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Abstract

A graph G = (V, E) with p vertices and q edges is called a Harmonic
mean graph if it is possible to label the vertices veV with distinct labels
f(v) from 1, 2, ..., q + 1 in such a way that when each edge e = uv is

: =) = [ W) 2fW)f(v)
labeled with f(e = uv) oY) or l——f @+ o)) then the edge labels are

distinct. In this case f is called Harmonic mean labeling of G. In this
paper, we investigate some new families of Harmonic mean graphs.
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1. Introduction: We begin with simple, finite, connected and undirected graph
G(V, E) with p vertices and q edges. For a detailed survey of graph labeling we
refer to Gallian[1]. For all other standared terminology and notations we follow
Harary[2].

S. Somasundaram and S.S. Sandhya introduced Harmonic mean
labeling of graphs in [3] and studied their behaviour in [4] and [5]. S.S. Sandhya,
C. Jayasekaran and C. David Raj proved that P,OA(K,), the step ladder graph
S(T,), P.OK; and C,®K; are Harmonic mean graphs in [6]. In this paper, we
investigate some new Harmonic mean graphs.

We now give the following definitions which are useful for the present
investigation.

Definition 1.1. A graph G = (V, E) with p vertices and q edges is called a
Harmonic mean graph if it is possible to label the vertices veV with distinct
labels f(v) from 1, 2, ..., q + 1 in such a way that when each edge e = uv is

: = = [2rrm] | 2f@)f) |
labeled with fle = uv) 7ot o) or | Far ol then the edge labels are

distinct. In this case f is called Harmonic mean labeling of G.

Definition 1.2. The corona of two graphs G, and G, is the graph G = G,0G,
formed by taking one copy of G, and [V(G,)| copies of G, where the i" vertex of
G, is adjacent to every vertex in the i~ copy of G,.
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Definition 1.3. H — graph is obtained from two paths u,u,...u, and v;v;...v, of

equal length by joining an edge un+1 vn+1 when n is odd or un .,vn when n is
2 2 2 2

even.

Definition 1.4. A triangular snake T, is obtained from a path u,u,...u, by joining
u; and ;. to a new vertex w; for 1 <i <n - 1. That is, every edge of a path is
replaced by a cycle C;.

Definition 1.5. A Quadrilateral snake Q, is obtained from a path uju,...u, by
joining u; and u;, to two new vertices v; and w; respectively and joining v; and
w; for 1 <i<n- 1. That is, every edge of a path is replaced by a cycle C,.

Definition 1.6. The Cartgsian product of two graphs G, = (V,, E;) and
G, =(V,, E,) is a graph G(V, E) with V = V; x V, and two vertices u = (u;, u,)
and v = (vy, V,) are adjacent in G; o G, whenever (u; = v, and u, is adjacent to
v,) or (u; = v, and u, is adjacent to v,). It is denoted by G, o G,.

Definition 1.7. The prism D,, n > 3 is a trivalent graph which can be defined as
the Cartesian product P, o C, of a path on two vertices P, with a cycle on n
vertices C,. We denote a graph obtained by attaching P; at each vertex of outer
cycle of D, by (Dy; P3).

Definition 1.8. The product P, o P, is called a planar grid. The product
P, o P, is called a /adder, and it is denoted by L,,.

Definition 1.9. A triangle ladder TL,, n > 2, is a graph obtained from a ladder L,
by adding the edges w;v;,; for 1 <i<n -1, where y; and v;, 1 <i<n, are the
vertices of L, such that uju,...u, and v v,...v, are two paths of lengthn in L.

2. Main Results
Theorem 2.1. H — graph admits a Harmonic mean labeling

Proof. Let G be a H — graph. Then G is obtained from two paths u,u,...u, and
Viva...v, of equal length by joining an edge un+1 wm when n is odd or un +|vn

when n is even. Define a function f: V(G) — {1, 2 ,q+ 1} by
flu)=i,1<i<n;
f(vp)=n+i;1<i<n.

Then obviously the edge labels are distinct. Hence G admits a
Harmonic mean labeling.

Example 2.2. A Harmonic mean labeling of H — graph when n = 6 and n = 7 are
shown in figure 2.1 and 2.2, respectively.
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Figure. 2.1 Figure. 2.2

Theorem 2.3. D,®K, is a Harmonic mean graph.

Proof. Let u;, v; be the vertices of inner and outer cycle of D, respectively in
which u; is joined with v;. Let s; and t; be the vertices which are joined with y;
and v; respectively, 1 < i < n. The resultant graph is D;®K, whose edge set is
E = {uqu), vovy, Willisy, Vivie/ 1 <i<n —-1}U{su;, wv; vt/ 1 <i < n)}. Define a
function f: V(D,®K,) —{1,2,...,q+ 1} by

fis) =2; f(s)=5i+1;2<i<n;
flu)) =3; f(w)=5i,2<i<n;
flv)=5i-1,1<i<n
flt)=1;f(t)=5i-3,2<i<n.
Then the edges get labels
flsiu) =2; f(siw) = 5i,2<i<m;
fuvi) =3; fluiv) =5i-1,2<i<n;
fvit) =1, flvit) =5i-2,2<i<n;

flujuy) = 4; fluu, ) =5i+2,2<i<n-1; fluuy) =5;
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flvivin) =S5i+1, 1 <isn-1;f{vyv)=7.

Hence f is a Harmonic mean labeling for D,®K,. Therefore, D,®K, is
a Harmonic mean graph.

Example 2.4.. A Harmonic mean labeling of D,®K, is given in figure 2.3.
27

Figure. 2.3

Theorem 2.5. . L,®KS is a Harmonic mean graph.

Proof. Let u; v;, 1 <i < n, be the vertices of L,. L,®K5 is obtained from L, by
joining u; to two new vertices s; and t; and v; to two new vertices X; and y; and
hence its edge set is E = {ujuy, Vivie/ 1 < i <n - 130{us;, uti, wv;, vixi, viyd/
1 <i<n}. Define a function f: V(L,OK5 )— {1,2,...,q+ 1} by

fls)=11s)=7(-1),2<i<n
f(t)=7i-5,1<i<n;
fu)=4;f{uv)=7i-4,2<i<n;
flvi)=5;f(v)=7i-3,2<i<m
flx)=3;f(x)=7i-2,2<is<m
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fly)=7i-1,1<i<n.
Then the edges are labeled with

f(siy) =7i-6,1<i<n;

fitu)=7i-5,1<i<m;

fluuiy) =7i-1,1<i<n-1;

f(vivi) =7, 1<isn-1;

fuv)) = 4; fluiv;)) =7i-4,2<i<n;

flvix))=3; f(vix))=7i-3,2<i<m;

flviy)=7i-2,1<i<n.

Thus f provides a Harmonic mean labeling for L,OK5. Hence the
theorem.

Example 2.6. A Harmonic mean labeling for Ls®K5 is shown in figure 2.4

1 2 4 9 14 16 5, 23 78 30
10 17 24 31
4
3 11 18 25 32
3 6 12 1 19 20 26 27 33 34
Figure 2.4

Theorem 2.7. Triangular ladder TL, is a Harmonic mean graph.

Proof. Let u;, v; be the vertices of L,, 1 <i<n. Join uy;to vi,;, 1 <i<n-1. The
resultant graph is TL, whose edge set is E = {uu, Vivie, UiVisl/
1 <i<n-1}U{uv/ 1 <i<n}. Define a function f: V(TL,)) — {1,2, ...,q+ 1}

by
flu) =3; flu)=4i-2,2<i<n;
fivi)=1;f(v)=4@{-1),2<i<n.
Then the edges are labeled with

fuvi) =4i, 1 <i<n-1;

239



flviv) = 1; f(vivis)) =4i-2,2<i<n- 1;
fluv)) =2; flyv;) =4i-3,2<i<n;
flu)vy) = 3; fluivis)) =4i—-1,2<i<n-1.
Thus f provides a Harmonic mean labeling for TL,.

Example 2.8. A Harmonic mean labeling of TLg is given below.

3 6 10 14 18 22

Figure 2.5
Theorem 2.9. TL,®K, is a Harmonic mean graph.

Proof. Let u;, v;, 1 <1i < n be the vertices of TL, . Join uy; and v; to the new
vertices x; and y; respectively. The resultant graph is TL,©OK1 whose edge set is
E = {Utlisy, Viviss, UiVin/ 1 <i<n -1} U{uxi, g, viyi/ 1 <i<n}..

Define a function f: V(TL,OK,) — {1,2,...,q+ 1} by
flu)=6i—-2,1<i<n;
fv)=3;flv)=6(i-1)+1,2<i<n;
fix)=1;f(x)=6i-3,2<i<n;
flyD=2;f(y)=6(i-1),2<isn.

Then the edges get the labels
f(ujuy) =6; fluy)) =6i+1,2<i<n-1;
f(vivi) =6i-2,1<i<n-1;
fluvis)=6i-1,1<i<n-1;
fluyv)) =3; fluiv) =6i-4,2<i<n;
fluyx)) = 1; flux;)) =6i-3,2<i<n
flyivi) =2; f(y2v2) = 7; f{yivi) = 6(i— 1), 3 <i<n.

Thus f provides a Harmonic mean labeling for TL,®K,. Hence
TL,®K, is a Harmonic mean graph.



Example 2.10. A Harmonic mean labeling of TLs®K, is given in figure 2.6.

1 9 15 21 27 33
° ] ¢ T )
4 10 16 22 28 34
9
3
7 13 19 25 31
® ® ®
2 6 12 18 24 30

Figure 2.6
Theorem 2.11. T,®K, is a Harmonic mean graph.

Proof. Let u;, v;, X; and y; be the vertices of T,®K, such that u; and u;4, is joined
tov, 1<i<n-1.Joinx;tou, 1 <i<nandy;tov;, 1 <i<n- 1. Then the edge
set is {Ui+1, UiVi, UisVi, Viyi/ 1 £1<n—1}U{ux/ 1 <i<n.}. Define a function
f: V(TnOKl) - {]’ 2, vees Q'H} by

flu)=5i-3,1<i<n;
fvi)=5i-2,1<i<n-1;

f(x))=1; f(xz)=5; f(ix;))=51-4,3<i<n;
fly)=5i-1,1<i<n-1.

Then the edges are labeled with
flujuy) = 3; fluu) =5i-1,2<i<n-1;
flux)=5i—-4,1<i<n;
fluiv)=5i-3,1<i<n-1;

fuivi) =5i, 1 <i<n-1;

flviy) = 4; fiviy) =5i-2,2<i<n-1;

Thus f provides a Harmonic mean labeling for T,®K,. Hence T,OK, is
a Harmonic mean Graph.

Example 2.12. Harmonic mean labeling of T¢®K, is shoun in figure 2.7.
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Figure. 2.7

Theorem 2.13. Q,®K, is a Harmonic mean graph.
Proof. Consider a path uu,....u,. Join y; and u;., to the vertices v; and w;
respectively and then join v; and w;. Join v; to x;, 1 <i <n, v; to y; and w; to z,
1 <i<n - 1. The resultant graph is Q,®K1 whose edge set is {ujui+;, wvi, vivi,
viw, Wiz, Wit/ 1 < i £ n - 1JU{ux/ 1 £ i £ n}. Define a function
f: V(Q.OK)) — {1,2,...,q+1} by

fix) =1 fix)=7(i-1),2<i<n;

flu)=4;f(u))=7i-52<i<m

f(v)=7i—-4,1<i<n-1;

flyD=2;f(y)=7i -3,2<i<n-1;

flw)=7i-2,1<i<n-1;

f(z)=7i-1,1<i<n-1.
Then the edges get labels

fluu)=7i-2,1<i<n-1;

flux)=7i—-6,1<i<n;

fluyvy) =3; f(yv) =7i-5,2<i<n-1;

flviy)) =2; flviy)=7i-4,2<i<n-1;

flvw)=7i-3,1<i<n-1;

flwiz)=71-1,1<i<n-1;

flujaw))=7i, 1 <i<n-1.

In the view of the above labeling pattern f provides a Harmonic mean
labeling for Q,®K;. Hence the theorem.

Example 2.14. A Harmonic mean labeling of Q,@K, is given in figure 2.8.
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Figure. 2.8

Conclusion:

As all graphs are not Harmonic mean graphs, it is very interesting to

investigate graphs which admits a Harmonic mean labeling. In this paper,
we investigated some new Harmonic mean graphs. It is possible to investigate
similar results for several other graphs in the context of different labeling
techniques.
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