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ABSTRACT. Recently the authors proposed a fundamental theorem
for the decomposing of a complete bipartite graph. They applied
the theorem to obtain complete results on the decomposition of a
complete bipartite graph into connected subgraphs on four vertices
and up to four edges. In this paper, we decompose a complete multi-
bipartite graph into its subgraphs of four vertices and five edges. We
show that necessary conditions are sufficient for the decompositions,
with some exceptions where decompositions do not exist.

1. Introduction

The decomposition problem of a graph into subgraphs all of which be-
long to a specific class of graphs has been well studied where the subgraphs
are simple (see (1], [2], and references therein). We consider connected
graphs G with vertex set V' of size/order n and edge set E of size e, and
we allow the edges to occur with a frequency greater or equal to 1. By
A copies of a simple graph G, denoted by AG, we mean the graph with
the same vertex set of G with each edge of G having multiplicity A. For
example, a AK,, is a A-fold complete multigraph of order n and a AKp, »
is a A-fold complete bipartite graph with V partitioned into two subsets
Vi and V; such that the size of V) equals m and the size of V5 equals n.
The decomposition of copies of a complete graph into proper multigraphs
has received some attention, see (3, 4, 5, 8, 8, 9], but the decomposition
problem of a complete bipartite graph was completely open till [7].

D. G. Sarvate wishes to thank the College of Charleston for granting sabbatical
and Mbarara University of Science and Technology, Uganda for their hospitality. P. A.
Winter wishes to thank the Howard College for its support. L. Zhang wishes to thank
The Citadel Foundation for its support.

JCMCC 98 (2016), pp. 139-150



In [7], Sarvate, Winter and Zhang proposed a fundamental theorem
(Theorem 1) on the decomposition of a AK,, ,, into isomorphic subgraphs,
and applied the theorem to settle graph decomposition problem for several
subgraphs with number of vertices less than or equal to 4 and the number
of edges less than or equal to 4. In this paper, we extend their study to the
decomposition problem for subgraphs with number of vertices equaling four
and number of edges equaling five. All graphs considered in this paper are
connected graphs. We show that necessary conditions are sufficient for the
decompositions, with some exceptions where decompositions do not exist.

THEOREM 1. (The fundamental theorem for the decomposition of a
AKmn [7]): If a decomposition of a MK, into a subgraph H exists, then a
decomposition of a AuKps qs into subgraphs H exists for any positive inte-
gers i, p and q.

COROLLARY 1. (7] If a decomposition of a AK, , and a decomposition
of a AK 5, are known where a,b = 1,2 or2,3, then we know a decomposition
of @ AKp, n for any positive integer m.

COROLLARY 2. (7] If a decomposition of a AK, . end a decomposition
of a AKp 4 are known where a,b = 1,2 or 2,3, same for c and d, then we
know a decomposition of a AKp, n for any positive integers m and n.

REMARK 1. (7] Essentially a AKpm: ns it X s copies of disjoint AKm n.
Therefore, once a decomposition of a AKm n is known, we know a decom-
position of a AKmns. Similarly, if a decompositions of a AKm,n and a
K n are known, then we know a decomposition of a (aX + bu)Km n.

We will refer to the fundamental theorem and its corollaries and re-
marks as the FT in the rest of the paper.

2. Decompositions of a AK,, ,, into graphs with 4 vertices and 5
edges

Figure 1 includes all connected graphs with 4 vertices and 5 edges.
Each of the last four graphs on the second row in Figure 1 has an odd

cycle, the decomposition of a AK, », into any of these graphs does not exist
(since bipartite graphs do not have odd cycles).

2.1. OLO graph decompositions.

DEFINITION 1. Let V = {a,b,c,d}. An OLO greph < a,b,c,d > on V
is a graph where the frequency of edges {a,b} and {b,c} and {c,d} are 2,1
and 2, respectively (see the first graph in the first row of Figure 1 for an
ezample).
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FIGURE 1. All connected graphs on 4 vertices and 5 edges

The necessary conditions for a decomposition of a AK,, », into OLO
graphs are m > 2 and n > 2 and Amn is 0(mod 5).

If A = 2, the necessary conditions are m > 2 and n > 2 and mn is
O(mod 5). A 2K35 over Vi = {a,b} and V2 = {1,2,...,5t} can not be
decomposed into OLO graphs. Suppose one of the OLO graphs in the de-
composition is < a,1,b,2 >, then it is impossible to have another OLO
graph in the decomposition with {b,1} as a single edge because the edge
{a,1} has already occurred twice in the OLO graph < a,1,b,2 >.

The decomposition of a 2K3 5 over V; = {1,2,3} and V; = {4,5,6,7,8}
is given by {2416,3415,5371,6372,5283,6281} where abcd represents the
OLO graph < a,b,¢,d >. The decomposition of a 2K, 5 over § = {1,2,3, 4}
and V, = {5,6,7, 8,9} is given by {6152, 7153, 7263, 8264, 9384, 7381, 5492,
7491},

The decomposition of a 2Ks5 is given as follows using the differ-
ence sets concept. Assume V) = {0} x Z; (i.e. {(0,0),(0,1),(0,2),(0,3),
(0,4)}) and V2 = {1} x Zs (0 and 1 just help us know which point is
in which part). Note differences between Vi and V; are 0,1,2,3 and 4.
Consider the difference sets < (0,0),(1,0),(0,1),(1,3) > and < (0,4),
(1,0),(0,1),(1,4) >. The first difference set gives these five graphs for the
decomposition: < (0,0),(1,0),(0,1),(1,3) >, < (0,1),(1,1),(0,2),(1,4) >,
<(0,2),(1,2),(0,3),(1,0) >, < (0,3),(1,3),(0,4),(1,1) >, < (0,4),(1,4),
(0,0),(1,2) >. Note this takes care of pairs with difference 0 twice and also
pairs with difference 2, but pairs with difference 4 occur only once, next
difference set takes care of the remaining pairs with differences 1 and 3
twice and 4 once. These decompositions can be used with the FT to obtain
decomposition for any 2K, s; for any n > 2.
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If A = 3, the necessary conditions are m > 2 and n > 2 and mn is
0(mod 5). A 3K, 5: cannot be decomposed into OLO graphs. If a decom-
position exists, there should be 3mt OLO graphs and 6mt double edges in
the decomposition (since each OLO graph has two double edges). An edge
can be a double edge in at most one of the OLO graph since A=3. In a
3K m 5, there are only 5mt distinct edges but we need 6mt distinct edges
as double edges in a decomposition.

If A = 5, the necessary conditions are m > 2 and n > 2. Note that a
5K, (on V) = {1,2} and V; = {3,4}) can be decomposed into OLO graphs
{1324,3142,4132, 1423}. A 5K53 (on V; = {1,2} and Vs = {3,4,5}) can
be decomposed into six OLO graphs {4132,5142,3152,4231,5241,3251}.
Using the FT, we can decompose any 5K, for @ and b greater than 1.

We showed earlier that a decomposition of a 2K3 5; into OLO graphs
does not exist. For a 4Kz 5 over Vi = {a,b} and V2 = {1,2, 3,4, 5}, it can be
decomposed into eight OLO graphs {5a1b, 5a2b, 2a1b, 1a2b, a3b5, a4b5, a3b4,
ad4b3}. A 6K, 5 over V; = {a,b} and V3 = {1,2,3,4,5} can be decomposed
into 12 OLO graphs {a1b4, alb4, a2b4, a2b5, a3b5, a3b5, 4a1b, 4a1b, 4a2b, 5a2b,
5a3b,5a3b}. A 7Ky over Vi = {a,b} and V; = {1,2,3,4,5} can be decom-
posed into 14 OLO graphs {alb2,a2b3,a3b4,a4b5,a5b3,a2bd, a2b5,3alb,
1a2b, 4a3b, 5a4b, 3a5b, 4alb, 5a1b}. By the FT, a AKy5: can be decomposed
into OLO graphs if A > 4. Applying the FT, we conclude the results ob-
tained in this section in the following theorem.

THEOREM 2. The necessary conditions of decomposing a AKp, n into
OLO graphs are sufficient except for A = 3 and a 2K, 5, where a decompo-
sition does not exist ,

2.2. Lamp graphs decompositions.

DEFINITION 2. The multigraph < a,b,c,d > where {a,b} is an edge
with multiplicity 3 and remaining two edges {b,c} and {c, d} with multiplic-
ity 1 is called a Lamp graph (see the second graph in the first row of Figure
1 for an example). We write abed to denote an Lamp graph < a,b,c,d >
when there is no confusion.

The necessary conditions for a decomposition of a AKp, » into Lamp
graphs are A > 3 and m > 2 and n > 2 and Amn is 0(mod 5).

For A = 3, a 3K,,,» can be decomposed into Lamp graphs only if either
m or n is divisible by 5. A 3K52 on V; = {1,2,3,4,5} and V5 = {6,7} can
be decomposed into six Lamp graphs {1647, 264, 3647,1756,2756,3756}. A
3Ks3 on V; = {1,2,3,4,5} and Vo = {a,b,c} can be decomposed into
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nine Lamp graphs {1a4b, 2a4b, 3a4b, 5blc, 2blc, 3blc, 2c5a, 3c5a, 4c5a}. Us-
ing the FT, a decomposition of a 3K, ,, into Lamp graphs exists.

A 4Ks2 0n V) = {2,3,4,5,6} and V2 = {0,1} can be decomposed into
eight Lamp graphs {0216,0316, 0416, 0516, 1206, 1306, 1406,1506}. A 4Kj 3
on V; = {3,4,5,6,7} and V, = {0,1,2} can be decomposed into 12 Lamp
graphs {0317,0417,0517,0617,1327, 1427, 1527, 1627, 2307, 2407, 2507, 2607}.
Using the F'T, a decomposition of a 3K5s; , into Lamp graphs exists.

A 5Kj5 on Vi = {2,4} and V; = {1,3} can be decomposed into four
Lamp graphs {1234, 3214, 1432,3412}. A 5K32 0n V] = {1,2,3} and V, =
{4, 5} can be decomposed six Lamp graphs {5142, 5243, 5341, 4152, 4253, 4351}.
A5K330nVy ={0,1,2} and V3 = {83, 4,5} can decomposed into nine Lamp
graphs {0315, 1423, 2504, 0413, 1524, 2305, 0514, 1325, 2403}. Using the FT,

a decomposition of a 5K, ,, into Lamp graphs exists. Using the FT, we
have the following result.

THEOREM 3. Necessary conditions are sufficient for a decomposition
of a AKp n into Lamp graphs.

2.3. OOL graph decompositions.

DEFINITION 3. Let V = {a,b,¢,d}. An OOL graph < a,b,c,d > onV
is a graph where the frequency of edges {a,b} and {b,c} and {c,d} are 2,2
and 1, respectively (see the third graph in the first row of Figure 1 for an
ezample). We write abed to denote an OOL graph < a,b,c,d > when there
is no confusion.

The necessary conditions for the decomposition of & AKy, ,, into OOL
graphs are m > 2 and n > 2 and Amn is O(mod 5).

If A = 2, the necessary conditions are m > 2 and n > 2 and m or
n is O(mod 5). A 2K3s5 on Vi = {a,b} and Vo = {1,2,3,4,5} can be
decomposed into four OOL graphs {a1b2,a3b2,b4a2,b502}. A 2K35 on
Wi = {a,b,c} and V5 = {1,2,3,4,5} can be decomposed into six OOL
graphs {1a2b, 4a3c, c4b2,b1c3,3b5a, 2¢5a}. By the FT, a decomposition of
a 2K, 5. into OOL graphs exists.

If A = 3, the necessary conditions are m > 2 and n > 2 and m or n is
0(mod 5). A 3K, 5: cannot be decomposed into OOL graphs. If a decom-
position exists, there should be 3mt OOL graphs and 6mt double edges in
the decomposition (since each OOL graph has two double edges). An edge
can be a double edge in at most one of the OOL graph since A = 3. In a
3K m,s5¢, there are only 5mt distinct edges but we need 6m distinct edges as
double edges in a decomposition.
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If A = 5, the necessary conditions are m > 2 and n > 2. A 5K,3 on
Wi = {a,b} and V, = {1,2,3} can be decomposed into six OOL graphs
{b2a1, b3a2, bla3,a2bl,alb2,a1b3}. A 5K33 on Vi = {a,b,c} and Vo =
{1,2,3} can be decomposed into nine OOL graphs {b2al, c3a2, bla3, ¢2b1,
a3b2,c1b3,a2cl1,b3c2,al1c3}. By the FT, a decomposition of a 5Km »n into
OOL graphs exists. Also, any A > 3 can be written as a linear combination
of 2 and 5, by the FT, a decomposition of & AK, » into OOL graphs exists.
We conclude the results obtained in this section in the following theorem.

THEOREM 4. The necessary conditions of decomposing a MKy, into
OOL graphs are sufficient except for A = 3 where a decomposition does not
exist.

2.4. LEL graph decompositions.

DEFINITION 4. Let V = {a,b,c,d}. An LEL (phi) graph < a,b,c,d >
on V is a graph where the frequency of edges {a,b} and {b,c} and {c,d}
are 1,3 and 1, respectively (see the fourth graph in the first row of Figure
1 for an ezample). We write abed to denote an LEL graph < a,b,c,d >
when there is no confusion.

The necessary conditions for the decomposition of a AK,, , into LEL
graphs are m > 2, n > 2, A > 3 and Amn is 0(mod 5).

For A = 4, the necessary condition 4mn = 0(mod 5) implies that either
m or n = 0(mod 5). Both a 4K55 (on Vi = {a,b} and V2 = {1,2,3,4,5})
and a 4K35 (on V; = {a,b,c} and V; = {1,2,3,4,5}) can be decomposed
into eight LEL graphs and twelve LEL graphs, respectively, as follows:
{bla5, b2a5, b3a5, bda5, a1b5, a2b5, a3b5, a4b5} and {bla5, b2a5, b3a5, bda5,
c1b5, ¢2b5, c3b5, c4b5, alcb, a2¢b, aldch, adc5}. By the FT, a decomposition
of a 4K, 5, into LEL graphs exists.

For A = 5, the necessary condition 5mn = 0(mod 5) implies that
there is no additional condition for m and n except for both of them
need to be greater than or equal to 2. A 5K32 (on V; = {a,b} and
Vo = {1,2}), a 5Kp3 (on V; = {e,b} and V2 = {1,2,3}) and a 5K333
(on Vi = {a,b,c} and Vo = {1,2,3}) can be decomposed into four, six
and nine LEL graphs, respectively, as follows: {bla2,1la2b,1b2a,alb2},
{alb2,a2b3, a3b1,bla2, b2a3,b3a1} and {bla2, b2a3, b3al, c1b2, c2b3,c3b1,
alc2,a2c3,a3cl}. By the FT, a decomposition of & 5Km » into LEL graphs
exists.

For A = 3, the necessary condition 3mn = 0(mod 5) implies that either
m or n = 0(mod 5). A 3K,5 on V; = {a,b} and V3 = {1,...,5t} cannot
be decomposed into LEL graphs. If a decomposition exists, since A = 3,
an edge will only appear as a triple edge in an LEL graph or a single edge
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in three LEL graphs in the decomposition. Also, there should be 6t LEL
graphs in the decomposition. Notice that each LEL graph should have one
single edge with a and one single edge with b and one triple edge with a
or with b. By the pigeonhole principle, without loss of generality, we can
assume that at least 3¢t LEL graphs in the decomposition have a triple edge
with a, i.e., there are 3t distinct edges {a,i} occurring triply and hence 3t
distinct edges {%, b} occurring singly. On the other hand, there are 6¢ LEL
graphs and therefore 6t single edges with b in the decomposition, that is,
there can only be % = 2t distinct single edges with b. This is a contradic-
tion. Thus, a decomposition of a 3K 5, into LEL graphs does not exist.

A 3K35 on V; = {a,b,c} and V5 = {1,2,3,4,5} also cannot be de-
composed into LEL graphs. Notice that each vertex in V; has degree 15
and each vertex in V; has degree 9. If an LEL decomposition exists, there
should be 9 LEL graphs. Thus, each vertex in V] must appear in exactly
three LEL graphs as degree 4. Also, same vertex from V5 can not occur
with all three vertices a, b and ¢ to form triple edges. Hence one vertex in
V5, say 5 occurs with only one vertex in V, say a. Now b and ¢ must occur
with 5 to form single edges. Without loss of generality, suppose an LEL
graph has {a,5} as the triple edge, i.e. < z,a,5,b > where z is any vertex
from V; which has not occurred with a to form triple edges. Hence ¢ must
occur with 5 singly in the three graphs where ¢ has degree 4 with three
other vertices from V5. Then it is impossible to let ¢ occur with the fifth
element from V, three more times as that element occurs at most twice:
once with a and once with b triply to let ¢ occur with it singly.

A 3Kj3,30 on Vi = {a,b,c} and V; = {1,...,9,z} can be decomposed
into 18 LEL graphs {zalb, za2b, za3b, xclb, xc2b, xc3b, xb7a, zb8a, xb9a,
4c7a, 5c8a, 6c9a, Tadc, 8abc, 9abe, 1b4c, 2b5¢, 3b6¢c}. A 3K3,15 on V) = {a,b,c}
and V; = {1,...,9,u,v,w,z,y, z} can be decomposed into 27 LEL graphs
{ralb, za2b, ya3b, zadb, waSc, vabe, uaTc, uade, uade, 1b6c, 2b7¢, 3b8c¢, 4b9c,
ubza, ubya, 5bza, Sbwa, Sbva, Scya, 6¢za, Tcwa, 8cva, Ycub, Tclb, zc2b, zc3b,
5cdb}. By the FT, a 3K35; can be decomposed into LEL graphs except
for a 3K3 5 where a decomposition does not exist.

A 3Ky5 on Vi = {a,b,c,d} and V3 = {1,2,3,4,5} can be decomposed
into twelve LEL graphs {cla5, c2a5, d3a5, c2b1, d3b1, a4b5, d3c2, adcl, b5cl,
a4d2,b5d2,b1d2}. A 3Kes on Vi = {a,b,c,d,e, f} and V; = {1,2,3,4,5}
can be decomposed into 18 LEL graphs {ela4, f3a4, d2a5, f3b4,d5b4, e2b1,
d5c4, elcd, f2c3,b1d2, c3d2, addS5, c3e2, abe2, bdel, a5f2,b1f2,c4f3}. Since
any even number 2m > 4 can be written as a linear combination of 4 and
6, by the FT, a 3K5,, 5 and hence a 3K, 5: can be decomposed into LEL
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graphs.

A3Ksson Vi = {a,b,¢,d,e} and V5 = {1,2,3,4,5} can be decomposed
into 15 LEL graphs {bla4, c2a4, d3a4, c2b5, d3b5, e4b5, d3cl, edcl, a5cl, edd2,
a5d2, b1d2, a5e3,ble3,c2e3}. A3K7sonVi ={1,...,7}and Vo = {a,..., €}
can be decomposed into 21 LEL graphs {cla5, b2a6,b3a5, d4a7, a5h2, c6b4,
c7b4, c1b4, b2¢6, b3c6, ddc?, d5cT, abd3, a7d3, c1d3, e2d5, b3el, ddel, d5el,
a6e2,a7e2}. By the FT, a 3K2m 41,5 (for 2m+1 > 5) and hence a 3Kam+1,5¢
can be decomposed into LEL graphs (since any odd number greater than 7
can be written as a linear combination of 5 and an even number). Combin-
ing with the case of a 3K 5¢, 8 3Kn s for n > 4 can be decomposed into
LEL graphs. Furthermore, combining the result obtained for a decompo-
sition of a 3K35; into LEL graphs, a 3K, s; for n > 3 can be decomposed
into LEL graphs except for a 3K3 5 where a decomposition does not exist.

A 6Kj5: on Vi = {a,b} and V2 = {1,2,3,4,5,...,5t} can not be de-
composed into LEL graphs. Note that degree of any vertex in V3 is 12.
An LEL graph in a decomposition must have two vertices from V, one
of degree one and the other of degree four. No vertex in V, can appear
more than three times as degree four as degree is 12. Also, we show below
that no vertex can appear as degree four in three LEL graphs in a decom-
position. Assume a decomposition into LEL graphs exists, then there are
6 x 2xt =12t LEL graphs in the decomposition. Without loss of general-
ity, suppose vertex 1 appears as degree four in three LEL graphs, and the
first two LEL graphs are < *,a,1,b > and < *,a,1,b > where * is some
vertex in V3. Now we can not complete the third LEL graph < *,b,1,2 >
as A = 6 and 1 has already occurred with a six times. Thus, a vertex from

V, can appear as degree four only in at most two LEL graphs, so the total
number of LEL graphs in the decomposition is at most 5t x 2 = 10f, a
contradiction to 12t LEL graphs in a decomposition if it exists.

A6K350n V) = {a,b,c}and V5 = {1,2,3,4,5} can be decomposed into
18 LEL graphs {bla2, bla2, c2a4, b3a5, bda5, b5a4, c2b3, c2b3, a3b4, c1b5, c4b5,
c5b4, a3cd, a3cd, bleb, a2¢5, adcl, a5cl}. Both a 6Ky and a 6K55 can be
decomposed into LEL graphs by the FT since an LEL decomposition ex-
ists for a 3Ky 5 and for a 3Kj 5, respectively. By the FT, a 6K, 5: can be
decomposed into LEL graphs except for a 6K5 5 where a decomposition
does not exist.

A 7Ky 5 on Vy = {a,b} and V2 = {1,2,3,4,5} can be decomposed into
14 LEL graphs {b3a5, blad, bla5, b2a4, b2a3, b4a3, b503, alb3, a2b3, a3b2,
a4b2,a4b3,a5b1,a5b1}. A TK3 5 on Vi = {a,b,c} and V5 = {1,2,3,4,5} can
be decomposed into 21 LEL graphs {cla2, cla4, b2a4,b2a5, b3a5, b4a5, b5a4,
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clb4, c1b4, a3b5, a3b5, c2b1, c4b5, c5bd, b2c3, b2c4, a3c5, a3ch, alcd, adceS, aScd}.
By the FT, an LEL decomposition exists for a 7K, s and hence a 7K, 5;.

Also, by the FT, an LEL decomposition of a AKj s, exists except for a
3K>,5: and a 6K3 5 (notice that an LEL decomposition of a AKj s, exists
for A = 4,5 and 7, and any A > 7 can be written as a linear combination
of 4, 5 and 7). An LEL decomposition of a AK35: exists except for a
3K3,5 (notice that an LEL decomposition of a AK3 5, exists for A = 4,5,6
and 7, and any A > 7 can be written as a linear combination of 4, 5 and
6). Recall that an LEL decomposition of a AK,, 5 for n > 4 exists and
an LEL decomposition of a 5K, n exists by the FT. We summarize the
results obtained in this section in the following theorem.

THEOREM 5. The necessary conditions of decomposing a MK, n into
LEL graphs are sufficient except for a 3K25,, a 6Kz 5: and a 3K3 5 where
o decomposition does not erist.

2.5. ELL, 3 graph decompositions.

DEFINITION 5. Let V = {a,b,c,d}. An ELL, 3 graph < a,b,c,d > on
V is a graph where the frequency of edges {a,b} and {a,c} and {a,d} are
3,1 and 1, respectively (see the fifth graph in the first row of Figure 1 for
an example). We write abcd to denote an ELL, 3 graph < a,b,c,d > when
there is no confusion.

The necessary conditions for the decomposition of a AKqinto ELL, 3
graphs are m > 3 or n > 3 and A > 3 and Amn is O(mod 5).

A 3K 5 0nV; = {a} and V5 = {1,2,3,4,5} can be decomposed into
three ELL,; 3 graphs {2145, a245,a345}. By the F'T, a decomposition of a
3K 5 into ELL, 3 graphs exists.

A 4K, 5 on Vi = {a} and V2 = {1,2,3,4,5} can be decomposed into
four ELL, 3 graphs {a312,a413,2514,a215}. By the FT, a decomposition
of a 4K, 5 into ELL, 3 graphs exists.

For A = 5, the necessary condition 5mn = O(mod 5) implies that there
is no additional condition for m and n except for one of them needs to be
greater than or equal to 3. A 5K;3 (on V; = {a} and V; = {1,2,3}), a
5K1,4(onV; = {a}and V> = {1,2,3,4}) and a 5K, 5 (on V; = {a} and V; =
{1,2,3,4,5}) can be decomposed into three, four and five OOL, 3 graphs,
respectively, as follows: {a312,a213,2123}, {a312,a412,a134,0234} and
{a312, 2423, 4534, a145,4215}. By the FT, a decomposition of a 5K, »
into OOL, 3 graphs exists. Also, by the FT, a AKp5: (A > 3) can be
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decomposed into ELL, 3 graphs (since A can be written as a linear combi-
nation of 3, 4 and 5). We conclude the results obtained in this section in
the following theorem.

THEOREM 6. The necessary conditions of decomposing a MKy, n into
ELL, 3 graphs are sufficient.

2.6. OOL, 3 graph decompositions.

DEFINITION 6. Let V = {a,b,¢c,d}. An OOL, 3 graph < a,b,c,d > on
V is a graph where the frequency of edges {a,b} and {a,c} and {a,d} are
2,2 and 1, respectively (see the last graph in the first row of Figure 1 for
an ezample). We write abed to denote an OOL, 3 graph < a,b,c,d > when
there is no confusion.

The necessary conditions for the decomposition of a AK, 5 into OOL; 3
graphs are m > 3 or n > 3 and Amn is 0(mod 5).

A 2K,5 on Vi = {a} and V2 = {1,2,3,4,5} can be decomposed into
two OOL, 3 graphs {a123,a453}. By the FT, a decomposition of a 2K, 5:
into OOL, 3 graphs exists.

A 3K, 5 cannot be decomposed into OOL, 3 graphs. If a decomposi-
tion exists, there should be 3mt OOL; 3 graphs and 6mt double edges in
the decomposition (since each OOL; 3 graph has two double edges). An
edge can be a double edge in at most one of the OOL, 3 graph since A = 3.
In a 3K, 5, there are only 5mt distinct edges but we need 6m distinct
edges as double edges in a decomposition.

For A = 5, the necessary condition 5mn = 0(mod 5) implies that there
is no additional condition for m and n except for one of them needs to be
- greater than or equal to 3. A 5K33 (on Vi = {a} and V5 = {1,2,3}), a
5K14(onV] = {e}and V2 = {1,2,3,4})and a 5K, 5 (on V1 = {a} and Vo =
{1,2,3,4,5}) can be decomposed into three, four and five OOL, 3 graphs,
respectively, as follows: {al123,a231,a132}, {a123,a234,a341,a142} and
{a123,a234, a345,a451,a152}. By the FT, a decomposition of a 5K, n
into OOL, 3 graphs exists (since any number n > 2 can be written as a
linear combination of 3,4 and 5).

By the FT, a AKy,n (A # 3) can be decomposed into OOL, 3 graphs
(since A can be written as a linear combination of 2 and 5). We conclude
the results obtained in this section in the following theorem.

THEOREM 7. The necessary conditions of decomposing a AKm n into
OOL, 3 graphs are sufficient except for A\ = 3 where a decomposition does
not exist.
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2.7. OX graph decompositions.

DEFINITION 7. Let V = {a,b,c,d}. AnOX graph < a,b,c,d > onV is
a graph where the frequency of edges {a,b} and {b,c} and {c,d} and {d,a}
are 2,1,1 and 1, respectively (see the first graph in the first row of Figure 1
Jor an example). We write abed to denote an OX graph < a,b,c,d > when
there is no confusion.

Notice that an OX graph has a cycle of length four. The necessary
conditions for the decomposition of a AK, ,, into OX graphs are m > 2
and n > 2 and Amn is O(mod 5).

A 2Kz 5 (on V) = {a,b} and V2 = {1,...,5t}) cannot be decomposed
into OX graphs. Notice that the degree of a vertex in an OX graph is
either two or three. The degree of each vertex in V4 is four, but the degree
of some vertex in V, has to be three in an OX graph in the decomposition,
so it is impossible for that vertex to have a total degree of four in the de-
composition.

A2K3g (onV) = {a,b,c} and V2 = {1,2,3,4,5}) and a 2K 5 (on V; =
{a,b,c,d} and V; = {1,2,3,4,5}) can be decomposed into six and eight OX
graphs, respectively: {alc4,a2b5,bl1c5,b3ad,c2b4,c3e5} and {al1b3,a2b3,
bddl, b5¢2, c1d3, c4a5, d5ad,d2c3}. A 2Ks 5 on V; = {a,b,c,d,e} and Vo =
{1,2,3,4,5} can be decomposed into 10 OX graphs {alc5,a2d3, b2dl1, b3ed,
c3e2, cda’, d4a3, d5k1, e5b4,elc2}. By the FT, a 2K, 5 for n > 3 can be
decomposed into OX graphs.

A 3K3s (on V) = {a,b} and V3 = {1,2,3,4,5}) can be decomposed
into six OX graphs {alb4,a2b4,a3b4,bla5, b2a5,b3a5}. A 3K35 (on V; =
{a,b,c} and V; = {1,2,3,4,5}) can be decomposed into nine OX graphs
{c1b2,a2c3, b3al, adbl, b4c2, c4a3, a5b2, b5c3,c5a1}. By the FT, a 3K, 5
can be decomposed into OX graphs.

For A = 5, the necessary condition 5mn = 0(mod 5) implies that there
is no condition on m and n except for m > 2 and n > 2. A 5K, 2 on
Vi = {a,b} and V; = {1,2} can be decomposed into four OX graphs
{a1b2,a2b1,b1a2,b2a1}. A 5Kp3 on Vi = {a,b} and V3 = {1,2, 3} can
be decomposed into six OX graphs {a1b2,a2b3,a3b1,b1a2,b2a3,b3a1}. A
5K33 on Vi = {a,b,c} and V2 = {1,2,3} can be decomposed into nine OX
graphs {a1b2,a2¢c3,a3b1,blc2, b2a3, b3cl, cla2, c2b3,c3al}. By the FT, a
5Km,» can be decomposed into OX graphs.

A 4Kp5 (on V} = {a,b} and V3 = {1,2,3,4,5}) can-be decomposed

into eight OX graphs {bla2, b2a3,b3a4, bdal, alb5,a2b5,a3b5, a4b5}. Since
a decomposition of a 3K 5 into OX graphs and a decomposition of a 5K 5
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into OX graphs exist, by the FT, a decomposition of a AK3 5 for A > 3 into
OX graphs exists and hence a MKy 5, for A > 3. We conclude the results
obtained in the section in the following theorem.

THEOREM 8. The necessary conditions of decomposing a AKp, n, into
OX graphs are sufficient except for a 2K» 5. where a decomposition does
not exist.

3. Summary

In this paper we applied the fundamental theorem to the decomposition
of a AK,, » into subgraphs having four vertices and five edges. Applying
the fundamental theorem to prove that certain necessary conditions are
sufficient reduces the proofs to find examples of decompositions for certain
small bipartite graphs. We also showed the non-existence of the decomposi-
tions for the following cases: a 3K » and a 2Kz 5; can not be decomposed
into OLO graphs, a 3K, », can not be decomposed into OQOL graphs, a
3K35t, a 6K25 and a 3K35 can not be decomposed into LEL graphs, a
3Kmn can not be decomposed into OOL, 3 graphs, and a 2K35: can not
be decomposed into OX graphs.
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