AN ENLARGED CLASS OF ORTHOGONAL POLYTOPES
HAVING STAIRCASE CONVEX KERNELS

MARILYN BREEN

ABSTRACT. Let € be a finite family of distinct boxes in R?, with
G the intersection graph of €, and let S = U{C : C in €}. For
each block of G, assume that the corresponding members of € have
a staircase convex union. Then when S is staircase starshaped, its
staircase kernel will be a staircase convex set. Moreover, this result
(and others) will hold for more general families € as well.

1. INTRODUCTION

We begin with some definitions and comments that also appear in [1],
[3], and [4]. A set B in R? is called a boz if and only if B is a convex
polytope (possibly degenerate) whose edges are parallel to the coordinate
axes. A nonempty set S in R? is an orthogonal polytope if and only if S is
a connected union of finitely many boxes. An orthogonal polytope in R?
is an orthogonal polygon. Let X be a simple polygonal path in R? whose
edges are parallel to the coordinate axes. For z,y in S, the path A is called
an = — y path if and only if A lies in S and has endpoints x and y. The
z — y path ) is a staircase path (or simply a staircase) if and only if, as
we travel along A from z to y, no two edges of A have opposite directions.
That is, for each standard basis vector e;,1 < i < d, either each edge of A
parallel to e; is a positive multiple of e; or each edge of A parallel to e; is
a negative multiple of e;. The path A is an = — y geodesic in § if and only
if A is an z — y path of minimal length in S. (Of course, an z — y geodesic
need not be unique.) Clearly if ) is an = — y staircase in S, then A is an
T — y geodesic in S. Furthermore, if S contains an x — y staircase path,
then every  — y geodesic in S is an  — y staircase.

For points z and y in a set S, we say = sees y (z is visible from y) via
staircase paths if and only if S contains an z — y staircase path. A set §
is staircase convez (orthogonally convez) if and only if, for every pair of
points z,y in S, x sees y via staircase paths. Similarly, a set S is staircase
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starshaped ( orthogonally starshaped) if and only if, for some point p in S, p
sees each point of S via staircase paths. The set of all such points p is the
staircase kernel of S, Ker S.

We will use a few standard terms and results from graph theory. For
F = {Cy,...,Cy} a finite collection of distinct sets, the intersection graph
G of F has vertex set {ci,...,cx}. Moreover, for 1 <i < j <k, the points
¢i,¢; determine an edge in G if and only if the corresponding sets C;, C; in
F have a nonempty intersection. For any graph G, a block of G is a maximal
nontrivial connected subgraph of G having no cutpoints. In turn, a graph
H is a block graph (that is, the intersection graph for the blocks of some
graph G) if and only if the blocks of H are complete. A graph G is a tree if
and only if G is connected and acyclic. A sequence vy,...,vx of vertices in
G is a walk if and only if each consecutive pair v;,v;,; determines an edge
of G,1<i<k—1. Awalkvy,...,v, is a path if and only if its points are
distinct.

Finally, for Cy,...,Cx a collection of distinct connected sets in R%, we
say that their union is a chain (relative to our ordering) if and only if the
intersection graph of {C},...,Cy} is the path ¢y, . .., ¢ (where ¢; represents
the set C; in the intersection graph, 1 < i < k). That is, relative to our
labeling, for 1 < i < j < k,C;NC; # 0 if and only if j =1 + 1.

Many results in convexity that involve the usual notion of visibility via
straight line segments have interesting analogues that instead use the idea
of visibility via staircase paths. For example, the familiar Krasnosel’skii
theorem [10] says that, for S a nonempty compact set in the plane, S
is starshaped via segments if and only if every three points of S see via
segments in S a common point. In the staircase analogue [2]), for S a
nonempty simply connected orthogonal polygon in the plane, § is staircase
starshaped if and only if every two points of S see via staircase paths in
S a common point. Moreover, in an interesting study involving rectilinear
spaces, Chepoi [6] has generalized the planar result to any finite union S
of boxes in R¢ whose corresponding intersection graph is a tree. As he
observes, every simply connected orthogonal polygon may be expressed as
such a union.

Some other analogues of segment visibility concern the kernel of a stair-
case starshaped set. When set S is starshaped via segments, it is easy to
show that its kernel is a convex set. In a staircase analogue (5, Theorem
2], when the orthogonal polygon § is starshaped via staircase paths, then
every component of Ker S will be orthogonally convex. Furthermore, by [5,
Theorem 1], in case the orthogonal polygon S is starshaped via staircase
paths and simply connected, then Ker S itself will be orthogonally convex.

Surprisingly, (1, Example 1] reveals that analogous results do not hold
in R%. However, by [1, Theorem 1], for S a finite union of boxes whose



intersection graph is a tree, if S is staircase starshaped, then Ker S will be
staircase convex, a direct analogue of the planar case. In fact, for such a
set S, analogues of other orthogonal polygon results hold as well. (See [3].)

In [4], some of these results are extended to a more general setting,
the case in which S is a finite union of boxes in R% whose corresponding
intersection graph G is a connected block graph. Of course, to require G to
be a block graph imposes a strong condition on the boxes that contribute
to each block of G. Precisely, every two such boxes must intersect, forcing
all of them to intersect. In this paper we relax the requirement a bit, only
stipulating that the union of these boxes be staircase convex. For such a set
S, if S is staircase starshaped, then the associated kernel will be staircase
convex. Analogues of some familiar results for unions of staircase convex
sets will hold for such a set S, too. The results will be proved for a more
general family € of boxes, in turn supplying the results for set S above.

Readers may refer to Valentine [12], to Lay [11], to Danzer, Griinbaum,
Klee (7], and to Eckhoff [8] for discussions concerning visibility via straight
line segments and starshaped sets. Readers may consult Harary (9] for
information on intersection graphs, trees, block graphs, and other graph
theoretic concepts.

2. THE RESULTS.
We begin with a collection of preliminary comments.

Preliminary comments. Let € be a finite family of distinct boxes in
R? with G the intersection graph of €, and let S = U{C : C in C}. Asin
[4], pass to Dy,..., Dy, each the union of all boxes of € contributing to a
particular block of G, and let D = {D; : 1 < i < n}. Assign each C in €
to every D; that contains it. Observe that, if any three distinct boxes of
€ intersect, then they induce a cycle in G, and hence all three contribute
to the same block of G. One box may contribute to two distinct blocks of
G. However, since two blocks of G either are disjoint or meet in a unique
cutpoint, no two boxes of € may contribute to the same two blocks of G.
Thus two distinct sets D;, D2 of D may meet in only one of two ways:
Either they meet in a unique box C in €, where C contributes to both D;
and Ds, or they meet in an intersection of exactly two distinct boxes Cy
and Cy of €, where C; contributes to D;,i = 1,2. In the first case, box
C contributes to G as a cutpoint. In the second case, both C; and C3
contribute to G as cutpoints, and the corresponding edge of G will be a
bridge. Of course, the intersection graph of D will be a tree.

We are interested in families € for which the associated D sets above
are staircase convex. However, our results will apply to a more general
collection of families €. Thus we present the following list of properties.



Definition 1. Let € be a finite family of distinct boxes in R%. For
distinct nonempty subfamilies €y, ...,C, of €, let D; = U{C : C'in ;},1 <
i<n,andlet D = {D; :1<i<n} Forl<j <4, wesay that
{€1,...,C,} satisfies property P(j) if and only if statement j) below holds.

1) Each box of € lies in at least one C; set, 1 < i < n.

2) For 1 <1 < n, the corresponding D; is staircase convex.

3) The intersection graph G of D is a tree.

4) For i # j,1 < i,j < n,D; N D; is either empty, a single box belonging
to €; and to C; , or an intersection C; N C;, where C; belongs to €; and C;
belongs to C;.

The following lemmas will be helpful.

Lemma 1. Let C be a finite family of distinct bozes in R%, with S =
U{C : C in C}. Assume that there exist distinct nonempty subfamilies
C1y---1Cn of C whose collection satisfies properties P(1), P(2), and P(3)
in Definition 1. Following that notation, for every a,b in S there exist an
a — b geodesic N'(a,b) and an associated chain Ey U ... U E,, of D sets
such that X'(a,b) lies in this chain. Every a — b geodesic will meet each set
E;,1 <1 < m. Moreover, if m is as small as possible and m > 2, then
Er,..., By are uniquely determined by a and b.

Proof. For convenience, we continue to use the notation in Definition 1.
Certainly set S is connected and each of its points belongs to at least one
and at most two of the D sets. For a,b in S, let A(a, b) represent an a — b
geodesic in S. In turn, A(a,b) induces a walk in the intersection graph
G of D, where the walk is determined by the D sets met by A(a,b) as A
passes from a to b. In case some set D, of D contributes more than once to
the walk, the intermediate D sets may be removed: Specifically, since D, is
staircase convex, geodesic A(a, b) between the first and last occurrence of D,
must be a staircase path and hence may be replaced by a new staircase that
uses directions compatible with those of A but lies entirely in D,. (That is,
as we travel from a to b, each edge of the new path in D, has a direction
used by the original geodesic A(a,b) between the first and last occurrence
of D,.) By repeating the procedure, in finitely many steps we reduce our
walk in G to a path in G. Moreover, we obtain a new a — b geodesic A’ (a,b)
and a chain E) U...U E,, of D sets, where E,, ..., E,, correspond to the
points of the path in G, in order. Since the intersection graph of D is a
tree, every a — b geodesic must meet each set E;,;1 < i < m. Further,
X(a,b) C EyU...UE,, and for an appropriate ordering acE; and beE,,.
Finally, if m is as small as possible and m > 2, then acE)\Ez, be E\Ern—1,
and Ey, ..., E,, are uniquely determined by a and b. This finishes the proof
of the lemma. O



The second lemma is an analogue of [3, Lemma 1] and [4, Lemma 1],
adapted to our new setting.

Lemma 2. Let C be a finite family of distinct bozes in R?, with S =
U{C : C in C}. Assume that there exist distinct nonempty subfamilies
Cy,...,Cn of C whose collection satisfies properties P(1), P(2), and P(3)
in Definition 1. Following that notation, S is staircase convez if and only
if every chain of D sets is staircase convez.

Proof. The proof involves arguments from (3] and [4] in conjunction with
Lemma 1 above. Again we adopt the notation in Definition 1. To prove the
sufficiency, assume that S is staircase convex, and let A= D, U...U Dy
represent a chain of D sets. To show that A is staircase convex, select
points a,b in A to find an a — b staircase in A. Since each set D; is staircase
convex, the result holds for k = 1, and we may assume that & > 2. Also,
without loss of generality we may assume that aeD;\Dz and beDy\Ds_1,
for otherwise we could restrict our attention to an appropriate subchain
of these sets. Observe that a and b cannot belong to the same D set for
otherwise this set together with Dy, ..., Dy would determine a cycle in the
intersection graph G of D, impossible since G is a tree.

Using Lemma 1, select an a — b geodesic A(a,b) in S and an associated
chain By U. ..U E,, of D sets such that A(a,b) lies in the chain and m is as
small as possible. Of course, since S is staircase convex, geodesic A(a,b) is a
staircase path. By an observation above, a and b cannot belong to the same
D set. Hence m > 2, and E, ..., En, are uniquely determined by a and b.
Since the intersection graph of D is a tree, each set Ey,. .., Exn must appear
in {Dy, ..., Dg}. For an appropriate ordering of chain E;,U...UEnp,acEy,
so E, is either D, or Dy. However, a ¢ D3, so E; must be D;. Similarly
E,, must be D;, and the chains are the same. Thus the staircase A(a,b)
lies in Dy U...U Dy = A, and A is staircase convex, the desired result.

To establish the necessity, assume that each chain of D sets is staircase
convex to show that S is staircase convex. Let s, ¢ belong to S. Again using
Lemma 1, select an s —¢ geodesic A(s,t) and a chain EyjU...UE,, of D sets
such that A(s,t) C Ej U...U E,,. Since the chain is staircase convex, the
geodesic A(s,t) must be a staircase path. Hence set S is staircase convex,
completing the proof of Lemma 2. O

Theorem 1 is an analogue of results in {3, Theorem 1] and (4, Theorem
1)

Theorem 1. Let € be a finite family of distinct boxes in R¢, with
S = U{C : C in €}. Assume that there exist distinct nonempty subfamilies
€i,...,Cn of @ whose collection satisfies properties P(1), P(2), P(3), and
P(4) in Definition 1. Let T C S. If for every a,b in T, there is ana —b
staircase in S, then T lies in a staircase convex union of bozes U{B :



B in B}, where each box B; in B is a subset of some associated bozx C;
in €. Moreover, the collection of corresponding subfamilies of B satisfies
properties P(1), P(2), P(3), and P(4) in Definition 1 as well.

Proof. For convenience, again we adopt the notation in Definition 1. We
expand a strategy used in (3] and [4]. For each a,b in T, consider all a — b
staircases in S. Let U(a,b) denote the union of all these staircases, with
U=U{U(a,b) : a,binT}. For1 < i < n, let A; denote a minimal
box containing D; N U, and let D} = A; N D;. Certainly each set D! is
staircase convex: Every two of its points z and y are joined by a staircase
in D; and (since z and y are in A;) the staircase lies in A; as well. Let
S§"=U{Dj:1 < i< n}. Foreach Cjin G let B; = C; NS, and let B
represent the family of nonempty sets B;. Observe that each B; in B is
a box: When the associated C; contributes to family €; and hence to D;,
then B; = C; N A;, and this is the same intersection for every such i.

We assert that U{B : B in B} satisfies the theorem. In a natural way,
assign each box B of B to the D’ sets that contain it, and let B; = {B :
B C Dj}. Certainly each B set lies in at least one B; set. Also, we have
seen that each D’ set is staircase convex. Letting D’ denote the collection
of distinct nonempty D’ sets, it is easy to see that its intersection graph
is a tree: Surely the graph is connected by the properties of T. Since
each D' set arises from exactly one D set, no new intersections among the
sets can be introduced for the intersection graph of D’, and the graph is
acyclic. (In fact, it is a subgraph of the intersection graph G of D.) Hence
this intersection graph is a tree. Finally, it is clear that property P(4) of
Definition 1 holds, since it holds for the original D sets.

It remains to show that S’ = U{B : B in B} is staircase convex. Using
Lemma 2, it suffices to show that each chain of D' sets is staircase convex.
Amending a technique from [3, Theorem 1], we proceed by induction on the
number of D’ sets in our chain. For convenience, let D{U...UD/, represent
a chain of these sets. Since each D’ set is staircase convex, the result is
true for m = 1. Inductively, let m > 2 and assume that the result holds for
chains of m—1 or fewer D’ sets. Without loss of generality, choose ze D, \Dj,
and yeD7 \D;,_, to find an z—y staircase in D{U...UD!,. Choose z’ in D,
closest to z (via geodesics in DjUD}). Notice that z’ lies in D/, as does any
z —z' geodesic (hence staircase) in D} U D}. Moreover, any z —z' staircase
uses at least one and at most d directions. For convenience, we label these
directions ey, ..., e; for some j,1 < j < d. For some box B that contributes
to Dj, z lies in the boundary of this box. Further, any geodesic in D} U D,
from z to Dj must use at least the directions ey,...,e;. Let Hy,... v Hj
represent hyperplanes at z’ orthogonal to ey,...,e;, respectively. Then
H; supports B at z’ and z is beyond each H;,1 < i < j. Moreover,
since D) U...U D], _, is staircase convex (by our induction hypothesis), it



follows that for m > 3 all points of D3 U...U D}, _, lie on or beneath each
H;,1 <i<j. Since DjU...U D), is staircase convex, there exists an z’ —y
staircase in this chain. In case y is beneath (or on) each H;,1 < i < j, then
no z' — y staircase uses direction —e;. Thus we may combine any z — z’
staircase in D} with any =’ — y staircase in D3 U...U D}, to produce an
T — y staircase in D} U...U D}, the desired result.

To finish the argument, we need to show that y does lie on or beneath
each hyperplane H;,1 < i < j. Suppose on the contrary that y lies beyond
at least one of these hyperplanes to obtain a contradiction. For convenience,
assume that y lies beyond H;. Then for some pair ¢,d in T and some ¢ —d
staircase 6(c,d) in S’,5(c,d) contains a point y; in D}, beyond Hj. At
least one of ¢ or d must lie beyond Hj, so we assume that ¢ is beyond Hj.
Using Lemma 1, there is a y — ¢ geodesic (hence staircase) 6'(y1,¢) and an
associated chain of D’ sets containing &’(y1,c). Let Ef U...U E] represent
such a chain, where r is as small as possible. Assume that y;€E] and ceE].
Notice that D!, and E| may in fact be the same set. However, for the
write-up, we will continue to use distinct symbols for these set. If the sets
are the same, the proof holds with only minor modifications. Similarly, we
will assume that 7 > 2. In case r = 1, a simplified version of the argument
will suffice. For r > 2 the sets EY,...,E, are uniquely determined by y;
and c.

Since ¢ and y; lie beyond H;, so does the staircase ¢’(c,y1). Further-
more, travel from any E! to D), may be accomplished by a subpath of
8'(c,v1). Using this comment, observe that for m = 2, none of Ej,..., E;
can be D{: Any travel from Dj to Dj = D, requires box B, all of whose
points are beneath or on Hj, while staircase travel from any E} to Dj
may be accomplished along a subpath of §’(c, 1), beyond Hy. Similarly,
for m > 3, the collection {Dj,...,D},_,} is disjoint from the collection
{E!,...,E'}, since (by previous remarks) all points of D5 U...U Dy, _, lie
on or beneath H;, while §’(y;, ¢) is beyond H; and meets each E},1 <i <.

Using a parallel argument, point z is beyond Hj, so for some ¢,d’ in
T and some ¢’ — d’ staircase u(c/,d’) in S’,u(c’,d’) contains a point z;
in D} beyond H;. Assume that ¢’ lies beyond H;. Again using Lemma
1, select a ¢’ — z; geodesic (hence staircase) u'(c’,z;) and an associated
chain F/ U... U F{ of D’ sets containing p'(c’,z,), where s is as small
as possible. Assume that c'eF’ and z1eF]. Sets Fy and D] may be the
same, but for convenience we use distinct symbols for these sets. Similarly,
for convenience we assume that s > 2. Then sets F.,..., F] are uniquely
determined by ¢’ and z;.

As in our earlier argument for &’(c, y1), the staircase p'(c’, z1) lies beyond
H,. Hence for m = 2, none of F!,...,F{ can be Dj: Travel from Dj to
Dj involves box B, whose points are on or beneath Hj, while travel from



any F to D] may be accomplished along a subpath of u/(¢’,z;), beyond
H,. Likewise, for m > 3, the sets in {F},..., F{} are distinct from those in
{Ds3,...,D},_,}, since all points of DjU...UD,,_, are on or beneath H,
while p'(¢/,z;) is beyond H; and meets each F},1 <i <s.
Now consider the ordered collection of D’ sets F.,...,F{,Di,...,D},,

1r---»Er. For m = 2, from the D' sets in {F,..., F{, D{} and those in
{D3,Ej,...,E.}, only D] and Dj can intersect since the intersection graph
of D’ is a tree. Thus F;U...UF{UD{UD,UE}{U...UE! defines a chain.
For m > 3, no set from {Fj, ..., F}, D{} can meet D} or its successors, and
only Dj from this collection can meet the set Dj. Similarly, no set from
{D;., Ef,...,El} can meet D/, _, or its predecessors, and only D!, from
this collection can meet the set D;,_,. Therefore F,U...UF{UD{U...U
D,,UE{U...UE! defines a chain.

Certainly, since the intersection graph of DV is a tree, any ¢’ — ¢ geodesic
in §’ must use the sets in this chain (in order) and hence must pass through
box B. Furthermore, since ¢’ and ¢ belong to T, any ¢’ — ¢ geodesic is a
staircase path. However, since ¢’ and ¢ lie beyond H,, travel from ¢’ to B
requires direction e;, while travel from B to c requires direction —e;. That
is, no ¢’ — c geodesic in S’ can be a staircase. We have a contradiction, our
supposition is false, and y does lie on or beneath each H;,1 < i < j, the
desired result.

It follows that D] U...UD;, is staircase convex, finishing the induction.
We conclude that every chain of D’ sets is staircase convex. By Lemma 2,
§'=uU{D': D' in D'} = U{B : B in B} is staircase convex, completing the
proof of Theorem 1. O

In case the set S in Theorem 1 is staircase starshaped, then Ker S will
be staircase convex, giving the following analogue of some familiar results.

Corollary 1. Let C be a finite family of distinct bozes in RY, with
§=U{C: C in C}. Assume that there exist distinct nonempty subfamilies
C1,...,Cn of C whose collection satisfies properties P(1), P(2), P(3), and
P(4) in Definition 1. If S is staircase starshaped, then Ker S is staircase
convez.

Proof. The proof follows an argument in [4, Corollary 1] and is included for
completeness. For convenience, let T = Ker S. Using Theorem 1, select a
corresponding family of boxes B for T. Certainly T' C U{B : B in Br},
and we will show that the reverse inclusion holds as well. Select any point
z in S, and let 77 = T' U {z}. Again use Theorem 1, this time to select a
family of boxes By for T'. By Theorem 1, U{B : B in Br) is staircase
convex, so T sees via staircase paths in S each point of this set. Hence =
sees via staircase paths in S each point of the subset U{B : B in Bt} as



well. Since this is true for every point  in S,U{B : Bin By} C Ker § =T,
and the sets are equal. The union U{B : B in Bt} is staircase convex, so
this finishes the proof. a

The next two corollaries concern unions of staircase convex sets and are
analogues of results in [3] and [4].

Corollary 2. Let C be a finite family of distinct bozes in R?, with
S =U{C: C in C}. Assume that there exist distinct nonempty subfamilies
€i,...,Cp of C whose collection satisfies properties P (1), P (2), P (3),
and P (4) in Definition 1. Also assume that, for every finite subset F' of
S, there is a k-partition of F into subsets Fy,..., Fi such that every pair
of points in F; can be joined by a staircase path in S,1 <i < k. Then S is
a union of k staircase conver sets.

Proof. The proof follows the argument in (4], using Theorem 1 above. [

Corollary 3. Let @ be a finite family of distinct bozes in R4, with
S = U{C : C in €}. Assume that there exist distinct nonempty sub-
families €y, ...,C, of @ whose collection satisfies properties P (1), P (2),
P (38), and P (4) in Definition 1. Also assume that, for every sequence
Vlye o UmsVUm1 = V1 in S,m odd, at least one consecutive pair of points
can be joined by a staircase path in S. Then S is a union of two staircase
convex sets.

Proof. The proof parallels the argument in {4, Corollary 3] and uses Corol-
lary 2 above. (]

Our final corollary returns to the family of orthogonal polytopes dis-
cussed in our preliminary comments.

Corollary 4. Let C be a finite family of distinct bozes in R?, with G
the intersection graph of @, and let S = U{C : C in C}. For each block
of G, assume that the corresponding members of C have a staircase convex
union. Then there exist distinct nonempty subfamilies of € whose collection
satisfies properties P(1), P(2), P(3), and P(4) in Definition 1. Therefore
Lemmas 1 and 2, Theorem 1, and Corollaries 1, 2, and 3 above hold for
set S.

Proof. Pass to Dy,..., Dn, each the union of all boxes of € contributing to
a particular block of G, and let D = {D; : 1 < i < n}. Assign each C in
€@ to every D; that contains it, and let €; denote the collection of C sets
associated with D;,1 < i < n. By our preliminary comments, {€1,...,Cpn}
satisfies properties P(1), P(2), P(3), and P(4) in Definition 1. Hence our
previous results hold for set S. O
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