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Abstract

By applying the method of generating function, the purpose of
this paper is to give several summation of reciprocals related to quin-
tuple product of general second order recurrence {Wr.} for arbi-
trary positive integer #. As applications, some identities involving
Fibonacci, Lucas numbers are obtained.
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1 Introduction
In the notation of Horadam (4], write
Wa = Wyi(a, b; P, Q),
so that
W, = PW,_y —QW,_o, (Wo=1qa, W) =0b, n2>2), (1)

where a, b, P and Q are integers, with PQ # 0. In the sequel we shall
suppose that A = P2 — 4Q > 0. Then it is easily to obtain the Binet
formula [4]: ’ '

Aa™ — BB™
Wn="—"3"8 "

wherea=P—@,B=ﬂ,/&=b—ﬂaaﬂd3=b—aa. In
particular, we write U, = W,(0, 1; P, Q),V,, = Wa(2, P; P, Q), then
a® - " = (o — B)Up,a™ + 8" = V,,.
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In (1], R. Andre-Jeannin obtained the following series identities:

m k
Qﬂ n
[ —e 3
; Wan+k Umnzz:l Wan+m ’ ( )
> Qn 1 (& W
= 2t ko), 4
2 Wiy ~ ABTL (,,:, W, ’“’) @

where P > 0 and k and m are nonnegative integers. (3) and (4) are given
by Good (3] in the case Q = —1. Brousseau (2] proved (4) for W,, = F,,. In
[6](see also [7]), T. Mansour used the generating function techniques to get
several summation of reciprocals related to generalized Fibonacci numbers.

Regarding taking I-th powers of terms in the sums, the author [9] gen-
eralized the results of (3) and (4). For example, he derived the following
infinitive reciprocal sums:

) n l

I—1-i
Xﬁz("_k)'“"] [(Wiqr — WieB)Q™ ™
~(Wis1 — Wka)ﬁz("_k)+m]i

_ (oo T2k
T e =B Wi - WiB) & W, “

+i

In (5], the author gave the generalize the result of (5) regarding recip-
rocal sums of {-th powers of the terms with indices.

In [8], the author gave the summation of reciprocals related to quintuple
product of generalized Fibonacci sequences. By applying the method of
generating function, the purpose of this paper is to give generalize the
yezult of [8] regarding reciprocal sums of triple product of the terms with
indices.

’i‘hroughout the paper, 7, k, I, m and ¢ are six positive integers with
t>k.

2 Main Result

In this section we consider finite both infinite reciprocal sums of quintuple
product of r-consecutive terms of sequence {W,}. First of all, we give the
following general second order recurrence {W,,,} of [5] which are to be used
later.
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Let W,, be the nth term of sequence {W,} . Then for n,r > 0,
Wen = },rWr(n—l) - Z‘r'Wr(n—Z)’ (6)

where Y, =a” + 8" and Z, = (af)".
We define D, 5 to be [];_o Wr(n+j), S0 the product

WernWeneyWens2) Wrnr3) Wetng)
becomes Dy, 4.

Theorem 2.1 Let P > 0. Then

: Q™" 3r(n+2-k) _ 3 adr(nt+2-k)
r({n - -V 6 rin Ed
; Drnd( ,Br) {Ur Tk

+ frie U er(n+1 k)( -QM [# o (n+2-k) -, .Br("+2 k)]}

( Br)Qrk [ ﬂr ,32" 637' Br(t+ 1-k)
— + —_—
Bk Vr Wie W)y Wegsy  Wegrs)  Weesn)

ﬂr(t+2—k) ﬂr(t+3 k) ﬁr(t+4—k)]
()

+ _
Weerny  Wierny Wi

where prx = Wees1) — WekB7, Vrk = Weea) — Wi

Proof Let f(z) = Y or, Went™, ek = Wrs1) — WekB™, vrk =
Wik+1) — Wrke™. From (6) we have

£(z) = Weea® — Wegepnyz*t! = Yoz(f(z) - Weka*] - Zo2? f ().
Hence the following generating function is obtained:

f( ) rk + x[Wr(k+1) - Yrer]
- 1-Y,.z+ Z,.22 '

Since 1 — Yrx + Z,2%2 = (1 — a"z)(1 — B"x), we can decompose f(z) into

partial fractions:
T ar-p\l—-ax 1-8z)

Comparing the coefficients of z™ in both sides of above equation, we obtain
that

W‘rn = _._l.fr_k-—ar(n_k) - ——I{‘Lﬁ‘r’ﬁr(n_k)' (8)

o — pT a” —
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Let

T, = B0 grivte s (seN).  (9)
B = s€N).

s Wr(n+s) E#:Lﬂrar(n*—s-k) - G_T"Ekﬁ?ﬁr(n+s—k)

Then

Br(n—k) ﬁr(n«}-l—k) “err(n—k)

Ty-Th=
o ! Wrn Wr(n+l) Drn,l

I'"err(n+1_k)

' -1y = .
! Wr(n+l)Wr(n+2)

Hence we have

r(n—k)
TO _ Tl _ Tl + T2 - I“Tkg [urkaf(ﬂ+1—k) + Urkﬁr(n+l—k)] .
rn,2

uerr(n+2—-k)

Wrint)Wr(nt3) Wrn1a)

% [#rkar(n+3—k) n Vrkﬁr(rl+3—k)] '

L-T3-T3+T4=

(To-—Tl—T1+T2)—(T2—T3—T3+T4)

r(n—k
_ N'rkg (n—k) [ltrkar("ﬂ_k) +Vrkﬁr(n+l—k)]
™m,2

#err(n+2—k)
Wr(n+2) Wr(n+3) Wr(n+4)
_ pr QTR
Drna(ar —B7)

+[J,,-kl/err(n+l—k)(Vr2 -Qn [Hrkar(n+2_k) _ Vrkﬁr(n.,.g_k)}} -

ka0 4 s

{ p3,aPrne2-k) _ 3 gar(n+2-k)

t

an
n=k Drn’4(a7'
kv QTR (V2 - QM) [F‘rkar("+2_k) - Vrkﬁr(n+2—k)] }

(ar _ ,Br)Qrk [ 1 B ﬁr B ﬁZr N Bar B ﬂr(t+1—k)
drk Ve Wik Wekry  Wegrzy  Wigssy  Wiesy
Brit+2-kK)  pgrit+3-k)  gr(t+4—k) ]

~5 { ”gk a3r(n+2-k) _ ka BArin+2-Fk)

+

Wr(t+2) Wi (e43) Wisa)
The proof of the theorem is completed. O



Theorem 2.2 Let P > 0. Then

= Q™ 3 _3r(n+2-k) _ 3 adr(n+2—k)
o3rint2-k) _ r(n+2—
% Drn,:l(ar — ,BT) {ﬂrk rk:B

kv QIR (VE - Q) [l-"rkar(n+2—k) - Vrkﬂr(n+2_k)]}
_ - Bn)Q* [ g B + B3 ]
brk Ve Wt  Wegern) Wekt) W) ]

where prx = Wekpr) — WekB7, vek = Wear) — Wi

(10)

Proof By (7), we have

i an {pgkasr(n-%?—k) _ U3kﬂ3r(n+2—k)
n==k Dr"l4(ar - B‘r) " "

+ iUy er(n+l k)( Qr [/J' kar(11+2 —k) —, ﬁr(n+2 k)]}

(ar —ﬁr)Qrk lim [ ﬂr B ﬁZr 4 ﬁar 3 ,Br(t'H—k)
Ve to00 (W Wogan) Wegezy Wegas)y Wiy
r(t+2-k)  gr(t+3—k)  gr(t+d—k)
B B B ]

+ —_—
Wiee+2) Wi (t+3) Wi(t+4)

where the limiting process has been justified by

lg' P+ \/P2
/P2 —
ﬁr(n+s-k)

>1, for P >0,

and

nll»ngo T = ’}E"n;" Wr(n+s)

1
= lim
n=oo r§k+1)—erﬂ'( )r(n+s—k) _ Wiy —Wea”
av‘_ﬂr

=0. (11)

The proof of the theorem is completed. O

We define Ern,m,l,s to be Wrn H;-—_{) Wr(n+m+jl)Wr(n+2m+(j+1)l)7 so the
product
WrnWr(n+m) Wr(n+m+l) Wr(n+2m+l) Wr(n+2m+21)

becomes Erp m i1
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Theorem 2.3 Let P > 0. Then
¢ Q™

& Ern,m,l,l
_yugkﬁr(3n+4m+2l—3k) + ”rkuerr(n-l-m—k) [(zarm‘@rl + y‘/r(l+m))
xurkar(n+m+l—k) _ (yarlﬂrm + x‘/’.(l+m))yrk6r(n+m+l—k)] }

(o™ — Br)4QT* lmz-l ( gri Brim+i+i) Igr(t+i+1—k)>

T prfar(mh — grimiD)) Weteriy  Wrgeemttrsy  Weerith)

3 _r(3n+4m+421-3k
{Iurka ¢ )

n=

=0
+Br(t+m+l+i+l—k)_l‘1( Brim+i) _ Bri2m++i) _Br(t+m+i+l—k)
Wirmirit) S5 \Wetktm+s)  Weksomatri)  Wreamsisn)
ﬂr(t+2m+l+i+l—k)
+ )] (12)
Wr(t+2m+l+i+l)

where pre = Wikyr) — W87y Ve = Wegegr) — Wika™, ¢ = oM+ 4
ﬂr(m+l) . 2arlﬂrm, y = ar(m+l) + ﬁr(m-}-l) - 2armﬁrl'

Proof From (9) and (8), we have

(arm _ ﬁrm)uerr(n—k)
To — T = :
° (@ = B YWenWotnim

(arl _ ﬁrl)ﬂerr(n+m_k)
(ar - ABr)Wr(‘n+m) Wr(n+m+l)

Tm — dm+l!

Hence

(arm _ Brm)“err(n—k)
(ar - ﬂT)WTﬂWr(n+m)

(arl _ ﬁrl)“err(n-f-m—k)
(ar - ,Br)Wr(n+m)Wr(n+m+l)

[x”rkar(n+m—k) + yyrkﬂr(n+m—k)] ,

TO—Tm“‘ m+Tm+l=

_ “er'r(n—k)
(Q’r - ﬁr)ZWrn Wr(n+m) Wr(n+m+l)

Tt = Tomyt — Tomit + Tomsat
uerr(n+m+l—k)

(ar - ﬂr)zwr(n-}-mq-l) "Vr((n+2m+l) Wr(n+2m+2l)
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(To =T = Ton + Tont) — (Tontt — Tomst — Tomyty + Toma2t)

“err(n-—k) [ar(m+1) _ ﬁr(m+l))]
Ern,m,l,l(ar - ﬁr)‘l

_yygkﬂr(3n+4m+2l—3k) + ”rkuerr(n+m—k) [(xarmﬂrl + er(l+m) )/Jrk

x @ (M=K _ (yqrigrm er(Hm))Urkﬁr(Mmu-k)]} )

{ z #3’6 o (3n+4m+21-3k)

an
Z { xufk o (3n+dm+21-3k)
FE,

rn,m,l,1

_erkﬂr(3n+4m+2l_3k) +#rerer("+m—k) [(Iarmﬁrl + er(l+m))

X e ) (g™ BT - 2V, TR

= Hrk[ar(m+l) _ ﬁr(m+l))]

Witk+i)  Wektmatriy  Wesizy)

(o — BT)4QT* [mz—l ( gri Brim+i+i) _ 6r(t+i+l—k))

Brit+m+ititi=k) '-1( Brim+i) Br(2m+i+i) Brittmtitl=k)
+ —

Weemetrivn) 25 \Wekamaiy  Wegeiamaten  Weamesrn

ﬂr(t+2m+l+i+l —k)
+ )] .
Wit42m+t4it1)

The proof of the theorem is completed. O

Theorem 2.4 Let P > 0. Then

- Q'rn 3 3n+4 20-3k
d— {-’vurka" mHam2-36)

rn,m,l,1
_yugkﬂr(3n+4m+2l—3k) + y‘_k,,err(Mm—k) [(xarmgrl + yVe4m))

><l‘trkar(n-{-m+l—k,) _ (yarlﬂrrn + x‘/r-(l+m))1/rkﬂr(n+m+l—k)] }

(o - 6r)4Qrk m-—1 ﬁri Br(m+l+i)
= “Tk[ar(mw) _ﬁr(m+l))] Z (Wr(k+i) - Wr(k+m+l+i))

i=0

_Z ( ﬁr(m+1) _ ‘Br(2m+l+i)' )l ’ (13)

Wetktm+dy  Weks2m+t+i)

where prk = Wresry — WerB™, vk = Wigky1) — W', ¢ = am(m+h 4
ﬁr(m-}-l) _ 2arlﬂrm’ y= ar(m+l) + ﬂr(m+l) _ 2armﬁrl.
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Proof By (12) and (11), we have

o an
* Ern,m,l,l
—stkﬂr(3n+4m+2l_3k) + “rkuerr(n+m—k) [(zarmﬁrl + er(l+m))

xﬂrkar(n+m+l_k) - (yarlﬁrm + er(l+m))VrkBr(n+m+l~k)] }

3 (o™ - ﬂr)4Qrk . m—1 ﬁri B ﬁr(m+l+i)
= Lrr[or D — BrimED] Jim, >

{ T #fk o (3n+am+21-3k)

n=

Wiy Wrkamai4i)

=0
_ﬁr(t+i+l—k)) Brittmtltiti—k) _ -1 ( Brim+i) _ Brem+i+i)
Wiieris) Witemttriv) S \Wegkeme)  Wetksomatr

ﬁr(t+m+i+l-k) Brit+2m+itit1=k)
- + )

Wr(t4m+it1) Wit eomtisn)
The theorem is proved. O

Corollary 2.5 Let P > 0. Then

0 an Y
{ I #g a"(3n+4m+20-3)
nel Ern,m,l,l

_yVS’Br(3n+4m+2l—3) + /-‘rVrQr(n+m_l) [(xarmﬂr! + er(i-l-m))

Xpr @) — (a4 5 o4 D] |

(a” - B7)4Q" [Zl( pri primHi+i) )

T pr[armAd — grim+h)] e \ W) T Weiemetsh

'—Zl ( Brim+i) Brm+i+i) )J

S\ Wraimey  Wegpamaisy

where p, = Wo,, -W,8", v, = Wo.—W,a™.x = o m+) +’3r(m+l)_2arlﬁrm,
Y= a(mth) + ,Br(m+l) _ 2armﬂrl.

Proof Take k =1 in the identity (13), respectively. O

3 Some Applications

In this section we can obtain some interesting identities involving Fibonacci,
Lucas numbers by taking special values for a, b, P and Q.



3.1 Fibonacci Numbers

In this case, W,(0, 1; 1, —1) = F,,, the Fibonacci number. Then according
to above theorems, corollaries and the Binet formula (2) we obtain

< (=

{zar(3n+4m+21)
= FenFrnam Frinamad) Fr(ne2ma) Fr(nizma)

—yprintam+2) 4 (_yrintm=1) [(“’o‘rmﬁrl + YVr(gmy ) (D
—(ya™ BT + er(1+m))ﬁr("+m+l)] }

5\/_ l)’ [Z‘l( Bri B ﬁr(m+l+i) ) 1—1( ﬂr(m-l—z)

arUr(m-H) Fr(l+i) Fr(1+m+l+i) r(1+m+z)

Br(2m+l+z) )]

Fr(142mat4i)

i=0

In particular,
- =y
=1 FrFns1FnisFosaFage

VB3 - 10+ VB } = LV,

{2\/5(a3"+9 + BEF9) 4 2(—1)"*1 [(10

3.2 Lucas Numbers

In this case, W, (2, 1; 1, —1) = L,,, the Lucas number. Then according to
above theorems, corollaries and the Binet formula (2) we obtain

i (_l)rn {xar(3n+4m+2l)
“— LrnlL

nir(ntm) Lr(n+m+l) Lr(n+2m+l) Lr(n+2m+2l)

+y'3r(3n+4m+2l) _ (*I)r(n+m——1) [(zarmﬁrl + 'er(l+m))O’r(n+m+l)

+(ya™ g™ + er(1+m))ﬂr("+m+')] }

(-1)" mz—:l( Bri Brim+i+i) ) l—l( Brim+i)
- \/5aTUr(m+l) pard Lr(l+i) Lr(l+m+l+1’) =0 Lr(1+m+i)
Br(2m+l+i)
—Lr(1+2m+l+i))] '
In particular,
i (_l)n [a3n+12 + ﬁ3‘n+12 — 8(_1)1‘L (aﬂ+4 + ﬂn+4)] _ 755351
L.LoioLlpialnieLnts T 32384880°

n=1

as
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