k-equitable if
lug(8) —vp(l <1, es (i) —ef(§)| < 1forall0 <45 < k-1

In this paper we prove that K -union of copies of helm H, is edge-3-
equitable for all n > 6.

HELMS
Definition 3: The helm graph H,, is defined as follow:

V(Hﬂ) = {'UO,'UI,-- vy Un, W,y ... ,wn} and
E(H,) = {vovs | 1 £ i < n}plH{vivigr |1 S ¢ S n}lU{viws |1 <4 < 0}
where (i + 1) is taken modulo n.

The vertices {w;, ..., wn} are the pendant vertices. The vertices {vo, vy,
...,Vn} are the non-pendant vertices. The edge vov; is denoted bye;, 1<
1 < n and is called a spoke. The edge v;v;;+1 is denoted by ¢;,1 < i < n,
where by v,,+1 we mean v;. These edges are referred to as the cyclic edges.
The edges {p; = viw;;1 < i < n} are called pendant edges. The vertex
vg is called the hub. An helm H, is said to be of type i,1 <i <3, if
n = 3y + 1 for some y € N.

For an edge-3-labeling f, by e7(0,1,2) we mean (ef(0),es(1),ef(2)),
where ef(7) is the number of edges with the label r € {0,1,2}. By v}(O, 1,2)
we mean the triple (v}(0),v}(1),v}(2)) where v}(r) is the number of non-
pendant vertices with the label r. Similarly, By vf(O, 1,2) we mean the
triple (v%(0),v%(1),v3(2)) where v%(r) is the number of pendant vertices
with the label 7.

Definition 4: Let G1,Gs,...,Gi be k copies of H,,. The vertices of
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G; are denoted by {v;0,51,-- -, Vjn  Wi1,---,Win}. A Kyn -union Hy
of G1,Ga,...,Gy is k is obtained by identifying the pendant vertices of
G;,1 < i £ k in a cyclic order. After indentification these vertices are

called wy,...,wn.

If G is K, -union of k copies of Hy, then |V(G)| = k(n + 1) + n and
|E(G)| = 3kn.

LABELINGS OF HELMS

We first give some labelings of H,,n > 6. We believe that the results
proved subsequently are true for n = 3,4,5,. However we have to create
separate labelings for these values. Since the techniques are same we avoid
constructing those labelings here. If f is a labeling of a helm H, by f™ we
mean a labeling obtained by keeping the labels of some w; and v; same and
reversing the order of all the other vertices while assigning the labels used
by f. The vertex w; is called the pivotal vertex.

Helms of type 1
Let n = 3z + 1,n > 7. We first define various labelings.

Labeling f; : One defines the labeling f; as follows:

fi(e:) | files) | fi(ps)
1 2 0
2<i<n,i=1 mod 3 2 2 2
2<i<n,i=2 mod 3 1 0 0
2<i<n,i=0 mod 3 0 1 1

It can be checked that
ef,(0,1,2) = (3z+1,3z+1,3z+1),v},(0,1,2) = (:z:,:r:-}-l,:::+1),'u?l (0,1,2) =
(z + 1,z,z). This is an edge-3-equitable labeling. The pendant vertices
wj, Ws, ..., Wy get the labels 0,0,1,2,0,1,2...0,1,2. The non-pendant ver-
tices vq,vg,...,vn get the labels 2,0,2,1,0,2,1,...,0,2,1 and fi(v) = 1.
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The labeling f; for H,

Labeling g; : One defines the labeling g, as follows:

i | g1(e:s) | gale:) | g1(ps) 5<is<n | gi(e:) | 91(ei) | 91(ps)
1 1 0 0 i=1 mod 3 1 1 2
2 2 2 2 i=2 mod 3 2 2 0
3 0 1 1 1=0 mod 3 0 0 1
4 2 1 0 — - - —

It can be checked that e,,(0,1,2) = (3z + 1,3z + 1,3z + 1),93,(0,1,2) =
(z,z+1,z+1), ”31 (0,1,2) = (z+1, z, z). This labeling is an edge-3-equitable
labeling. g;(vo) = 2 and the pendant vertices w,ws, ..., w, get the labels
6,2,1,0,0,1,2,0,1,2,0,1,2...,0,1,2.
The non-pendant vertices vy, vs, ..., v, get the labels
2,0,1,1,2,0,1,2,0,1,...,2,0,1.

Labeling h, : One defines the labeling h, as follows:

i | hi(es) [ hales) | ha(ps) || 5<isn | hies) | hales) | ha(pi)
1 0 2 0 1= 1mod3 1 1 1
2 0 1 0 i= 2mod 3 2 0 0
3 1 2 1 i= Omod 3 0 2 2
| 2 1 2 . - - -
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The non-pendant vertices vy, v, ..., v, get the labels
2,2,1,0,2,1,0,2,1,0...2,1,0.

The following table gives the information about these labelings for H, k.

Labeling Labels of pendant vertices v'(0,1,2) Equitable or Not
h 0,0,1,2,0,1,2,...,0,1,2 (z,z+1,z+1) Equitable
e 0,21,001,2,...,0,1,2 | (z,z+1,z+1) Equitable
hy 0,0,1,2,0,2,1,...,0,2,1 (r+2,z,2) Non-equitable
k 0021021,...,0,2,1 | (z,z+1,z+1) Equitable

The following proposition gives a clue about how to construct the la-
belings.

Propositionl: If G is K, union of k helms of type 1,1 < k < 6 then G is
edge-3-equitable.

Proof: If G is K, union of k helms of type 1, by fx,1 we mean the edge-
3-equitable labeling we construct for G. Let n =3z + 1. If k = 1, we have
an equitable labeling ¢;

The following table gives the labelings fi,1,2 < k < 6 and the vertex
numbers. The labels of identified vertices for fi; are obtained by just
adding those of previous rows:

fr,a: Labels of identified vertices v}k'l (0,1,2) 'u?k_l 0,1,2)
N 0,0,1,2,0,1,2,...,0,1,2 (z,z+1,24+1) (z+1,z,2)
N 0,0,1,2,0,1,2,...,0,1,2 (z,z+1,24+1) (z+1,z,z)

fax:  0,0,2,1,0,2,1...,0,2,1 (27,20 + 2,20 +2) | (z+1,2,7)
N 90,1,2,0,1,2,...,0,1,2 (z,z+1,z+1) (z+1,z,2)
@ 0,21,001,2,...,0,1,2 (z,z+1,z+1) (z +1,z,7)
hy 0,0,1,2,0,2,1,...,0,2,1 (z+2,2,z) (x+1,z,z)

faq1: 0,2,0,1,0,1,2...,0,1,2 (32 42,3z +2,3z+2) | (z+1,z,7)
fan: 0,2,0,1,0,1,2...,0,1,2 (3z+2,3z2+2,3x+2) | (z+1,z,7)

h 0,0,1,2,0,1,2,...,0,1,2 (z,z+1,z+41) (z+1,z,2)
far: 0,2,1,0,0,2,1...,0,2,1 (42+2,4x + 3,42+ 3) | (z + 1,z,2)
far:  0,2,1,0,0,2,1...,0,2,1 | (d4z+2,4z+3,42+3) | (z+ 1,2,72)

ki 0,0,2,1,0,2,1,...,0,2,1 (z,z+1,z+1) (z +1,z,1)
fsa:  0,2,0,1,0,1,2...,0,1,2 | (52+2,5z 44,5z +4) | (z+1,2,z)
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fr,:  Labels of identified vertices s, ,(0,1,2) %, ,(0,1,2)
fax 0,2,0,1,0,1,2...,0,1,2 | (32+2,32+2,32+2) | (z+1,7,7)
f31 0,2,0,1,0,1,2...,0,1,2 Bz +2,32+2,3x+2) | (z+1,z,2)
fe,1: 0,1,0,2,0,2,1...,0,2,1 (6z+4,6z+4,6z+4) | (z+1,z,7)

The edges are labeled equally by all the labelings. The last two columns,
after adding, show that fy ; is edge-3-equitable for all k,1 < k < 6. .

Theorem 2: If G is K, -union of 3t,t > 1 helms of type 1, then G is
edge-3-equitable.

Proof: Let G1,Gbs,...,G3s; be the copies of a helm H,, where n =3z + 1.
Let G be the K, -union of them. Clearly, |[V(G)| =3t(3z+2)+3z+ 1=
9zt + 6t + 3z + 1,|E(G)| = 3t(9z + 3) = 27xt + 9. Form triple helms
Ky, Ko,...K; and assign the labeling f3; to K; and also to K, when
s is even. Let fj, be the labeling obtained by reversing f3; with w,
as the pivotal vertex. Assign this labeling f§, to K;,s > 1 when s is
odd. The labels assigned by fI, to the identified pendent vertices are
0,210,2,1,0,...2,1,0,1,0,2 with

v};l (0,1,2) = (3z + 2,3z + 2,32 + 2), vi:‘l(O, 1,2) =(z+1,z,z).

The following table gives the sequence of labels of the identified vertices
for G when 1 <t < 7. The values of edge numbers as well as v} (0,1,2)
are not mentioned in this table since they are all equitably labeled.

Labeling Sequence of labels of the identified vertices
fan: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
fan: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
fan: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
fo: 0,1,0,2,0,2,1,...,0,2,1,0,2,1
fan: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
fan: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
fiq: 0,2,1,0,2,1,0,...,2,1,0,1,0,2
for: 0,0,1,2,2,0,1,...,2,0,1,1,2,0
fou: 0,0,1,2,2,0,1,...,2,0,1,1,2,0
fan: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
fiz,1 0,2,1,0,2,1,0,...,2,1,0,1,0,2
fiz1: 0,2,1,0,2,1,0,...,2,1,0,1,0,2
NN 0,2,1,0,2,1,0,...,2,1,0,1,0,2
fis, 0,1,2,0,1,2,0,...,1,2,0,2,0,1
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Labeling Sequence of labels of the identified vertices
fisa: 0,1,2,0,1,2,0,...,1,2,0,2,0,1
fai: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
fis,1: 09,0,2,1,1,0,2,...,1,0,2,2,1,0
fls,lt 0,0,2,1,1,0,2,...,1,0,2,2,1,0
fiy: 0,2,1,0,2,1,0,...,2,1,0,1,0,2
fa1a: 0,2,0,1,0,1,2,...,0,1,2,0,1,2

One can see that after this, all the sequences are going to repeat. Thus,
we will get the sequences as given in the following table.

7 where t = 7 mod 6 | Sequence of labels of identified vertices
0,2,0,1,0,1,2,...,0,1,2
0,1,0,2,0,2,1,...,0,2,1

0,0,1,2,2,0,1,...2,0,1,1,2,0

0,2,1,0,2,1,0,...2,1,0,1,0,2
0,1,2,0,1,2,0,...1,2,0,2,0,1
0,0,2,1,1,0,2,...1,0,2,2,1,0

G OV b 0N =

This shows that vf, (0,1,2) = (3xt + 2t, 3zt + 2t, 3zt + 2t) and
v}, ,(0,1,2) = (z+1,z,z), that is, fa,, is an edge-3-equitable labeling for
allt e N. °

Theorem 3: If G is K,, -union of 3t + 1 or 3¢ + 2 helms of type 1, then G
is edge-3-equitable.

Proof: Let k = 3t+1 or 3t+2. Let G be K, -union of k helms G1, G, ..., Gk
which are copies of the helm Hj, ., on 62+ 3 vertices. First form K, -union
of Gi,...,G3;. Assign the labeling f3;, to this union.

Case 1: k = 3t + 1. Clearly, [V(G)| = 3t +1)3z+2)+3z+1 =
9zt +6t+6z+3, |E(G)| = (3t+1)(9z+3). For G341 assign the labeling f;
if t is odd and k; if ¢ is even. The following table gives the vertex numbers
of these labelings. The edge numbers, being all equal, are not mentioned.

7, where t =7 mod 6 | Labeling Sequence
1 fata: 0,2,0,1,0,1,2,...,0,1,2,0,1,2
H: 0,0,1,20,1,2,...,0,1,2,0,1,2
faty1p2: 0,2,1,0,0,2,1,...,0,2,1,0,2,1
2 f3t,l: 0,1,0,2,0,2,1,...,0,2,1,0,2,1
k: 0,0,2,1,0,2,1,...,0,2,1,0,2,1
fatr11: 0,1,2,0,0,1,2,...,0,1,2,0,1,2
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T, where t = 7 mod 6 | Labeling Sequence
3 f3t,l: 070s1s212a071"-"2:0u1’1’2a0
hHh: 001,201,2,...,0,1,2,0,1,2
farr,1: 0,0,2,1,2,1,0,...,2,1,0,1,0,2
4 fsg,li 0,2,1,0,2,1,0,...,2,1,0,1,0,2
k: 0,0,21,0,2,1,...,0,2,1,0,2,1
f32+1,1: 0,2101112a011,'“:270111112!0
5 faa: 0,1,2,0,1,2,0,...,1,2,0,2,0,1
fi: 0,0,1,2,0,1,2,...,0,1,2,0,1,2
fats12: 0,1,0,2,1,0,2,...,1,0,2,2,1,0
6 fe1: 0,0,2,1,1,0,2,...,1,0,2,2,1,0
ky: 0,0,2,1,0,2,1,...,0,2,1,0,2,1
fag1n: 0,0,1,2,1,2,0,...,1,2,0,2,0,1

This table clearly shows that
(0,1,2) = (3t + 2t + z,3xt + 2t + =+ 1,3zt + 2t + z 4 1),
(0,1,2) = (z+1,z,z), that is, fa;41,1 is an edge-3-equitable labeling.

vf3t+1 1

vfsc+1 1

Case 2: k = 3t + 2. Clearly, |V(G)| = 3t +2)(3z +2) + 3z + 1 = 9zt +
6t + 9z + 5,|E(G)| = (3t + 2)(9z + 3). First we note that for K, -union
of two helms, if we assign the labeling f; to one and the labeling k; to the
other, then the resulting labeling 8 has the following properties:

Labeling Sequence of labels of identified vertices v1(0,1,2)
1 0,0,1,2,0,1,2,...,0,1,2 (z,z+1,z+1)
ky: 0,0,2,1,0,2,1,...,0,2,1 (z,z+1,z+1)
9. 0,0,0,0,0,0,0,...,0,0,0 (2z,2z + 2,22 + 2)

Let G be K, -union of Gy, G, ...,G342 Where each of them is a copy
of the helm Hs;4). First form K,, -union of G1,Gs,...,G3; and assign
the labeling fa;,; to it. For the remaining two helms assign the labeling 6.
Call the resulting labeling f3;42,1. This simply means that the sequences
of the identified vertices in f3;; and fa42,1 are same. One can check that
v,mm(o 1,2) = (3 + 2t + 27,3z + 2t + 2z + 2,3z + 2t + 2z + 2) and
”f:u 420 (0,1,2) = (z+1,z, x), that is f3;49,1 is an edge-3-equitable labeling.
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Helms of Type 2:
Letn=3z+4+2,n > 8.

Labeling f5 : One defines the labeling f as follows:

The labeling f; for Hg

i | fo(ei) | foles) | fa(pi) | 6<i<n | fa(e:) | falei | fo(ps)
1 2 0 2 i =1 mod 3 1 1 2

2 1 2 1 i =2mod 3 2 2 0

3 0 1 2 1 =0 mod 3 0 0 1

4 0 0 1

5 1 2 0

It can be checked that ey, (0,1,2) = (3z + 2,3z + 2,3z + 2), v}z 0,1,2) =
(z+1,z+1,z+1),v%(0,1,2) = (z,z + 1,z +1). This is edge-3-equitable
labeling. fo(vg) = 1. The pendant vertices w;,wsy, ..., w, get the labels
2,1,2,1,0,1,2,0...1,2,0. The non-pendant vertices vy, vs,..., VU, get the
labels 0,1,2,2,0,0,1,2,...,0,1,2.
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Labeling g, : One defines the labeling g2 as follows:

i | g2(es) | golcs) | g2(mi) || 2<i<n—4 ] gales) | g2(ci) | 92(ps)

1 2 2 2 i=1mod 3 0 2 1
n—3 1 0 0 i=2mod3 2 1 0
n—2 0 1 1 1 =0mod 3 1 0 2
n—1 0 2 2

n 1 0 1

In fact, g» is obtained from f, by reversing the order with w; as the
pivotal. Hence, €4,(0,1,2) = (3z + 2,3z + 2,3z + 2) and v,(0,1,2) =
(x+1,z+1,2+1),v2(0,1,2) = (z,z+1,z+1). This is an edge-3-equitable
labeling. g2(vo) = 1. The pendant tip vertices wy, ws, ..., w, get the labels
2,0,2,1,0,2,1,0...,1,2,1. The non-pendant vertices vy, vs,...,v, get the
labels 0,2,1,0,2,1...0,2,1,0,0,2,2,1.

Labeling ha: One defines the labeling hy as follows:

i | ho(e;) | ha(ei) | ha(ps) || 6 <i<n—1| haole;) | ha(es) | ha(pi)
1 0 1 1 i= lmod3 0 2 1

2 0 2 2 i= 2mod 3 2 1 0

3 1 0 1 i= Omod 3 1 0 2

4 2 2 2

5 2 1 0

n 1 0 0

It can be checked that en,(0,1,2) = (3z + 2,3z + 2,3z + 2) and
v4,(0,1,2) = (z+1,z+1,2+1),v7,(0,1,2) = (z,z+1,z+1). Thisis an 3-
equitable labeling. h2(vp) =1 and the pendant vertices wi,ws,...,w, get
the labels 1,2,1,2,0,2,1,0,2,1,0...,2,1,0 respectively. The non-pendant
vertices vy,vs,...,Un get the labels 2,2,1,0,2,1,0,2,...1,0,2,1,0,0 re-
spectively. The labeling h, is obtained by triple left shift of g,.

The following table shows the details of these labelings which are all
edge-3-equitable.
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Labeling Labels of pendant vertices v'(0,1,2) v(0,1,2)

f2: 2,1,2,1,0,1,2,0,...,1,2,0. | (z+1l,z+1,z2+1) | (z,z+ 1,2+ 1)
g2: 2,0,2,1,0,21,0,...,1,2,1. | (z+1,z+1,2+1) | (z,z+1,24+1)
ha: 1,2,1,2,0,2,1,0,...,2,1,0. | (z+1,z+1,z+1) | (z,z+1,z+1)

Theorem 4: If G is K, - Union of ¢ helms of type 2, then G is edge-3-
equitable.

Proof: Let Gy,...G; be t copies of helm H, where n = 3z + 2. Let G be
the combined helm of Gy, ...G;. Clearly |E(G)| = 9zt + 6t and

[V(G)| = 3zt + 3z + 3t + 2.

Assign the labeling f; to G; and also to G, when s is even. Assign the
labeling hg to G5,s > 1 when s is odd. Call the resulting labeling f; 2.
One can check that ey, ,(0,1,2) = (3t + 2¢, 3zt 4 2t, 3zt 4 2t). Moreover,
v}"2 (0,1,2) = (zt + t,xt + ¢t,zt + 1), v%m(O, 1,2)=(z,z+1,z+1).

The sequences of labels of the pendant tips in Gy,G3,G3,...,G; are as
follows:

Case 1: t is even.

ForGy: f2:2,1,2,1,0,1,2,0...1,2,0
For Gy : f:2,1,2,1,0,1,2,0...1,2,0
For G3:hy:1,2,1,2,0,2,1,0...2,1,0.
For G4: f2:2,1,2,1,0,1,2,0...1,2,0.
For Gs: hy:1,2,1,2,0,2,1,0...2,1,0
ForGg: f,:2,1,2,1,0,1,2,0...1,2,0.

For G;: f,:2,1,2,1,0,1,2,0...1,2,0.

It can be checked that after adding the respective labels, the identified
pendant tips get the labels 1,2,1,2,0,2,1,0...2,1,0.
Thus, v}, ,(0,1,2) = (z,z + 1,z +1).

Case 2: t is odd.
ForG,: f2:2,1,2,1,0,1,2,0...1,2,0.
For Gy: f,:2,1,2,1,0,1,2,0...1,2,0.

For G3:hy:1,2,1,2,0,2,1,0...2,1,0.
For G4: f2:2,1,2,1,0,1,2,0...1,2,0.
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For G5 : hy:1,2,1,2,0,2,1,0...2,1,0.

For G;:hy:1,2,1,2,0,2,1,0...2,1,0.

It can be checked that after adding the respective labels, the identified
pendant tips get the labels 2,1,2,1,0,1,2,0...1,2,0. Thus, v%u(o, 1,2) =
(z,z+1,z+1). Hence, in both the cases the labeling f; 2 is edge-3-equitable.

Helms of Type 3

Let n = 3z,n > 6.

The labeling f3 for Hy

Labeling f3 : One defines the labeling f3 as follows:

i faes) | fa(ei) | fa(ps)
i=1mod 3 2 2 0
i=2mod 3 0 0 1
i=0mod 3 1 1 2

It can be checked that ef,(0,1,2) = (3z, 3z, 3z),v},(0,1,2) = (z + 1, z,2),
”;3 (0,1,2) = (z, z, z). This is edge-3-equitable labeling. The value f3(vo) =
0 and the pendant vertices wy,ws,...,wn get the labels 0,1,2,0,1,2...,
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respectively and the non-pendant vertices vy, v, ..., v, get the labels
2,0,1,2,0,1..., respectively.

Labeling gs : One defines the labeling g3 as follows:

i | ga(es) | ga(e:) | g3(pi) || 1<i<n—3] ga(e;) | gales) | ga(pi)
0

n—2 0 1 i= 1lmod3 0 2 0
n—1 2 0 1 1= 2mod 3 1 0 1
n 2 1 2 1= 0Omod 3 2 1 2

It can be checked that eg4(0,1,2) = (3z,3z,3z),v,,(0,1,2) = (z - 1,z +
1,z+1), vg’3 (0,1,2) = (z, z, ). This is not edge-3-equitable labeling though
it labels the vertices equitably. gs(vg) = 1 and the pendant vertices w;, wa, ..,
wy, get the labels 0,1,2,0,1,2... respectively and the non-pendant vertices
v1,V2,...,Vn get the labels 0,1,2,0,1,2,...,2,1,2 respectively.

Labeling hs One defines the labeling k3 by reversinf f3 with w, as the
pivotal vertex:

1<i<n | ha(es) | ha(ci) | ha(pi)
1= 1mod3 2 1 0
1= 2mod 3 1 0 2
1= Omod 3 0 2 1

Clearly, ex,(0,1,2) = (3z,3z,3z),v},(0,1,2) = (z + 1,z,z),v2,(0,1,2) =
(z,z,z). This is edge-3-equitable labeling. h3z(vp) = 0 and the pendant
vertices wy, ws, ..., w, get the labels 0,2,1,0,2,1,... respectively and the
non-pendant vertices v;,vs,...,U, get the labels 2,1,0,2,1,0... respec-
tively.

Labeling kg : One defines the labeling k3 by reversing gs. The sequence
of labels of pendent vertices is 0,2,1,---,0,2, 1.

i | ks(e:) | ks(ci) | ka(pi) || 4<i<n | ka(e:) | ka(ei) | ka(pi)
1 0 1 0 1= lmod3 0 1 0
2 2 0 2 1= 1mod3 2 0 2
3 2 1 1 1= lmod3 1 2 1
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The following table gives complete data of these labelings:

Labels of pendent vertices v1(0,1,2) Equitable or not
fa: 0,1,2,...,0,1,2 (z+1,2,2) Equitable
gs: 0,12,...,0,1,2 (r—1,z+1,z+1) Not equitable
hs : 0,21,...,0,2,1 (r+1,z,7) Equitable
ka: 0,21,...,0,2,1 (z—-l,z+1,z+1) Not equitable

Theorem 5: If G is K, -union of k copies of the helm Hj., then G is
edge-3-equitable for 1 < k < 6.

Proof: Let G be K, -union of k copies G1,Gq,...,Gx of the helm Ha,. If
k = 1 we have the labeling f; which is equitable. If k¥ > 2, the following
table shows the required labeling and vertex numbers. The values of edge
numbers as well as v2(0, 1, 2) are all equal and hence are not mentioned.

Labeling | Labels of identified formula v1(0,1,2)
vertices
f23:10,21,...,0,2,1 fat+gs (2z,2z + 1,2z + 1)
faz:]0,1,2,...,0,1,2 fa+ga+hs | Bz+1,32+1,3z4+1)
fa3:]0,2,1,...,0,2,1 faz+ f3 (42 + 2,4z + 1,42 + 1)
fs3:10,1,2,...,0,1,2 fa3z+ks (5z + 1,5z + 2,5z + 2)
fea:]0,21,...,0,2,1 faz+ faz | (6z + 2,6z + 2,6z + 2)
This shows that fi 3 is edge-3-equitable for all 1 < &k < 6. o

Theorem 6: If G is K, -union of T' copies Gy, Ga, . ..,G7 of the helm Hs,
of type 3, then G is edge-3-equitable.

Proof: Case 1: T = 3t. Let G is K, -union of 3¢ copies Gy, Gh,...,G3;
of the helm Hj, of type 3. First form triple helms K, Kj,..., K, using
the helms G1, G, ..., Ga;. Assign the labeling f3 3 to K, K2, K, whenever
s is even and assign the labeling f§; obtained by reversing f3 3 with the
pivotal point w; to K, whenever s > 1 is odd. The following table gives
the formula, sequence of labels of identified vertices and v, ,(0,1,2).
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Labeling | Labels of identified v(0,1,2)
Vertices
faza: 0,1,2,...,0,1,2 Bz +1,3z+1,3z+1)
faa: 012,...,0,1,2 (Bz+1,3z+1,3z+1)
fia: 0,2,1,...,0,2,1 | (3z+1,3z+1,3z+1)
fos: 0,1,2,...,0,1,2 | (9z+ 3,9z + 3,9z + 3)
fat,3 t even: 0,2,1,...,0,2,1 (3t+1t,3t+¢3t+1t)
faatodd: | 0,1,2,...,0,1,2 | (3t+¢,3t+¢,3t+1)

This shows that fa, 3 is edge-3-equitable.

Case 2: T = 3t + 1. We first form K ,-union of 3¢ helms and assign it the
labeling f3; 3. For the remaining helm we assign the labeling k3 if  is even
and the labeling f3 if t is odd. The following table gives the label numbers

as well as the labels of the identified vertices.

Labeling Labels of identified v1(0,1,2)
Vertices
fat,3 t even: 0,2,1,...,0,2,1 (3t +1t,3t+1¢,3t+1)
hs: 0,2,1,...,0,2,1 (z+1,z,z)
farrateven: | 0,1,2,...,0,1,2 | (3xt+¢t,3zt +¢,3xt+1)
+(z +1,z,x)
fat,a t odd: 0,1,2,...,0,1,2 (3t +¢,3t+¢t,3t+1)
f3: 0,1,2,...,0,1,2 (z+1,z,z)
faey1,3 t odd : 0,2,1,...,0,2,1 (3zt + t, 3zt + t, 3zt + t)
+(x+1,z,1)

Case 3: T = 3t + 2. Again we assign the labeling f3;41,3 to the K,,-union
of the first 3t + 1 helms. The remaining helm is labeled g3 if ¢ is even and
k3 if t is odd. The following table shows the relevant vertex numbers where

edge numbers and v%_ﬂ 4+2.5(0,1,2) are not mentioned.
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Labeling Labels of identified v1(0,1,2)
vertices
fatyr1ateven: | 0,1,2,...,0,1,2 (3zt +t,3zt + t,3xt + t)
+(z+1,z,z))
g3: 0,1,2,...,0,1,2 (z-lLz+1,z+1)
fat42,3 t even : 0,2,1,...,0,2,1 (3zt + 2z, 3zt + 2z, 3zt + 2x)
+(t,t+1,t+1)
faty1,3 todd : 0,21,...,0,2,1 (3xt +¢t,3xt + t,3xt + 1)
+(z +1,7,7))
ks : 0,2,1,...,0,2,1 (z—-lz+1,z+1)
fat42,3 t odd : 0,1,2,...,0,1,2 (3zt + 2z, 3zt + z, 3zt + )
+(t,t+1,t+1)
Hence f7,3 is edge-3-equitable for all T € N. .

Authors thank the referee for pointing out some mistakes in
the original draft as well as for some valuable suggestions to im-

prove it.
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