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Abstract

The diameter of a graph can be affected by the addition or the
deletion of some edges. In [3], we have studied the diameter vari-
ability of the Cartesian product of graphs. In this paper we discuss
about two fundamental products, strong and lexicographic products
of graphs, whose diameter increases (decreases) by the deletion (ad-
dition) of a single edge. The problems of minimality and maximality
of the product graphs with respect to its diameter are also solved.
These problems are motivated by the fact that these graph products
are good interconnection networks.
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1 Introduction

An interconnection network connects the processors of a parallel and dis-
tributed system. The topological structure of an interconnection network
can be modeled by a connected graph where the vertices represent sites of
the network and the edges represent communication links. The diameter is
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often taken as a measure of efficiency, especially for networks with maximum
time - delay or signal degradation. If some links are faulty, the information
cannot be transmitted by these links and the efficiency of network will be
affected. In fact, many graph products are good interconnection networks
and a good network must be hard to disrupt and the transmissions must
remain connected even if some vertices or edges fail [7].

Let G = (V| E) be a simple connected graph with |V| = n and {E| = m.
The distance between u and v in G, d(u, v) is the length of a shortest path
joining them in G. The diameter of a graph G, diam(G) is the maximum
distance between any two vertices in G. For a vertex u € V(G), if there
exists a vertex v € V(G) such that d(u,v) = diam(G), v is then called a
diametral vertex of u. For all notions not given here, see [12].

The strong product of two graphs G and H, denoted by G ® H, is the
graph with vertex set V(G) x V(H) and two vertices (u1,v1) and (ug,vs)
are adjacent if either u; = u; and vy — v € E(H) or u; — up € E(G) and
V] = Vg Or u) —ug € E(G) and v; —vy € E(H) Also, dlam(G X H) =
maz{diam(G),diam(H)} (8.

The lexicographic product of two graphs G and H, denoted by Go H, is
the graph with vertex set V(G) x V(H) and two vertices (u1,v1), (u2,v2)
are adjacent if either u; —u; € E(G) or u; = up and v; — v, € E(H). If
G # K, then diam(G o H) = diam(G) and diam(K,, o H) = 2 [8].

The diameter of a graph may increase or decrease due to the addition
or the deletion of some edges. The following notations are used to denote
the diameter variability [11) of a graph G. Let k > 1 be an integer.

D¥(G) : the minimum number of edges to be deleted from G to increase
the diameter of G by (at least) k.

D=*(G) : the minimum number of edges to be added to G to decrease
the diameter of G by (at least) k.

A graph G is diameter minimal if diam(G — e¢) > diam(G) for any
e € E(G) and is diameter maximal if diam(G +e) < d(G) for any e ¢ E(G)
[2].

In {3}, we have studied the diameter variability of the Cartesian prod-
uct of graphs. In [4], chithra studied the diameter variability of a Mycielski

graph. In [11], J. J. Wang et al. studied the diameter variability of cycles
and tori. In [6], Graham and Harary studied the diameter variability of hy-
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percubes. In [1], Bouabdallah et al. improved the lower bound of D%(Q,)
and gave an upper bound. Some notions related to diameter variability al-
ready studied are diameter vulnerability and fault diameter. The problem
of determining diameter vulnerability and fault diameter was proposed by
Chung and Garey [5], Krishnamoorthy and Krishnamurthy [9] respectively.
More studies can be referred in [10].

The diameter of a graph plays a significant role in analyzing the effi-
ciency of an interconnection network. The diameter is often taken as a
measure of efficiency, when studying the potential effects of link failures
on the performance of a communication network, especially for networks
with maximum time-delay or signal degradation. In fact, most of the graph
products are interconnection networks and a good network must be hard to
disrupt and the transmissions must remain connected even if some vertices
or edges fail. Thus, the notion of diameter variability has great applica-
tions in networks. This motivated us to study the diameter variability of
the strong and lexicographic product of graphs. The notions of diameter
minimality and diameter maximality of the product graphs are also stud-
ied. An upper bound for D}(G) is also obtained.

Here, we consider only connected graphs Hy, H and denote the V(H;) =
{u1,u2y ey tin, }, V(Hz) = {v1,v2,...,Un, } and V(H1 R Hy) = V(HioHj) =
{u1v1, w1v2, ..., Un,vn, }. Also, |E(H1)| = m; and |E(Hz2)| = ma. Since,
H,® K, = H; and H; o K; & H, we assume that H;, H # K;.

2 Diameter variability of the strong product
of graphs

Theorem 2.1. Let G = Hy R H,. Then DY(G) =1 if and only if G is any
one of the following graphs where,

(a) both H, and Hy are complete graphs.

(b) Hy and Hy are not complete graphs with diam(H,) = diam(H,) and
either Hy or Hy have at least one pair of vertices with exactly one diametral
path or there exists an edge in Hy or Hs that is on all diametral paths
between any two vertices.

Proof. Let G = K,,, R K,,, where ny,n2 2 2. Then G is a complete graph
and the deletion of any edge increases the diam(G).

Let H; and H, be not complete graphs with diam(H;) = diam(H>)

and either H, or H, have at least one pair of vertices with exactly one
diametral path or there exists an edge in H; or H» that is on all diame-
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tral paths between any two vertices. Let u;, u, be a pair of diametral
vertices in Hi, by a path uz — uzq1 — Uzp2 — ... — Uy_1 — uy and vy,
v; be a pair of diametral vertices in Ho, by a path vy — Vi1 — Vg2 —
. —Uy—1 — v;. Consider a pair of diametral vertices u;vy, uyv, in G,
by a path ©z¥w — Uz41VUws1 — Uzt2Uws2 . Uy—1Vz—1 — Uy¥z. Let an
edge UzVw — Uz41Vw41, be deleted. Then, d(uzvw,uyv;) = diam(G) +1
by a path uz¥y — UzVws1 — Uz41Vws1 — oo — Uy—1Vz—1 — UyVz, Where
A(UzV, Uz +1Vw+1) = 2, A(Ug41Vws1, Uyvz) = diam(G) — 1.

Conversely suppose that D(G) = 1.
Suppose that H) is a not complete graph and H, is a complete graph.

Let an edge u;vp — u;vq OF UiUp — UjUp OF U;Up — UjVUpys1, be deleted.
Then d(u;vp, uivg) = d(uivp, ujvp) = d(uivp, ujvps1) = 2 by the paths
UiVp — Ui} 1Vq — Uilq, UiVp — UjUpt1 — U;jUp 8Nd Ui¥p — UiUpy] — UjUpy Te-
spectively. Also, the distance between any two other vertices is not affected
by the removal of this edge. Thus, when one factor is a complete graph and
the other factor is a not complete graph, a minimum of two edges should
be deleted to increase the diam(G). Hence, both the factors should be com-
plete. This proves (a).

Suppose that H, and H, are not complete graphs with diam(H;) >
diam(H>).
Consider a pair of diametral vertices u,v,, uyv, in G by a path uzv,, —
Uz p1Vw+41 = Uz 2Vw42 -0 Uy—1Vz—1 — UyV;. Let an edge uzvw — Ug41Vw+1s
be deleted. Then, d(uzvw,uyv;) = diam(Hz) + 1 by a path u,v, —
UzUp4l — Uz 41Vl - Uy—1Uz—] — UyV;, Where d(uzVpy, Uz41Vps1) = 2,
A(Uz41Vw41, UyV;) = diam(Hp) — 1.
Hence, the diam(G) remains the same. Thus, when H; and H; are not com-
plete graphs with different diameter, at least two edges should be deleted
to increase the diam(G).

Suppose that H; and H; are not complete graphs with diam(H;) =
diam(H>).
Consider a pair of diametral vertices uzvy, uyv, in G. Since, diam(H,) =
diam(H2), UzVw — Uz4+1Vwil — Uz42Vwi2 ... Uy—1Vz—1 — UyV; iS a shortest
path between them in G. Then, the deletion of an edge u;v; — uit1v541
from this path increases the diam(G) only if either there exists only one
diametral path between ug, u, in H; and vy, v; in Hp or u; — u;41 is an
edge in H; that is on all diametral paths between any two vertices in H,
and v; — vj4 is an edge in Hy that is on all diametral paths between any
two vertices in Hy. Otherwise, there exists an alternative path of length
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diam(H;) between u;v,, uyv, in G. Hence, H; and H; are not complete
graphs with diam(H;) = diam(H3) and either H; or H; have at least one
pair of vertices with exactly one diametral path or there exists an edge in
H, or H, that is on all diametral paths between any two vertices. This
proves (b). O

Corollary 2.2. G = H, X H, is diameter minimal if and only if both H,
and Hy are complete graphs.

Theorem 2.3. Let G = Hy ® Hy. Then DY(G) < P(1+ 6(H3)), where P
is the minimum number of edge disjoint paths of length diam(H;) between
any two vertices in H;.

Proof. Let u; and uy be a pair of diametral vertices in Hj, by a path
Uz — Ugyl — Ug42 — ... — Uy—1 — Uy. Consider a pair of diametral vertices
uzv; and u,v, in G. Let the edges ©,v, — u,v;, uzv, — uqvy, where u,s are
the vertices adjacent to u, in H; and v.s are the vertices adjacent to v,
in Hj, be deleted. Then, d(uyv,,u,v;) = diam(G) + 1 by a path u;v; —
UzVzq1 —Ugp1Vz— «oo —Uy—1Vz —UyV; Where d(uz41;, uyv.) = diam(G) — 1,
d(uzvz, Uz41V;:) = 2. Also, d(uzv;,uqv.) =2 and d(uzv., uqv,) = 2, since
there are paths of length two between them.

Thus, D}(G) < P(1 + §(Hyz)). a

Theorem 2.4. Let G = H; R H, be connected graph. Then D™1(G) =1
if and only if Hy has a universael vertex and H, is a connected graph with
diam(H,) > 4 and D~2(H;) = 1 if an edge is added between a diametral
vertez and any other vertex of Hy and D~(H;) = 1 if an edge is added
between any two other vertices of Hy.

Proof. Let G = Hy K H, and diam(G) = diam(H,).

Let uz, uy be a pair of diametral vertices in Hj, by a path uz —uz41 —
Uz42 — ... — Uy—1 — Uy and vy, v, be a pair of diametral vertices in Hz, by
a path vy — Vw41 — Vg2 — ... — Vz—1 — Yz. Suppose that v; is a universal
vertex of Ho.

Let D-1(H;) = 1, where diam(H) > 4.

Consider a pair of diametral vertices uzvy, uyv, in G. Let an edge
UV — UgVy, Where up # Uz, Uy # Uy, be added in G. Then, d(uzvw, uyv:)
= diam(G) — 1 by a path uzvy — Uz41V1 — Uz42V) ... Uy_1V) — UyV, Where
d(UzVi, Uz+1v1) = 1, d(Uz 411, Uy-1v1) = diam(G)—3 and d(uy—1v1,uyv;) =
1.
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Consider a pair of diametral vertices uzvy, uyv, in G. Let an edge
Uz¥) — Uyvy, be added in G. Then, d(uzvy,uyv;) = 3 by a path u, v, —
Uz Uy — UyV) — UyV;.

Suppose that D—2(H;) = 1, where diam(H;) > 4.

Consider a pair of diametral vertices u,vy, uyv; in G. Let an edge
ugv] — u;v;, where u; is a vertex in a diamertal path between u, and
uy in H), be added in G. Then, d(uzvy,uyv,) = diam(G) — 1 by a path
UzUy — UgV] — UV] — ... — Uy—1¥U1 — Uy¥; Where d(u,vy,uv1) = 1,
d(uzvi,uy_1v1) = diam(G) — 3 and d(uy—1v1,uyv;) = 1. Thus, the dis-
tance between any two vertices in G is at most diam(G)-1.

Conversely suppose that D~1(G) = 1. If both H; and H, are com-
plete graphs, then G is a complete graph. If diam(H;) = 2, then the
addition of a single edge in G will not make G a complete graph. Also, if
diam(H;) = 3, then the addition of a single edge in G will not decrease the
diam(G), since there exists a path of length at least three between any pair
of diametral vertices in G. Thus, it is clear that H; is a connected graph
with diam(H,) > 4.

Suppose that H, is any connected graph and H; is any connected graph
without a universal vertex.

Let v, and v, be a pair of non adjacent vertices in H,. Consider a pair
of diametral vertices u;vg, uyv, in G. Let an edge u;v, — u;vp, be added
in G. Since v, is not adjacent to v,, the diametral path between u,v, and
uyv, does not contain the edge u;v, — u;v, in G. Hence, to decrease the
diam(G), H, should contain a universal vertex.

Suppose that H; has a universal vertex v,. Consider a pair of diametral
vertices uzUw,UyVy in G. Let an edge u;vy — ujvy, be added in G.

Leti#zx,j#y.

Consider a diametral path wzvy —Ug41v1 —Uzpov; — ... —Uy_1U1 —UyUy be-
tween Uz Uy, UyVy in G. Then, d(uzvyw, tz41v1) = 1 and d(uy—qv1,uyvy) =
1, since Hs has a universal vertex. Now, consider the distance between the
remaining vertices in the diametral path. Then, the diam(G) decreases by
one only if

d(uz42v1,uy—1v1) =[diam(H;)-2}-1 = diam(H;)-3. Hence, to decrease the
diam(G) by one, the distance between u,v; and u,v; should be decreased
by one, by the addition of a single edge.
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Leti=z,j=y9.
Then, d(uzvw, uyvy) = 3 by a path uzvy — uzv; — uyvy — uyvy, since Hy
has a universal vertex. From the previous case it follows that diam(G)
decreases, only if d(u,v;,uqv;) < diam(H;) — 1. Hence, to decrease the
diam(G) by one, the distance between u;v; and u,v; should be decreased
by one, by the addition of a single edge.

Now,leti=1z, j #y.
Consider a diametral path uzvy — UzU1 — Ug410] — .. = Uy—1V] — UyVy
between uzvy, uyvy in G. Then d(uzvw, uzv1) = 1 and d(uy_1v1, UyV) =
1, since Hy has a universal vertex. Now, consider the distance between
the remaining vertices in the diametral path. Then, the diam(G) decreases
by one, only if d(uyv1,uy—1v1) =[diam(H,;)-1]-2 = diam(H;)-3. Hence, to
decrease the diam(G) by one, the distance between u,;v; and u,_;v; should
be decreased by two, by the addition of a single edge. O

Corollary 2.5. There does not ezist a graph G = Hy; ® Hp such that G is
diameter mazximal.

Proof. In Theorem 2.4 we have characterized the strong product of graphs
whose diameter decreases by the addition of a single edge. Hence, we need
to prove the theorem only for such Gs.

Suppose that Hj is a not complete graph with a universal vertex and H;
is a connected graph with D~!(H;) =1 or D~2(H,) = 1 with diam(H;) >
4. Let an edge u;v, — uzv, be added in G, then the diam(G) remains the
same, since diam(G) = diam(H,).

Suppose that H, is a complete graph and H; is a connected graph with
D~Y(H,) = 1 or D~2(H,) = 1 with diam(H;) > 4. Let the three vertices
uz, us and u, form a P; in H,. Consider a pair of diametral vertices
UzVp, UyVp in G. Let an edge u,v, — u,v, where v, is a neighbour of v, in
Hj, be added. Then the addition of an edge uzv, — u,v, does not decrease
the distance between them in G. Thus, d(u;vp, uyv,) = diam(G). Hence,
there exists some e ¢ E(G) such that diam(G + e) = diam(G). ]

3 Diameter variability of the lexicographic
product of graphs

Theorem 3.1. Let G = H, o Hy. Then DY(G) =1 if and only if G is any
one of the following graphs where,
(a) both Hy and Hy are complete graphs.
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(b) Hy = K, or a connected graph with diameter two in which there exists at
least one pair of adjacent vertices with no path of length two between them
and H; is a disconnected graph in which there exists at least one component
with an isolated vertez.

Proof. (a) Let G = K,, o K,,,, where nj,n; 2 2. Then, the deletion of any
edge increases the diam(G).

(b) Suppose that H; = K, and H, is a disconnected graph with an
isolated vertex vp, then diam(G)=2. Let an edge u;vp, — u;vp, be deleted.
There is a path u;v, — ©;v, — u;vq — u;v, of length three between them.

Let H; be a connected graph with diameter two in which the adjacent
vertices u,, us have no path of length two between them and Hy be a dis-
connected graph with an isolated vertex vp, then diam(G) = 2. Let an edge
UpUp — UgUp, be deleted. There is a path u,v, —usvy — urvy — u,vp of length
three between them.

Conversely suppose that D}(G) = 1.
Let uz, uy be a pair of diametral vertices in Hy, by a path uz — uz4; —
Upp2 — ..o — Uy—1 — Uy and vy, v, be a pair of diametral vertices in Hy, by
a path vy — Vg1 — Vg — oo — Vsl — Vs

Suppose that H; is a complete graph and H; is any connected graph,
then diam(G) < 2.

Let an edge u;v, — 4,0, O u;¥p — 4 Vp OF U;Up — Vg, be deleted. There
exists at least two paths of length two between these pairs of vertices. Also,
the distance between any two other vertices is not affected by the removal
of these edges. Thus to increase the diam(G) by one, H; should be a com-
plete graph. This proves (a).

Suppose that H; is a connected graph.

Let an edge u;v,, — u;jvy, be deleted. If H, is any connected graph, then
there exists at least xK(H3) + 1 paths uzvy — Uzq1V; ... Uy—1¥; — UyVy, Of
length diam(H,) between u;v,, and uyv, in G, where z € {1,2, ... ,n3}.
Thus, when H, is a connected graph, at least two edges should be deleted
to increase the diam(G). Hence, it is clear that H; should be a disconnected

graph.

Now, if Hs is a disconnected graph without an isolated vertex, then
there exists at least two paths of length diam(G) between a pair of diame-
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tral vertices u,v,, and u,v,, in G. Thus, at least two edges should be deleted
to increase the diam(G). Hence, H» is a disconnected graph in which there
exists at least one component with an isolated vertex.

If diam(H,) > 3, then the deletion of an edge will not increase the
diam(G). There is a path of length at most three between each pair of ver-
tices. Hence, H, is any connected graph with diam(H,) < 2.

Let H; be a complete graph with ny > 2.

Since n; > 2 there exists at least two paths of length two between each
pair of vertices in G. Thus, the deletion of an edge from G does not increase
the diam(G). Hence, n; = 2.

Let diam(H,;) = 2.

Let an edge u;v, — ujvp, be deleted. Then the diam(G) increases only
if u; and u; have no path of length two between them in H;. Otherwise,
at least two edges should be deleted to increase the diam(G). Also, the
distance between any two other vertices is not affected by the removal of
these edges. Hence, H; should be a connected graph with diameter two
in which there exists at least one pair of adjacent vertices with no path of
length two between them.

This proves (b). a

Corollary 3.2. G = H; o H, is diameter minimal if and only if G is any
one of the following graphs where,

(a) both Hy and Hy are complete graphs.

(b) Hy = K3 or a connected graph with diameter two in which there is no
path of length two between any two adjacent vertices in Hy and H, is a
totally disconnected graph.

Proof. (2) Let G = K,,, o K,,,. Then, G is diameter minimal.

(b) Suppose that H; is a K, and H; is a totally disconnected graph,
then diam(G) = 2. Let an edge u;vp, — u;v, Or u;¥p — u;v,, be deleted.
Then, there is a path u;v, — ujv, — Uivg — U v, OF UV — U;Vp — UiVg — UjVq
of length three between each pair of vertices. Thus, the deletion of any
edge increases the diam(G).

Suppose that H; is a connected graph with diameter two in which there
is no path of length two between any two adjacent vertices in H; and Hy is
a totally disconnected graph, then diam(G) = 2. Let an edge u;vp — u;vp
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Or u;Up — u;Vq, be deleted. There is a path of length three between these
pairs of vertices. Thus, the deletion of any edge increases the diam(G).

Hence, G is diameter minimal.

Conversely suppose that G is diameter minimal. In Theorem 3.3 we have
characterized the lexicographic product of graphs whose diameter increases
by the deletion of a single edge. Hence, we need to prove the theorem only
for such Gs.

Let G = K,, o K,,,. Then, clearly G is diameter minimal.

Suppose that H; = K3 and H, is a disconnected graph in which there
exists at least one component with an isolated vertex.

Let an edge u;v, — u;v, where v,, vy are not isolated vertices in Hz, be
deleted. Since vp, v, are not isolated vertices there is a path of length two
between u;vp, and u;vy in G. Hence, if H; contains any pair of adjacent
vertices, the deletion of that edge will not increase the diam(G). Thus, Hs
is a totally disconnected graph.

Suppose that H; is a connected graph with diameter two in which at
least one pair of adjacent vertices have no path of length two between them
and H, is a disconnected graph in which there exists at least one compo-
nent with an isolated vertex.

As in the previous case, if H2 contains any pair of adjacent vertices, the
deletion of that edge will not increase the diam(G). Hence, H, is a totally
disconnected graph.

Let an edge u;v, — u;v, where the adjacent vertices u; and u; have a
path of length two in Hj, be deleted. If any two adjacent vertices in H;
have a path of length two between them, then the deletion of an edge will
not increase the diam(G). Thus, H, is a connected graph with diameter two
in which there is no path of length two between any two adjacent vertices
in Hy. 0O

Theorem 3.3. Let G = H; o H,. Then DY(G) < t ny, where t is the
minimum number of edge disjoint paths of length diam(H,) between any
two vertices in H;.

Proof. Follows from Theorem 2.3. O
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Theorem 3.4. Let G & H, o Hy. Then D~(G) =1 if and only if G is
any one of the following graphs where,

(a) Hy has a universal vertex and H, is a connected graph with diam(H,) > 4
and D~2(H;) = 1 if an edge is added between a diametral vertez and any
other vertex of Hy.

(b) H, is any graph and H, is a connected graph with diam(H,) > 4 and
D~Y(H,) = 1 if an edge is added between the diametral vertices or between
any two other vertices of H,.

Proof. Follows from Theorem 2.4. a

Corollary 3.5. There does not exist a graph G = H; o Hy such that G is
diameter mazimal.
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