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Abstract

A graph G = (V, E) with p vertices and g edges is said to be odd graceful
if there is an injection f from the vertex set of G to {0, 1,2,... ,2q — 1} such
that when each edge xy is assigned the label | f(x) — f(y), the resulting edge
labels are distinct and induce the set {1,3,5,...,2¢ — 1}. In 2009, Barrientos
conjectured that every bipartite graph is odd graceful. In this paper, we par-
tially solve Barrientos conjecture by showing that the following graphs are
odd graceful: 1) Finite union of paths, stars and caterpillars; 2) Finite union
of ladders; 3) Finite union of paths, bistars and caterpillars; 4) The coronas
Knn ©rK,, and 5) Finite union of graphs obtained by one end point union of
odd number of paths of uniform length.

Keywords: Graceful Graphs, Odd Graceful Graphs.
Mathematics subject classification: 05C78.

1 Introduction

Let G = (V, E) be a graph with p vertices and g edges. A caterpillar is a tree
such that the removal of pendant vertices results in a path. The union of graphs
G1,Ga,. .., Gy is the graph with vertex set U,_ V(G;) and edge set U EG). A
bipartite graph is the graph whose vertex set can be partitioned into two subsets X
and Y so that each edge has one end in X and other end in Y. A complete bipartite
graph is a simple bipartite graph such that two vertices are adjacent if and only
if they are in different partite sets. A star is a complete bipartite graph K, ,. A
bistar is a graph obtained by joining centre vertices of two stars by an edge. The
corona G) © G of two graphs is obtained by taking a copy of G, and |G| copies
of G2, and joining the ith vertex of G, to every vertex in the ith copy of G,. A
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graph labeling is an assignment of integers to the vertices or edges or both subject
to certain conditions. Graph labelings were first introduced by Rosa [10] in 1967
in the name of B - valuation which is defined as an injection f from the vertex set
of G to the set {0, 1,2,...,q} such that when each edge xy is assigned the label
|f(x) = f()I, the resulting edge labels are distinct. Rosa introduced 8 - valuation
as well as number of other labelings as tools for decomposing the complete graph
into isomorphic subgraphs. In particular 8 - valuation orginated as a means of
attacking the conjecture of Ringel [9] which states that K35, can be decomposed
into 2n + 1 subgraphs which are isomorphic to a given tree with n edges. There
were so many labelings introduced in the past years.

Gnanajothi [4] defined a graph G with g edges to be odd graceful if there is
an injection f from V(G) to {0,1,2,...,2q — 1} such that when each edge xy is
assigned the label |f(x) — f(»), the resulting edge labels are 1,3, .. .»2g—-1. She
proved that the following graphs are odd graceful: Py; C, if and only if nis even;
K.y combs P, © Ky; books; crowns Cy, © K| if and only if n is even; disjoint
union of copies of C; the one point union of copies of Ca; C» X K3 if and only if
n is even; caterpillars; rooted trees of height 2; the graphs obtained from P, X P,
(n 2 3) by adding exactly two leaves at each vertex of degree 2 of P,; the graphs
obtained from P, x P, by deleting an edge that joins to end points of the path Py;
Kl,n O] P3; Kl.n © P4-

Also she conjectures that all trees are odd graceful and proves the conjecture
for all trees of order upto 10. Barrientos [1] and [2] extended this result to trees
of order upto 12. Eldergil [3] generalised Gnanajothi’s result on stars by showing
that the graphs obtained by joining one end point of odd number of paths of equal
length is odd graceful and also proved that the one point union of any number
of Ce is odd graceful. Kathiresan [7] has shown that the ladders and the graphs
obtained from them by subdividing each step exactly once are odd graceful. Yan
[12] proved that P, X P, is odd graceful. Sekar [11] has shown that the following
graphs are odd graceful: C,, © P, when n > 3 and m is even; C}; Ce,n and Cg,y; the
splitting graph of C,,, when n is even; the splitting graph of P,; lobsters, banana
trees and regular bamboo trees. Gao (5] proved the following graphs are odd
graceful: the union of any number of stars; the union of any number of paths;
the union of any number of stars and paths; Cp, |J Ps; Cu U Cr and the union of
any number of cycles each of which has order divisible by 4. Later Barrientos [2]
conjectured that every bipartite graph is odd graceful and he proved the conjecture
for the following graphs: Forest whose components are caterpillars; Tree with
diameter atmost five; and Disjoint union of caterpillars. But the conjecture is
open in general. In this paper we have obtained some results which prove the
above conjecture affirmatively for some classes of graphs. In fact we have proved
that the following graphs are odd graceful:

1) Finite union of paths, stars and caterpillars;
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2) Finite union of P,, X P, where ny, na, ..., n, are positive integers greater than
1 (not necessarily distinct);

3) Finite union of paths, bistars and caterpillars;
4) The coronas K, , ® rK; and

5) Finite union of graphs obtained by one end point union of odd number of paths
of uniform length.

As Paths, Stars, Bistars and Caterpillars are bipartite graphs, for our conve-
nience we view them with bipartition as given below.

Uy U2

uy U9
. \/
U1

n

Figure 1: Path P,

sl

N Ys  Ya ys

Figure 2: Star S¢ = K 5

a b, a4 ay az az a4
- W{
b a2 as b3 by 1) bs

Figure 3: Caterpillar Fy
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n YyZ1 T2

Figure 4: Bistar B34

Whenever we consider paths, stars, bistars and caterpillars, we mean that the
vertices of the paths, stars, bistars and caterpillars are arranged in the order as
above.

2 0Odd graceful labeling of bipartite graphs

Theorem 1. Finite union of paths, stars and caterpillars is odd graceful.

Proof. Let G= (UL, Pr) U(UkL, K14) U(U., Fy) where ri, a;, ; are positive in-
tegers (not necessarily distinct) greater than 1.

Since the path P,, is a bipartite graph we partition V(Pr,) into (U;, V;) where
= (i, .. ub ), Vi= v, .. v suchthatm +mi = riyi=1,2,...,p
and Imi = nil < 1.

Similarly, as star K|, is a bipartite graph we partition V(K 4,) into (X;, Y}
where X; = (¥}, ¥i = {y\,¥, ... ¥ hi = 1,2,... k. Also as caterpillar F,
is a bipartite graph we partmon the vertex set of F‘,‘ into (A;, B) where A =
lal,az, ,ap}and B; = {b,,b‘z, lsuchthat pi+q=ti=12,.

Now we assign the labels to the vertices of G by defining an one-one map as
follows:

f:V(G)—1{0,1,2,...,2g -1} by
fwh = 2i-2,i=12,....m,
foh = 29-1-Qi-2),i=12,...,m,
fuhy = fuh)+Q@i-1,i=12,...,m,
fOH = for)-Qi-1),i=12...,m, -
fal™y = fh)+@i-1,i=1,2, .m0,
forth = f(v{;J)—(2i—l),i=l,2,...,nj+1,j=1,2,”-,(}7-1),

68



f&h = b))+,
fOD = fORY-Qi-1,i=12,...,a,--
fPY = fy 4,

FOTY = fOl)-@i-1,i=1,2,...,a51,j=1,2,..., (k= 1),

f@a) = FuMH+Q@i-1),i=12,...,p,
f®H = fol)-Qi-1),i=1,2,....q,-
f@'™y = f@)+@i-0,i=12,..,pu,

fOMY = fEL)-Qi-1,i=1,2,...,quj=12,...

(s = 1),

Now the edge induced function ¢ : E(G) — {1,3,...,2g — 1} defined by
&(uv) = | f(u) — f(V)|, Yuv € E(G)induce the distinct edge labels 1,3,5,...,2g -1

in G and hence the graph is odd graceful.

Example. Odd graceful labeling of G=Ps\J P\ K14\ K1.6 U K1.7U Fiz U Fuy

U Fi6 U F19 is shown below.

1 1 1
U % 5 0 350 2 157 4
v v 159 157 155 153
(a) Labeling of Ps
u? ul ul
—; 21;231,2_) 5 156 7 154 9 152
X 2 5 151 149 147 145 143
(b) Labeling of Pg
1
Ty 10
—
A 14143913 35
vi ¥ oyl 151 149 147 145
(c) Labeling of K 4
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11
—
1337 (311204272
i ¥ 4 144 142 140 138 136
(d) Labeling of K 6
z}

i B own ou¥ ¥ B %
l
12
12L1191417/115\13\1 9

133 131 129 127 125 123 121

(e) Labeling of K7
a b:ls as b%
R S N W S B G
4
13 103 116 21 112
107, 95 91
\°To 03 N7
1201181517 19 114 23 25
(f) Labeling of F1,
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af % __ a

b?b§b§2zz

2 32
aj a3 o3 a5 by

2% 105 36
79 69
8 81 1 {67

111 109 107 28 30 32 34103

(g) Labeling of Fy;

b by b3 a3 bg b3 a ag a a} b

37 96 41 90 51
59 55 49 39

656361\ 57| 53 47, b\ 37

102100 98 39 94 92 43 45 47 49 88

(h) Labeling of F¢
a b3 aj b8 ag bl
by b3 b3 a3 b4 b b} af ai b bibf aj
J
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81 56 73 62 65

52 :
9 | 3 /\ 17 11 3
35/ bday 27| 23A1pe\ 113, o5\ !
878583 5470 77 755860 71 69 67 64
(i) Labeling of Fyo

Figure 5: 0dd graceﬁzl Iabeling 0fG=P5 U Ps U K1,4 U Kl.6 U K1,7 U Fi U Fy
FisU Frg.

m}

Theorem 2. The graph G = U5~=1 Py, x Py is odd graceful where ny,na, ..., n,
are positive integers (not necessarily distinct).

Proof. We know that P, X P; is a bipartite graph. For our convenience we view
Py, x P as follows : By twisting the vertices of the alternate partite sets of the
graph of Fig 6(a) we get the graph of Fig 6(b) .

For the convenience of labeling process, we consider P,, X P, as a bipartite

graph with bipartition (U}, V) where U; = (), ud, ..., ul,}, Vj = (v],v3,..., V).

u Uy Uz Uy

- XXX

(51 (%3 v3 (N

31 v2 uz vq

v U2 V3 Uyq
Fig 6(a) Fig 6(b)

Figure 6 : P4 X P;

To find the odd graceful labeling of the graph G = U;-=l Py, X Py, we define an
one-one map f : V(G) — {0, 1,2,...,2q—1} as the recurrence formula as follows:

nl—l
2
i=0,1,2,...,%— 1,n is even,

fa,) = 6i,i=0,12,...,

,hy is odd,
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fgi) = 6i+2,i=0,1,2,. 23mlsodd

i=0,1,2,...,';—’-1,n, is even,

fOh) = 2q—1—6i,i=o,1,2,...,"'2'1.n,isodd,

i=0,1,2,. ?—lnllseven

fOl.,) = 29-5-6i,i=0,1,2,..., n'2_3,n1isodd,

i=0,1,2,. 7—1n1|seven

fugly = ful)+6i+1,i=0,1,2,..., "’*’2_ l,n,-+1 is odd,
i=0,l,2,...,nj2+l - 1,nj,is even,
fully = f(uﬁ,)+6i+3,i=0,1,2,...,"’"‘2'3,n,»+l is odd,
i=0,1,2,...,nj2+'—l,n,-+,iseven,
foity = f(v,’;j)—(6i+1),i=0,l,2,...,”j+'_l,nj,,lisodd,
i=0,1,2,...,nj2+l = 1,nj, is even
) = fOl)-6i+Di=01,2,.., ML 3 nj is odd,
i=0,l,2,...,nj+1 - 1,nj is even

where j=1,2,...,r—1.

Now the edge induced function ¢ : E(G) — {1,3,...,2q — 1} defined by
d(uv) = |f(u) = f(V)],Yuv € E(G), induce the distinct edge labels 1,3,...,2¢9 -1
in G and hence the graph is odd graceful.

Example. Odd graceful labeling of G=(P3 X Py) U(Psax P2) | U(Ps % P5) is shown
below.

Uy v U 0 55 6
55 | 49
— 59 53 |47
57 |51
v ouy g 50 92 53

(a) Labeling of Pz x P,
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u v Uz Vy
7 48 13 42
— 41 35{ 29
] : | 45 43 3937 3331 27
vf  uy v U 52 9 46 15
(b) Labeling of P4 X P2
W v u v W 16 37 22 31 28
— 21 | 1519 3
317
—— 2593 970" 5 |
vouy vy Uy U3 41 18 35 24 29
(c) Labeling of Ps X P;

Figure 7 : Odd graceful labeling of G=(P3 x P2) J(Pa X P2) U(Ps X P2).

Theorem 3. Finite union of paths, bistars and caterpillars is odd graceful.

Proof. Let G = (U, Pr) U(UL| Bab) UUL, F) where a;, by, i, 1; are positive
integers (not necessarily distinct) greater than 1.

Since path Py, is a bipartite graph, its vertex set can be partitioned into (U;, V)
with U; = (u,ub,...,ul, ), Vi = (V|,V},...,v},} such that m; + m; = ;i =
1,2,...,pand m; — njl < 1.

Similarily, we partition the vertex set of the bistar By,p, into (Xi, Yi) where
Xi=xd, A, 6,...,x).Y = ‘}’Sr)"p)"z’-'-'YZ,}r where i varies from 1 to k; and
the vertex set of the caterpillar F,, into (4;, B;) where A; = {a},a),... ,a;l} and
B; = {b'i,b;....,bfn} suchthatp;+¢gi =t,i=1,2,...,5.

Now we assign the labels to the vertices of G by defining an one-one map as
follows:

f:V(G) > (0,1,2,3,...,2g — 1} by

fuh)
fooh

% -2i=1,2,...,m,
2g-1-Qi-2),i=12,...,n,
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f@d) = ful)+Q@i-1),i=1,2,...,m,

o)) = foR)-Qi-1),i=12,..,n,---

fe™y = fud)+Qi-1,i=1,2,.. m,

FOFY = fl)-@i-1i=12, =12, 00 D),
fG) = feb)+@i+1),i=0,1,2,... 4,

fOD) = FfOE)-Qi+1),i=0,1,2,...,b,

JOB = FOl)+@i1),i=0,1,2,...,a,

O = fOor)-Qi+1),i=0,1,2,...,b,,

G = )+ @i+1),i=0,1,2,.. a5,

FOIY = FOL) - @i+ 1,i=0,1,2, by, = 1,2, (k= 1),
fa) = fUhy+@i-1,i=12,...,p,

o) = fO5)-@Qi-1,i=12,...,q,

f@) = f@)+@Qi-1,i=12,....p,

f&) = fb)-@Qi-1)i=12,...,q, -

f@™y = f@)+@i-1,i=12,...,pp,

fOFY = fOl)-@i-1,i=12,.. g4, j=1,2,...,(s=1),

Now the edge induced function ¢ : E(G) — {(1,3,...,2g9 — 1} defined by
@(uv) = |f(u) - f(v)|, Yuv € E(G) induce the distinct edge labels 1,3,...,2g ~ 1
in G and hence the graph is odd graceful.

Example. Odd graceful labeling of G=Ps | Ps\J B3 4\ F14\J Fa3 U F3, is shown
below.

ul u} u3 0 165 2 163 4
T ] -
Y v 165 163 161 159
(a) Labeling of Ps
ul —~ v y 4 — - 5 162 7 160 9 158
i vz s 157 155 153 151 149
(b) Labeling of Ps
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A “74% wy&

Yo N1 % T 4 157 155 153 12
(c) Labeling of B34
19 144 23 134
[ NN
1331/ \ar [Pyl A \GS

3 Lol bl af 150 148146 21 142 140 138136 25 27

(d) Labelmg of F|4
of A"g\aﬁ ¥ a4 b b
B o o} ofb bﬂbm gbAb\b
{

28 120 36 125 42 115 46
101 93 819 83 73 7169
105/ 103 dobNosl87/ |85 A1froed 8 6764 \63

133131 30 32 341273840123121119117 44 113 111 109

(e) Labeling of Fy

o 3 43
a} aj a}; b a b3

bL\L/Ml AN TN

3b3ad a3b ad afadady blphiatiblbl; bY,bhalscic

r

l
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47 104 51 96 57 67 88 73 78

[ e

1081064910210098 53 5594 59 6163 65 90 6971 86 84 8280 75 77
(f) Labeling of F3,

Figure 8: Odd graceful labeling of G=Ps|\J Ps\J B34 U F1a U Fs U F32

Theorem 4. The graph G = Ky, © rK, is odd graceful.

Proof. Let G = Ky, , © rK, where m, n, r are positive integers.
Since K., is a complete bipartite graph, let the partition of K, be (U, V) with
U= {"l:uz»---:l‘m},v = lvlvv2$ -H’Vn}-

For our convenience we name the pendant vertices of the graph Ky, © rK,
which are connected with u; as x}, x%, ..., x] and the pendant vertices of the graph

Kon.» © rK) which are connected with v; as y}., y%, ceey y; respectively.
Now we assign the labels to the vertices by defining an one-one map as fol-
lows:

f:V(G) - 1{0,1,2,...,2g- 1} by

fwp = 2n(j-1),j=12,....m
fvp) = 2g-2n+2j-1,j=1,2,...,n,
fGx) fa)+26-1)+1,i=1,2,...,r
fh) = fH+2m+26+1)-2,i=1,2,...,r,
fO) = fE)+2m+26+1)-2i=1,2,...,nj=1,2,....m,
fO) = flum)+2ii=1,2,....r
fOh = fOD+2r+26-1)i=1,2,...,r
fO) = fOD+2r+2i-1)i=1,2,...,r,j=1,2,...,n,
Now the edge induced function ¢ : E(G) — {1,3,...,2q — 1} defined by ¢(uv) =

|f(u) = fW), Yuv € E(G) induce the distinct edge labels 1,3,...,2g - 1 in G and
hence the graph is odd graceful.

Example. Odd graceful labeling of G=K36 ® 2K is shown below.



viyt vivi vivs vivd wivi ol

(2) G = K36 02K,

AN

Dk
DOW
e

58 56 525046 444038 343228 26

(b) Labeling of G = K36 © 2K

Figure 9: Odd graceful labeling of G=K36 © 2K}.

n}

Theorem 5. Finite union of graphs obtained by one end point union of odd num-
ber of paths of uniform length is odd graceful.

Proof. Let G=\UL, G, where G;," is the graph obtained by one end point union
of m; (=3 isodd) paths and each path with r; vertices.

For our convenience, we name the vertices of G,',Gr* ..., Gr," as follows:
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Yo
v(l"'l)l vy

1 7
Uiz Yiina)3

1 n
Y3 Yia

1 n
Yifrr-1)* Yoy -1)* BT C ) Vira1)*%2lra-1) o *Vrnfra-t)

m
Gr|l G

n

Fig 10: G=U_, G™

Now we assign the labels to the vertices by defining an one-one map
f:V(G)-1{0,1,2,...,2g- 1} by

fG@) = 0,
f (V,,,,(,l )+ 1, riseven,and m isodd
fu { f (VM.(r.)) +1, risodd,andm is odd
) ,,, .((r. o)+ 1L i=12,....n whenr_, iseven
S { vl ") #1, i=1,2,...,n, whenr, isodd

f(v;l) = 29-2j+1,j=12,....m
fOR) = fOlp=2m -2(j-1),j=1,2,...,m,
fOVR) = fOlap)-2m=2(i-1,i=1,j=1,2,...,m;,
k=1,3,...,r;, whenr;is odd, and
k=1,3,...,r; =1, whenr; is even
fOR) = f)+4G-1+2,j=12,...,m,
fO) = fOl)+2m +4(Gi-1),j=1,2,...,m,
fOR) = fOlap) +2mi+4G-1,i=1,j=1,2,...,m,
k=24,...,ri—1, whenr; is odd, and
k=2,4,...,r; -2, whenr; is even
{f(v"”)—l—Z(j—l), i=2,j=1,2,...,m, whenr;_, is odd

1(riz1)

FOp) = ED Yy 1=2(=-1), i=2,j=1,2,...,my, whenry, is even
1((ri-1)-1)

foR) = fOl)-2mi-2j-1),i=2,j=12,...,m
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f(Vi-k) = f(v'ik_z)—Zm,'—Z(j—1),i=2,3,..-,n,j=1,2»---,’”1‘,

J (k-2)
k=1,3,...,ri, whenr;is odd,and
k=1,3,...,r;— 1, whenr;iseven

foi) = fa)+4G-D+2i=23,...,nj= 12 ,m

foh) = fOl)+2m+4(-1),i=23,...nj=12,....m

FOL) = fOhg ) +2mi+4(j=1),i=23,...,nj=12,...,m,

J (k-2)

k=2,4,...,ri-1, whenr;is odd, and
k=2,4,...,ri—2, whenr;is even.

Now the edge induced function ¢ : E(G) — {1,3,...,2q — 1} defined by
duv) = |f(u) — f(W)], Yuv € E(G) induce the distinct edge labels 1,3,...,2¢9 - 1
in G and hence the graph is odd graceful.

Example. Odd graceful labeling of G=G3 ) G3 U G, is shown below.

v

2
Y2
vl

iy

w?
U5

2
7

(b) Labeling of G}
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us

vl vg ”gz v ”32 3y v
vl vd vhi vl vkl vkl ok
v vk vl vl vk vy vy
i 35 vl vl vl s vl
sl v vds vis v vig vl
vl vk vl vjy vl vy vl
vis| v vls]  vds vl v vl
vl  vd vl vl vl v )
{
56
12 19117\ —~
1:21 9 179 1011;: 10?};3 109 ?; 1071(75; 103?8 111
167155 165157 163120 1611 1501 > 157} 1551
96 71 92 73 88 75 84 77 80 79 76 81 7 83
57 59 61 63 65 67 69
O T M A
139 29 137 81 135 33 133 % 131 37 129 3 127 4l
124 15 120 17 116 19 112 21 108 2 104 2 100 27
1 3 5 7 9 11 13
125 123 121 119 117 115 113
(c) Labeling of G},

Figure 11: Odd graceful labeling of G=G3|JG3 U G],.
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