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Abstract

Hrnciar and Haviar [3] gave a method to a construct a graceful
labeling for all trees of diameter at most five. Based on their method
and the methods described in Balbuena et al [1], we shall describe
a new construction for gracefully labeled trees by attaching trees to
the vertices of a tree admitting a bipartite graceful labeling.

1 Introduction

A tree T with m edges is said to be graceful if it admits a labeling f :
V(T) = {0,1,...,m} such that {|f(x) — f(v)| | w € E(T), u # v} =
{1,2,...,m}. Such a function f is called a graceful labeling of G, and we
shall call the pair (G, f) a graceful tree. We shall often refer to vertices
simply by their labels in (G, f). For an edge uv € E(G), we shall refer to
|f(u) — f(v)| as its edge label. The function f is said to be a bipartite
graceful labeling if it satisfies the additional requirement that , for all u €
V(T) and for all v € Nr(u), either f(u) < f(v), or f(u) > f(v). That is,
there is a bipartition X,Y of T such that the labels of the vertices of X are
0,1,...,|X| -1, and the labels of the vertices of Y are | X|,|X|+1,...,m.

It has been conjectured that all trees admit a graceful labeling, the well-
known Graceful Tree Conjecture (see [2]). Among the classes of trees that
admit a graceful labeling is the class of caterpillars. Trees in this class
also admit a bipartite graceful labeling. In this paper, we first introduce
the construction of a new class of graceful trees obtained by attaching
rooted trees with a special property to vertices of an arbitrary caterpillar.
Following this, we show how this construction generalizes to attaching trees
to vertices of an arbitrary tree having a bipartite graceful labeling. This
construction generalizes the one given by Balbuena et al [1].
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Let T be a rooted tree with m edges and having root ¢t with degree
p. Let X ={1,...,[4],m~[§] +1,...,m}. We say that T is strongly
graceful if any labeling of the vertices of Np(t) with labels from X can be
extended to a graceful labeling f of T such that f(t) = 0. Examples of such
trees include fans and rooted trees with even degree sequence (as defined
by Balbuena et al. [1]) which we describe below.

Let T be a rooted tree with even diameter D. We say that T has even
degree sequence if every vertex has even degree except for the leaves of
T which all belong to level 2, and possibly the root (which could be even
or odd). We say that T is quasi-even if every vertex of the tree has even
degree except for the leaves of T which all occur on level -[23, the vertices
on level % — 1, and possibly the root (which can be even or odd). We have
the following interesting theorem:

1.1 Theorem (Balbuena et al (1] )
If T is a rooted tree having even or quasi-even degree sequence, then T
admits a strongly graceful labeling.

We now describe the the main result of this paper which can be inter-
preted as a generalization of the above theorem. Let (H, fy) be a graceful
tree having n edges where fy is a bipartite graceful labeling. Let (X,Y)
be a bipartition of H where X receives the labels 0,1,...,k and Y receives
the labels k + 1,k +2,...,n. For i = 0,..., k, let v; be the vertex in X for
which fy(v;) =k —iand fori=k+1,...,n, let v; be the vertex in Y for
which fy(v;) =i. For i =0,...,n let T; be a rooted tree with root vertex
u; (where T; may possibly be trivial), and let u; be the degree of u; in T;.
Let T be the rooted tree with root vertex u obtained by “gluing” all the
trees T;, i =0, 1,...,n together by identifying each root vertex u; with u.
Let m = |E(T)| and p be the degree of u in T. The main theorem is:

1.2 Theorem

Let G be the graph obtained from H where for i = 0,1,...,n the tree T}
is joined to the vertex v; by identifying u; with v;. Suppose that | X| < |Y|
and the following conditions hold:

(i) po > 0 and u; is positive and even fori=1,...,n.
(i) Thoom 2 2Y].
(iii) T is a tree having a strongly graceful labeling.
Then G has a graceful labeling f where f|X = fH|X and f|Y = fH|Y+m.

The above theorem has the following interesting corollary. A fan is a
rooted tree where the root vertex is adjacent to all other vertices.
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1.3 Corollary

Let (H, fu) be a graceful tree having n edges where fy is a bipartite graceful
labeling with corresponding bipartition (X,Y). Let G be the graph where
we attach a fan F, at each vertex v € V(H) having root v. Let u, =
dp,(v), ve V(H). If | X| < |Y], >pex pv 2 2|Y]|, and p, is positive and
even for all v € V(H), then G has a graceful labeling.

Proof. We may assume that the labels in X are smaller than the labels in
Y; if this is not the case, then redefine fy to be n — fy. Let T be the
tree obtained by “gluing” all the fans F,,, v € V(H) together, that is, by
identifying all the root vertices with a single vertex. Then T is a fan, and
thus it is also strongly graceful. It now follows by Theorem 1.2 that G has
a graceful labeling. (]

2 The Transfer Method

One of the main tools in this paper is a method of Hrnciar and Haviar (3]
for transferring a pair of edges incident to one vertex in a graceful tree to
another vertex so as to obtain another graceful tree. We shall introduce

some notation and definitions.

Let I = [a,b] and J = [¢,d] be two disjoint intervals of integers. We
say that I and J are k-combining if a + d = b + ¢ = k; that is, we can
partition J U J into pairs of integers {z,y} where z +y = a + d. We call
such pairs {z,y} combining pairs.

Suppose u and v are vertices of a graceful tree (T, f) and the disjoint
(integer) intervals I = [a,b] and J = [c,d] form a subset of Ng(u) which
does not contain vertices of Ng(v). Suppose these intervals are k-combining.
Then we denote by v — va transfer from u to v where all vertices in

I'U J are made adjacent to v and all edges between u and vertices in JU J
are deleted. It can be easily seen that such a transfer preserves gracefulness
when k = u + v since for each combining pair {z,y}, |u — z| = |v — y| and
lu -yl =v—=z| For 1 i < b— a we write u [a—l;_lzt[c—a v to me'an
the same thing as the transfer u GeticT G—irtd V- When we write
(I,J) ¥ (I',J'), we mean that I’ = [a+i—1,b and J' = [c,d — i + 1].
Furthermore, when we write (I,J) X} (I’,J’), we mean I’ = [a+1,b] and
= [e+1,d], and when we write (I,J) =} (I’,J’), wemean I’ = [a,b—1]
and J' = [¢,d—1]. Note that if J and J are k-combining and (I, J) % ,JY,
then I’ and J' are k-combining. Furthermore, if (I,J) * (I, J’), then
I' and J' are k + 1-combining. If (I,J) =} (I’,J'), then I’ and J' are
k — 1-combining.

315



3 Attaching Trees to a Caterpillar

A caterpillar is a tree consisting of a path P (called the central path)
where vertices not belonging to P have degree one and are joined to vertices
on P. In this section, we describe a construction whereby trees can be
attached to the vertices of a caterpillar so that the resulting tree is graceful.

Let H be a caterpillar having n edges and central path P = v;---v,
Let Ng(v1) = {v11,v12,...,V1k, } Where vig, = vp. For i = 2,...,p let
Ny (u)\{vi=1} = {vi1,vi2, ..., Vi, } where v, = vi41, ¢ = 2,...,p. For
i=1,...,p let v;p = v;. To each vertex v;; we associate a rooted tree T;;
with root u;; (where Tio = T(i—1)k;_,, ¢ = 2,3,...,p). It should be noted
that some of the trees T;; may possibly be trivial (consisting only of a single
vertex). For all 7, 7, let p;; be the degree of the root vertex u;; in Tj;.

We construct a graceful labeling fy of H as follows: Let ¢ (resp. ¢’) be
the greatest even (resp. odd) integer less than or equal to p. Then g = 2| £}
and ¢’ = 2[L;—1J + 1. We define a partition X,Y of V(G) where

X = {v1,V21,- -, V2ky s, Va1y - -+ y Vdkgy -+ -y Vgl -+ Vgk, }
q

Y = {vllv' c oy Vlky» V31, .- - 1 Uskgy - 7vq’1a"' ’vq'kql}'

We define a graceful labeling fi of H where fy(vi) = &, fu(va1) = k —
1, fu(ve) = v—2,...,fH(vgk,) = 0 and fu(vn) = k + 1, fu(vi2) =
k+2,..., fy(vquq,) = n. See Figure 1. More explicitly, let ko = 0 and
k=1+ko+ks+- -+ kg Then

-1
fa() =k, fu(vi) =k=Y _ kzs—j, foralli € {2,4,...,q}, j € {1,...,k}

8=0

i=1

il
fr(vij) =k+Zkzs-1 +j, forallie {1,3,...,¢'} and j € {1,...,k;}

s=1
The proof of Theorem 1.2 hinges on the special case for caterpillars.

3.1 Theorem

Let G be the graph obtained from H by joining T;; to v;; by identifying u;;
with v;; foreachi=1,...,pand j =0,...,k;. Let T be the rooted tree
obtained by attaching all the trees T;; to a vertex u, that is, by identifying
each root vertex u;; with u. Suppose

(i) pij is even for all i,j other than possibly uio
(ii) pio 2 2(dg(vi) —1) foralli=1,...,p

and
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(iii) T is strongly graceful.
Then G has a graceful labeling f where f|X = fy|X and f|Y = falY +m.

Proof. Without loss of generality, we may assume that p is odd. Further-
more, we may assume that u;o is even; essentially the same arguments
apply when it is odd. The tree T is rooted at vertex u which has degree
B = X ;; Mij- The degree u must be even by (i). We shall construct a
sequence of graceful trees

(Gl‘lfl)) (G2’f2) vee 1(Gp+11fp+1)1

recursively where G >~ G,41. Let m = |E(T)|. Since T is strongly graceful,
there is a graceful labeling 7 of T where 7(u) = 0 and the neighbours
of u receive the labels 1,2,...,5,m — & +1,...,m. Note that in 7, we
may assume any assignment of these labels to the vertices of Nr(u), an
important property which we will utilize later on. To construct (Gy, fi),
let G; be the graph obtained from H by attaching the tree T to v; in H
(by identifying u with v;). Let T} be the subgraph of G; corresponding to
the tree T rooted at v;. Let 3 = p (which is the degree of v; in 7}). Let
f1 be a labeling of G, where

T(v) + k, ifve V(Ti)\{n};
fHiw)=<¢ fuv), ifve X;
fa()+m, ifveY.

Note that fi(v1) = k and fi(v11) = k+ m + 1. Under fi, the vertices of
V(Th)\{v1} receive labels k + 1,k +2,...,k + m and edges of T} receive
the labels 1,...,m. The vertices of X receive the labels 0,..., %, and the
vertices of Y receive the labels m+ k+1,m+k+2,...,m +n. The edges
of H receive the labels m +1,m +2,...,m +n. Thus (Gy, f1) is a graceful
tree where f1|X = fu|X and fi|Y = fu|Y + m. To create (G2, f2) we
transfer some of the vertices of N7, (v;) to the vertices vyy,...,vik,. We
first observe that in G, the vertices in Np, (v,) have the labels k + 1,k +
2, k+ 8 ktm-B 41, k+m—E+2,...  k4+m. Let I) = [k+1,k+ £
and Jy = [m+k— & +1,k+m]. Since fi(v1) + fi(vi1) = m+2k + 1, the
intervals I; and J; are fi(vy) + fi1(v11)-combining. For j = 1,...,k;, we
define a pair of intervals Iy, Jy; as follows: First, let I;; = I and Jy; = J;.
For j=2,...,k let

o +1
(11@_1),.]1(,-_1)) M ('H(j—l)?J;(j—l)) — (L, )

Since Iy and Jy are f1(v1)+ fi(v11)-combining and fi(v1)+f1(vi¢i41)) =
Jfi(v1) + fi(vij) + 1, for 5 =1,...,k — 1, one sees that for j = 1,..., ks,
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Figure 1: The caterpillar H with graceful labeling

.

318



the intervals I,; and Jy; are fi(vi) + fi(vi;)-combining. Let pp = p; —
Zkl—o #1; and let (G2, f2) be the graceful tree obtained after the successive
transfers

" #—-) v11 v _u_.__) V12 v l'lll(kl“l) v
b b y V1 > ky—
Iu’ Ju ’ 112’ JIZ Il(kl—l)y Jl(kl—l) Wty
vl L} v2
Ilkn Jlkl

One sees that fo|X = f1|X = fy|X and folY = filY = fu|Y +m. Let Ty
be the tree rooted at vy resulting from the last transfer. Let I and J; be
intervals such that

—2(ky -1
(s Tue) P22 2B 7).

Then the union Is U J; represents the set of labels of the vertices
in Np,(vg) in Gg. Observe that I, J2 is fo(v1) + fo(vg)-combining since
Lk, s J1k, is fi1(v1) + f1(v2)-combining. Suppose now that for some 7 > 2
we have constructed the graceful tree (G;, f;) where f,|X = fH|X and
f,lY fle + m. Let T; be the tree rooted at v; which resulted from
the last transfer from v;_; to v;. Let y; be the degree of v; in T;. Let
I; and J; be the disjoint intervals representing the labels of the vertices
in N7, (v;). We may assume that I; and J; are f;(v;_1) + f(vi)-combining.
Let pip1 = pi — Zf_o pij. To construct (Giyy, fiy1), we define intervals
L, Jij, j=1,...,k; as follows: If j = 1, then

(I,’,Ji) tl) (Ithil)a ifiis Odd, and (Ii,Ji) _—>1 (Iz'l’Jil)y if i is even.

If j > 2, let I;; and J;; be such that
+1 -
(L1 Jig-1)) —g i1y Jig—1y) — (Lij, Jy5), if iis odd
(Tij-1)» Jigi-1)) —2 (Tigi—1ys Jigi— 1)) =1 (i, Jij), if iis even.

Assuming that I;;_yy and Ji;_y) are fi(vi) + fi(vi(j—1))-combining, one
sees that [;; and J;; are f;(v;) + fi(vij)-combining. Thus the transfers

i

.. N I v Hitki-1) Vi(k
i '1’ i '2, AR b i —._) i '—l 1
Lo, Ja P IpJin ' Lik,—1ys Jigri—1) 1)
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Iikia Jik.'
result in a graceful tree (Git1, fi+1). We say that a vertex in I; U J; is un-
transferred if it does not get transferred to any of the vertices v;y, via, . . . , Vi,
after the above transfers. Let € = g + py2 + -+ + ik;—1)- There are
exactly pu; — € — pi+1 = pio untransferred vertices in I; U J;. We ob-
serve that by the construction of I;,J;, ¢ = 1,...,p there are at least
2k; = 2(dy(vi) — 1) untransferred vertices, when ¢ > 2, and at least
2(k; — 1) = 2(dy(v1) — 1) untransferred vertices, when i = 2. Hence the
condition p;0 > 2(dp(v;) —1) is seen to be necessary. Let H; be the portion
of the rooted tree T; remaining at v;. By the above, its root has degree p;.
We see that fi+1|X = f,lX = fH|X and fi+1|Y = f,lY = fHI + m.

Continuing, we eventually obtain a graceful tree (Gpi1, fp4+1) Where
f,,+1|X = fH, fi+1|Y = fH|Y +m, and at each vertex v;; we have a rooted
tree H;; whose root has degree p;;. Note that the trees H;; only depend
on the initial labeling of the vertices in Np(u). Given that T is strongly
graceful, we may choose these labels such that H;; ~ T}; for all ¢, 5. Thus
we have that G ~ Gp4,. This completes the proof.

0

4 Proof of Theorem 1.2

We have by assumption that |X| < |Y| and 3°, . x w#: > 2|Y]. Using this,
we can partition Y into |X| = k + 1 sets Yo, Y3,...,Ys where 1 < |Y;| <
£,i=0,1,...,k. For i =0,...,k, let s; = |Y;| and let t; = k + sp +
o+ 8;. Let Yo = {vk41,...,Vkts0} and for i = 1,2,... )k, let Y¥; =
{Ukti 1410 Vktti 1425« « - » Ukbte_y +5; }- We construct a caterpillar H' having
vertices v;, 1 = 0,1,...,n as follows: Fori = 0,1,...,k join v; to each of the
vertices in Y;. Next, for i =0,...,k -1, join v; to vs,4+1. Then H' is seen to
be a caterpillar which has a central path vovs, 4101V, 41 - - Vk—10e,_, +1Uk-
Furthermore, fr = fy is seen to be a graceful labeling of H'. For i =
0,...,k—1 we have that dy-(v;) = |Yi| +1 < & +1, and we also have that
dy(ve) = |Yi| < Bt Thus 2(dg(v:) — 1) < py, ¢ =0,1,...,k. We also
observe that dgy+(v;) —1 <1, i=k+1,...,n and hence 2(dg(v;) — 1) <
2<p;, t=k+1,...,n Thus 2(dy-(v;) — 1) < pj, i=0,...,n. Let G’ be
the graph obtained from H’ where for each i = 0,1, ...,7n we attach the tree
T; to v; by identifying u; with v;. It now follows by Theorem 3.1 that G’
has a graceful labeling f’ for which f’(X = fH:|X and f’|Y = fH:lY + m.
However, given that fy is a graceful labeling for H, we also see that f = f’
is a graceful labeling for G. This completes the proof.
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