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Abstract

We determine the signless Laplacian spectrum for the H-join of
regular graphs Gi,...,Gp. We also find an expression and upper
bounds for the signless Laplacian spread of the H-join of regular
graphs Gy, ...,Gp.
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1 Introduction

We consider simple graphs. Let G be a graph with vertex set V(G) and edge
set E(G). For V(G) = [n), let d; be the degree of vertex i for i € [n]. Let
D(G) be the degree diagonal matrix of G, where the (¢, i)-entry of D(G) is
equal to the degree of vertex i, and A(G) = (a;;) be the adjacency matrix of
G, where a;; = 1 if vertices i and j are adjacent in G and a;; = 0 otherwise.
The signless Laplacian matrix of G is defined as Q(G) = D(G) + A(G).

The signless Laplacian spectrum (multiset of the eigenvalues) of G is
the spectrum of Q(G), denoted by

0(G) = (01(G),02(G),...,0n(G)),

where 01(G) > 02(G) > - -+ 2 0a(G) are the signless Laplacian eigenvalues
of G. The signless Laplacian spread of G is defined as s(G) = 01(G)—0x(G).
Recall that 0,(G) > 0 with equality if and only if G has a bipartite com-
ponent [6]. The signless Laplacian spectrum has received much attention,
especially in recent years, see, e.g., [3-7, 11, 12].
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Consider a family of p graphs F = {G1,...,Gp}, where each graph G;
has order n; for i =1,...,p, and a graph H such that V(H) = {1,...,p}.
Each vertex ¢ € V(H) is assigned to the graph G; € F. The H-join of
G1,...,Gyp is the graph G = \/;{G; : i € V(H)} (or G = H[G},...,Gy))
such that V(G) = U?_,V(G;) and

E@G) = (Uf=lE(Gi)) U (Urseg(g){uv tu € V(Gy),v € V(G,)}) .
Then [V(G)| = S0y = 1, [EG)] = S0y [E(GH)] + Seyengn nins-

i=1

This graph operation was introduced in [10] under the name generalized
composition and in [2] under the name H-join. The adjacency spectrum of
Vy{Gi:i€ V(H)} when G; fori = 1,...,p are all regular was determined
in [10]. The adjacency and Laplacian spectra of graphs produced by a
generalized H-join operation on families of graphs (regular in the case of
adjacency spectra and arbitrary in the case of Laplacian spectra) were
recently determined in [2].

The rest of the paper is organized as follows. In Section 2, we give
preliminary concepts and notions. In Section 3, we give the signless Lapla-
cian spectrum, the expression and upper bounds for the signless Laplacian
spread of the H-join of regular graphs Gy, ...,G,.

2 Preliminaries

Let e, be the column vector of size n with all entries equal to one, let Jij
be the ¢ x j matrix whose entries are all ones, and let 0,, be a column zero
vector of size n.

For i,j € V(H), let

1 ifij e E(H)
0 otherwise

6i(H) = {

Ny(i) = {j : ij € E(H)} (the set of neighbors of vertex i in H), N; =
jENH(i) nJ a.nd

2d1 + NV; 61,2\/71.1712 - él,p,/nlnp

" b2,1y/Man1 2d24+ Ny ... &y, /MW,

Jp'l VTpT 5,,,2\/1’1,,712 ves 2dp + Np
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For G = \/4 FF, we have

Q(Gl) + NII 61,23’”1 n2 M 61-?']"‘1 Mp
52,1 Jn n Q(G2 + N2I v 62, Jn Np
Q(G) — ) 2,71 ) ' 14 2

5p,1an'nl 6p,2an,n1 s Q(GP) + NPI

For a symmetric nonnegative matrix A of order n, let A;(A),...,Ax(4)
be the eigenvalues of A arranged in a non-increasing order. For a multiset
S with a € S and a real number b , let

S~{a}+b={s+b:s€S5—{a}},

where S — {a} denotes the multiset obtained by deleting one a from S.

3 Results

First, we give the signless Laplacian spectrum of the H-join of regular
graphs Gy,...,Gp.

Theorem 1. Let H be a graph of orderp and F = {G,,...,Gp} be a family
of regular graphs, where G; has degree d; and ordern; fori=1,...,p. For
G =\ yF, we have
o(G) = UL, (0(G) \ {23} + No) U o (M),

Proof. Fori=1,...,p,1let Ay, Ay, .0, ’\in.- be the signless Laplacian eigen-
values of Gy, arranged in a non-increasing order. Since G; is d;-regular,
Aiy = 2d;. Let u;),u;,,. .., ui,, be orthogonal eigenvectors of Q(G;) corre-
sponding to the eigenvalues A;; = 2d;, Ay, ..., A, respectively.

Since G; is regular, u;, is a multiple of e,,, and thus Jgn,ux = 0, for
k=1is,...,0n,.

Forj=2,...,n;and i=1,...,p, we have
( 011.1 w ( al,iJnl,n.'uij \
o‘n.'_l 6i—1,i*]n;_1,n;ui_,~
Q(G) 'U,,'j = (Q(G;) + NiI)’U,,'J.
011;.,.1 6i+1,iJn.-+x,n,-ui,-
\ Onp J K 6Prian:niuij )
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( O )

One.,
= Q(Gi)wi; + Niluy;

0"-+x

\ o)
("jl\

i, +N) | ow; |,

\ o, |

and thus A;; + N1 is a signless Laplacian eigenvalue of G with eigenvectors

oF,.. OI: U001y, 00 )T, Thus we obtain 3°7_ (n; — 1) = n —
P sxgnless Laplacxan elgenvalues /\.k of G and corresponding orthogona]
elgenvectors Tik = (Om, ,On' l,u,k, OI‘ e OTP)T fori=1,...,pand
k=2,.
Let D = diag(2d1 + Ni,...,2dp + Np), N = diag(n,,...,np),
2dy+ Ny bi2ne ... 01,pMp
52’171,1 2do + Ny ... 62,,,71,,
M=AMHN+D= . i . . ,
Jp,lnl 6,,,2112 cen 2dp + Np

and K = diag(\/n1,...,/Mp). Then M’ = KMK™, ie., M is simi-
lar to M’, and thus a(M ) = o(M’). Note that M’ is a real symmetric
matrix. Let A1,...,Ap be the eigenvalues of M’ with corresponding or-
thogonal elgenvectors 91, .10p. Then Ay,..., ), are the eigenvalues of
M with corresponding orthogonal e]genvectors K ~16y,...,K716,. Let
K=16; = ¢; = (cj,, - - .,¢,)T for j=1,...,p. Then

Mcj = Mjej for j=1,...,p,

and thus
Cjyen, (2d1¢j, + Nicj, + Y isq 01,kCj Nk )en,
Cjaln, (2d2¢j, + Nacjy + 3 1z 82,65, Tk ),
i . = . ,
Cip€ny (2dpc), + NpCj, + 3 kp Op,kCiu Tk Jen,,
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ie.,

Wjy (Q(G1) + Ml)wj, + Zk;él 01,k Jny ,ni Wi
v (Q(G2) + NaD)wj, + 3425 62,k Inz ni Wi
wr, (Q(Gp) + Nplywj, + 3 gp Op.kInp mi Wi

Wy,

wj

=qq| |,
wjp
where wj, = cj,en, for i = 1,...,p. Thus we obtain p mgnless Laplacian

eigenvalues )\k of G and correspondmg eigenvectors yi = (wkl ,wkp)'r
for k=1,.
Suppose that there are real a;x for i = 1,...,pand k = 2,...,n;, and

b;j for j =1,...,p such that

P

> Za.kz‘zk + ijyj =0,
i=1 k=2
ie.,
P
Z Z Qi Tik = — Z beJ
i=1 k=2
Since uixen, =0fori=1,...,pand k= 2,...,n,—, we have
z a,ku,k(z bjcj.)en, =0fori=1,...,p.
k=2
Thus
P n T
(Z Z aikl'ik) Z bjy; =0,
i=1 k=2 j=1
ie.,

i=1 k=2 i=1 k=2
It is easy to see that the signless Laplacian eigenvectors x. fori =1,...,p
and k = 2,...,n; are linearly independent. Then a;; =0 fori=1,...,p
and k = 2,...,n;, and thus b; = 0 for j = 1,...,p (since y1,...,yp are
linearly independent). It follows that the signless Laplacian eigenvectors
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Ty for k=2,...,n;and i =1,...,pand y, for k = 1,...,p are linearly
independent. Thus we have obtained all the signless Laplacian eigenvalues
of G, as desired. O

For disjoint graphs G; and G, the join G V G, is obtained from G
and G by adding all possible edges between vertices of G; and G, that is
V(G1V G3) = V(G1) UV(G3) and

E(G) = (U?zlE(Gi)) U({w:ue V(G1),ve V(Gy)}).
Obviously, G V Gz = Vu{G; : i € V(H)} with H = P,. We have the
following corollary from [1] using a different reasoning.

Corollary 1. [1] Let G; be a d;-regular graph of order n;, where i = 1,2.
Then
0(G1V Gy) = UL, (0(Gi) \ {2d:} +n3_i) U {B1, B2},

where

3 2d, +2d2+n+\/(2d1 +n2—2d2—n1)2+4n1n2
1= )
2

ﬁ 2d1 + 2d2 +n-— \/(2d1 + ng — 2d2 bt n1)2 + 477.117.2
2 = .
2

Proof. Obviously, Ny = ny and N = n;. By Theorem 1 we have
o(G1V Ga) = UZ}Ho(Q(G:) \ {2d:} + Ni) U {B1, B2},
where f; for i = 1,2 are eigenvalues of the matrix

M = 2d; +ny  /ring
viang  2dy +ny :

By direct calculation, we have the expressions for 8; and B, as desired. [

Now we give an expression for the signless Laplacian spread of the join
of two regular graphs.

Corollary 2. Let G; be a d;-regular graph of order n;, wherei=1,2. Let
G=G1VGe andn=n; +ny. Then

(V@d; + 2~ 2d; —mP +dmng  if An(G) = B,

2dy—-2d; +n+\/(2d1 +n2—2d2—n1)2+4nyny
2

$(G) = J +3(G1) — n2

'l,f AR(G) = A'n.l (Gl) + na,

2d; —2d2+n+\/(2d1 +n2—2d2—n1)?+4nyny
2

if An(G) = Any (G2) + 1.

{ +5(Ga) —my
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Proof. Recall that 0(G,VG?) is given in Corollary 1. If 2ds +n; < 2d; +na2,

then

B1 — (2d1 + n2)
2dy +2dy +n + \/(2d1 +ng —2ds — n1)2 + dnyng
2

-—(2d1 +n2)
2d; + 2dy + 1y +ng +2dy +ng —2da — 1y
2

—(2d1 + 'nz)
(2d; + n2) — (2dy + n2)
0,

and if 2ds + n; > 2d; + ng, then

61 - (2d2 + nl)

2d1 +2dy +n + +/ (2d1 +ng —2dp — n1)2 + 4nyng
2

-‘(2d2 +n1)
2d; + 2dgy + 1y + 1o +2dy + 1y — 2d; — 12
2

—(2d2 + n;)
(2d2 + nl) - (2d2 + 17.1)
0.

It follows that 81 > 2d; + N; for i = 1,2, and thus X;(G) = 1. On the
other hand, A, = 2d; + N; — s(G;), for i = 1,2. O

Corollary 3. Let G = G, V Ga, where G; is a d;-regular graph of order n;
fori=1,2. If |dy — dz2| > |n1 — ng|, then s(G) > ny + ns.

Proof. By Corollary 1, B4, B2 € 0(G). Thus

as desired.

s(G) =2 B1—pe

= \/(2d1 +ng —2ds — "ll)2 + 4dnyno

= V(2(d1 — d2) — (n2 —m1))% +dnynp
V(ng —ny1)2 + dnyn,

ny + ng,

\Y

O

Next, we give an expression for the signless Laplacian spread of the
H-join of regular graphs Gy,...,Gp.
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Theorem 2. Let H be a graph of order p and F = {G1,...,G,} be a family
of regular graphs, where G; has degree d; and order n; fori =1,...,p. If
G =VyF, then

$(6) = s(M") + max (A, (M') + 5(Gi) — 2d; — N,,0}.

Proof. By Theorem 1,
a(G) = UL, (0(G:) \ {2d:} + N;) Ua(M').
For any i € 1,...,p, An,(G;i) = 2d; — s(G;), and then
A(G) € UP_; {2d; + N; — s(Gi)} U {A,(M")}.

Note that A;(M') > maxi<i<p{2d; + N;} > t for any t € UP_,0(G;) \
{2d;} + N;. We have A\1(G) = A\1(M’), and then

$(G) = M(G) - X(G)
= M(M') = (M) - 112iigp{2di + N; = s(G;) — Ap(M'), 0}
= /\I(MI) - /\p(MI) + lrgfgcp{z\p(M’) + S(Gi) —2d; — N;, 0}
= s(M)+ 1lgga.<xp{/\,,(M') + s(G;) — 2d; — N;, 0},

as desired. O

Now we give an upper bound for the signless Laplacian spread of the
H-join of regular graphs Gi,...,G,.

Theorem 3. Let H be a graph of order p and F = {Gy,...,Gp} be a family
of regular graphs, where G; has degree d; and ordern; fori=1,...,p. Let
H be a graph of order p andF = {G,...,Gp} be a family of regular graphs,
where G; has degree d; and order n; fori=1,...,p. Let

0 vung ... \/7Tn,,

P /nang 0 \/7Tn,,
Vel /gl ... 0

IfG=\yF, then
S(G) < lrgiasxp{2di + Ni} + Al(H)Al(P) - lrsnii_é_lp{2di + N; — S(Gi), )\p(M’)}
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Proof. By Theorem 1,
0(G) = UL, (0(G:) \ {2di} + N;) Uo (M),

where M’ = D+Q(H)oP, D = diag(2d,+ Ny, ..., 2dp+Np), and o denotes
the Hadamard product. Note that for two symmetric nonnegative matrices
of order p, A and B, we have A\;(A + B) < A1(A) + A1(B) [8, Theorem
4.3.1] and A1 (Ao B) < A1(A)M1(B) [9, Observation 5.7.3]. Thus
M(M) < M(D)+M(QH) o P) < M(D) + M(H)M(P)
= 11'2?2(?{2115 + N;} + M(H)M(P)

Since A, (G) = 1r<n,i21 {2d; + N; — 3(Gi), Ap(M")} and M(G) = M (M), we
<igp
have
s(G) A(G) = M(G)
max {Qdi + N;} + /\1(H)/\1(P)
1<i<p

- lrsniigp{zdi + N; — S(Gi), )\p(M’)},

IA

as desired. O

Finally, we give an example for which the upper bound for the signless
Laplacian spread may be attained.

Theorem 4. For positive integers p,q > 3 and n € N, such that n >
p+q+3. Let H = P3 and let F = {G,, G2, G3} be a family of graphs, where
Gy =Cp, Gy =C,, G3 =Crpq. Let G=\yTF. Thens(G) < n+1 with
equality if and only if ¢ = 3 and there is an even cycle in G1,G3.

Proof. By Theorem 1 we have
o(G) = UL, (0(G:)\{4} + Ni) U {B1, B2, Bs},

where Ny =¢q, N =n—gq, N3 =¢q, and 3; for i € {1,2,3} (81 < B2 < fB3)
are the roots of the characteristic polynomial of the matrix

4+¢q q 0
M= p 44n—-q n—-p—q }.
0 q 44¢

By direct calculation, 8; = 4, B2 = ¢ +4, and 83 = n+ 4. Then A(G) =
ﬂ3 =n+ 4’

)\"(G) = min{/\p(Gl) + Ny, )\Q(Gz) + Ny, An_p_q(Gs) + N3,4}
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2 min{q,n_‘]»‘l}
2 3

with equalities if and only if ¢ = 3 (since n — ¢ > 3), and A\p(G1) = 0 or
An-p—q(G3) =0, that is at least one of G; and G4 is even, and thus

8(G)=n+4-X,(G)Sn+4-3=n+1

with equality if and only if ¢ = 3 and one of G; and Gj3 is even. O
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