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Abstract

A graph G of order |V(G)| and size |E(G)| is called edge-magic if
there exists a bijection f : V(G) U E(G) — {1,2,3,--- ,|V(G)}{ +
|E(G)|} such that f(z)+ f(zy) + f(y) is a constant for every edge
zy € E(G). An edge-magic graph G is said to be super if f(V(G)) =
{1,2,3,---,|V(G)}}. Furthermore, the edge-magic deficiency of a
graph G, p(G), is defined as the minimum nonnegative integer n
such that G UnK; is edge-magic. Similarly, the super edge-magic
deficiency of a graph G, p,(G), is either the minimum nonnegative
integer n such that G U nK; is super edge-magic or +oo if there
exists no such integer n. In this paper, we investigate the (super)
edge-magic deficiency of chain graphs. Based on these, we propose
some open problems.

1 Introduction

Let G be a finite and simple graph, where V(G) and E(G) are its ver-
tex set and edge set, respectively. In [9], Kotzig and Rosa introduced
the concepts of edge-magic labelings and edge-magic graphs as follows.
An edge-magic labeling of a graph G is a bijection f : V(G) U E(G) —
{1,2,3,--- ,|V(G)| + | E(G)|} such that f(z)+ f(zy) + f(y) is a constant
k, called the magic constant of f, for every edge ry of G. A graph
that admits such a labeling is called an edge-magic graph. Motivated
by the concept of edge-magic labelings, Enomoto, Lladé, Nakamigawa,
and Ringel (3] introduced the concept of super edge-magic labelings and
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super edge-magic graphs as follows. A super edge-magic labeling of a
graph G is an edge-magic labeling f of G with the extra property that
fV(Q@) = {1,2,3,--,|V(G)|}. A super edge-magic graph is a graph
that admits a super edge-magic labeling. The following lemma proved by
Figueroa-Centeno et al. [4] provides necessary and sufficient conditions for
a graph to be super edge-magic.

Lemma 1 A graph G is super edge-magic if and only if there ezists a
bijective function f : V(G) = {1,2,---,|V(G)|} such that the set S =
{f(z) + f(y) : zy € E(G)} consists of |E(G)| consecutive integers. In this
case, f can be ertended to a super edge-magic labeling of G with the magic
constant |V (G)| + |E(G)| + min(S).

The next lemma taken from [3] gives sufficient condition for non-existence
of super edge-magic labeling of a graph.

Lemma 2 If G is a super edge-magic graph, then |[E(G)| < 2|V(G)| - 3.

In [9], also Kotzig and Rosa proved that for every graph G there exists
a nonnegative integer n such that G U nK; is edge-magic. This fact moti-
vated them to introduced the concept of edge-magic deficiency of a graph.
The edge-magic deficiency of a graph G, u(G), is defined as the minimum
nonnegative integer n such that GUn K] is an edge-magic graph. Motivated
by Kotzig and Rosa’s concept of edge-magic deficiency, Figueroa-Centeno
et al. [5] introduced the concept of super edge-magic deficiency of a graph
analogously. They defined the super edge-magic deficiency of a graph G,
#s(G), as the minimum nonnegative integer n such that GUnK, is a super
edge-magic graph or 400 if there exists no such n. Several authors have
studied the super edge-magic deficiency of some classes of graphs. Ngu-
rah et al. in two separate papers [11, 13] studied the super edge-magic
deficiency of some classes of chain graphs, wheels, fans, double fans, and
disjoint union of particular type of complete bipartite graphs. Ichishima
and Oshima (8] investigated the super edge-magic deficiency of disjoint
union of complete bipartite graphs. Recently, Ngurah and Simanjuntak
[12] studied the super edge-magic deficiency of join products of a path, a
star, and a cycle, respectively, with isolated vertices. Other resuls can be
found in (5, 6] and the latest developments in these and other types of graph
labelings can be found in the survey paper of graph labelings by Gallian
(7] .

In 2002, Barrientos [2] defined a chain graph as a graph with blocks
B,,B,, -, By such that for every i, B; and B;;; have a common vertex
in such a way that the block-cut-vertex graph is a path. We will denote the
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chain graph with k blocks By, Bs, -+, By by C[B1,B,,--+ ,Bg). If By =

- = By = B, we will write C[By,Ba,---,Byx] as C[B®), Byy1,--- , Bkl
If for every i, B; = H for a given graph H, then C[B;,Ba,---,B] is
denoted by kH-path. Hence, kCs-path is a chain graph with k blocks
where each block is identical and isomorphic to the cycle Cy. Suppose that
€1,€2,...,Ck—1 are the consecutive cut vertices of C[B,, Bz, , Bx]. The
string of C[By, By, - - - , Bi] is (k—2)-tuple (d), da, . .., dx_2) where d; is the
distance between c; and ¢; 4, 1 < ¢ < k—2. We will write (d;,d2,...,dr-2)
as (d®),dey1,...,dk-2) ifd) = ... = d; = d. Some authors have studied the
super edge-magic deficiency of chain graphs. In 2003, Lee and Wang [10]
proved that some classes of chain graphs whose blocks are complete graphs
are super edge-magic. In other words, they showed that some classes of
chain graphs whose blocks are complete graphs have zero super edge-magic
deficiency. In [11], Ngurah et al. studied the super edge-magic deficiency
of kK3-paths and kK -paths.

In this paper, we present some new results on the (super) edge-magic de-
ficiency of chain graphs. Particularly, we investigate the super edge-magic
deficiency of kDL,-paths and C[K."), DLy, K{™), where DL, m > 2,
is a graph obtained from the ladder L,, = P,, x P, by adding two diago-
nals in each rectangle of L,,. Also, we studied the edge-magic deficiency
of kCy-paths. Additionally, we propose some open problems related to the
(super) edge-magic deficiency of these graphs.

2 The Results

First, we consider the super edge-magic deficiency of a graph whose ob-
tained from the ladder L,, = P, x P, m > 2, by adding two diagonals
in each rectangle of L,,. Such a graph is denoted by DL,,. Hence, DL,
can be defined as a graph with the vertex set V(DL,,) = {u;,v;]1 < j < m}
and edge set E(DL,) = {u;v;|1 < j < mPU{u;v)41, V%41, UjUj41, VjVjp1
|1 < j £ m—1}. Notice that Ahmad et al. [1] called this graph diagonal
ladder and proved the following theorem.

Theorem 1 [1] For every integer m > 2, uo(DLy,) = | 2].

Let us turn our attention to the graph DL}, = DL, U |G |K). For odd
m, this graph satisfies 2|V (DL} )|—3 = 5m—4 = |E(DL;,)|. Consequently,
the magic constant of any super edge-magic labelings of DL}, for odd m,
are |V(DLy,)| + |E(DL;,)| + 3 = 3|V(G},)| = 3(15m — 3). For even m,
we have 2|V(DL},)| — 3 = 5m — 3 = |E(DL;,)| + 1, implying that the
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maglc constant of any super edge-magic labelings of DL}, are 3|V(DL},)|—
1= —(15m —2) or 3|V(DL Y = 152'" As we can see, the labeling f :
V(DL‘ — {1,2,3,...,| %]}, (see Theorem 2, (1]), defined by

_ [ 1306t =-3)), ifz=u;, 1<i<m,
f(x)_{l_-ﬁ‘ij, ifr=v;, 1<i<m.

can be extended to a super edge-magic labeling of DL}, with the magic
constant 3(15m — 3) for odd m and 1(15m —2) for even m. Also, it is easy
to verify that, for even m, the labeling f/(z) = 1(5m + 2) — f(z) for every
z € V(DL},) can be extended to a super edge-magic labeling of DL?, with
the magic constant 152"‘ Hence, there exists a super edge-magic labelmg
of %L" witgh the magic constant k for every k € {3(15m — 3), 1(15m —
2), 153,

Next, we study the super edge-magic deficiency of some classes of chain
graphs. First, we study the super edge-magic deficiency of kDL,,-path.
Our first result gives the lower bound of the super edge-magic deficiency of
any kDL,,-path as we state in the following lemma.

Lemma 3 Let k > 3 and m > 2 be integers. If H = kDL,,-path with
string (dy,da,...,dx—2), where d; € {1,2,...,m -1}, 1 < i < k-2, then
uo(H) > [3(m - 2k +1).

Proof DL,, is a graph of order 2m and size 5m — 4. So, H is a
graph of order (2m — 1)k + 1 and size (5rn — 4)k. By Lemma 2, H is not a
super edge-maglc graph. Again, by Lemma 2, it is not hard to verify that
o(H) > |J(m -2k +1). O

Notice that, the lower bound presented in Lemma 3 is tight. We found
that the chain graph kDL,,-path with string (m —1,m—1,...,m 1) has
the super edge-magic deficiency [-;—(m — 2)k + 1] as we state in following
theorem.

Theorem 2 Let k > 3 and m > 2 be integers. If G = kDL,,-path with
string (m —1,m —1,...,m — 1), then puo(G) = |4(m - 2)k +1].

Proof By Lemma 3, 4,(G) > |3(m — 2)k+1|. Now, we have to show
#s(G) < |4(m — 2)k + 1]. First, we define G as a graph having
V@) ={cll<i<(m-1)k+1}U{uff1 <j<m,1<t <k}

and
E(G) = {ufuji1vic-nymejez—t: Catymaji—ttiq[1 S5 <m—1,1<
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t < kYU {ubcenymijr1—ell 5 <m1 <t < kU {cicin|l i< (m-
1)k}. Notice that under this definition, ¢m, Co(m—1)41,- - - 1 Ck—1)(m-1)+1 aT€
the cut vertices of G.

Next, define a bijection g : V(G)U(|_ (m-2)k+1))K;, — {1,2,3,.
|3((5m — 4)k + 4)]} as follows.
Case: m is even

( l_—l%-(5j 3)], 1f:c—u£ 1<j<m,
(x)—J [?(m+53—7)J, fr=u% 1<j<m,
9\x) = [?-] ?fx-c,,lSsz,
L 3(5¢+ 1)}, fr=c¢, m+1<i<2m-1.
Case: m is odd
[ |3(55—3)), ifx=u%,15j$m—1,
-;—(Sm -1), ifz=u,,
[3(6m+5j—4)), ifzx=u} 1<j<m-1,
(z) = ¢ 3(10m - 8), if z =12,
AR I ETR fr=c¢, 1<i<m-—1,
1(5m - 3), if z = cpm,
[3(5¢ —2)], ifr=c, m+1<i<2m—2,
\ -;-(10'”1—4), if:l:=02m_1.

Fori1<j<mand3<t<k,
oy [ g(ul) + 3(t —1)(5m - 4), iftisodd,
9(u;) = { o(ud) + 1t —2)(5m — 4), if tis even,
For 1 < j<m—1 and 3 <t <k, label the remaining vertices as follows.

(c ald) = 9(ci+1) + 3 (t—l)(sm 4), iftis odd,
iGte-ymti+2-e) = 9(cm+j) + 3(t—2)(5m — 4), iftis even.

We can verify that no labels are repeated. The largest vertex labels
used are 3((5m — 4)k + 3), if m and k are odd, and ((5m — 4)k + 4),
if both m and k are not odd. Hence, if m and k are odd, there exist
2((5m 4)k+3)—((2m-1)k+1) = F(m— 2)k+3 labels that are not utilized.
Otherwise, there exist 3((5m — 4)k+4) ((2m Dk+1)=3(m-2)k+1
labels that are not utilized.

Next, label isolated vertices in the following way.
Case m is odd and & is even.

If m = 3, we denote the 1solated vertices with {z,|1 <i<ik+1}and
set g(z;) =11i ~ 7 for 1 < i < 1k, and 9(zpp41) = Uk +1.
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If m > 5, we denote the isolated vertices with {z} U{ 2{|1 < i <
$(m—1),tis0dd} U {z}|1 < j < (m - 3),t is even} and set

1em -4t -1)+5i—-1, ifz=2z,1<i<i(m-1),
tlSOdd

(5m — 1) + 57, 1f:r—z ,1<5 < 3(m=3),

((dm — 4)(t — 1) + 3) + 55, lfx—z 1<_7<1(m 3),
t241seven,

1(5m — )k +1, if z = zo.

9(z) =

(SIS B

Case m is odd and & is odd.

If m = 3, we denote the isolated vertices with {z;|1 < i < |3k +1]}
and set g(z;) =11i — 7 for 1 <i < |3k +1).

If m > 5, we denote the isolated vertices with {z{[1 < i < J(m —
1),tis odd} U {21 < j < §(m — 3),t is even} and set

F6m—-4)(t-1)+5i—1, ifz=2, 1<i<i(m-1),
t is odd,
g(z) = %(5m—1)+5j, ifz=22,1<j< 3(m-3),
(5m — 4)(t — 1) + 3) + 55, 1f:t:—z 1<]<1(m 3),
t24lseven,

Case m is even and for any k.

In this case, we denote the isolated vertlces with {20} U {z}|]1 <7 £
%(m—Q) 1 <t < k} and set g(za)— 2(5m — 4)k + 1 and g(2f) =
3(5m —4)(t-1)+5j—1for 1 <i < §(m— 2)and1<t<k

We can also verify that, under the vertex labeling g, the set {g(z)+g(y) :
zy € E(G)} = {3,4,5,...,(bm— 4)k+2} By Lemma 1, g can be extended
to a super edge-maglc labeling of G U [_ (m—-2)k+ lj K, with the magic
constant |£((15m — 12)k + 10)]. Hence, #s(G) < |3(m — 2)k + 1J. This
completes the proof. O

An example of the labeling defined in the proof of Theorem 2 is shown
in Figure 1.

Let G* = G U |3(m — 2)k + 1] K,. It can be checked that G* satisfies
2|lV(G*)]—3 = |E(G*)| for m and k are odd, and 2|V (G*)|-3 = |E(G*)|+1
for otherwise. Concequently, the magic constant of any super edge-magic
labelings of G* are 3((15m — 12)k +9), 3((15m — 12)k + 10), or 2((15m —
12)k + 12). It is not hard to check that, for m and k are not both odd, the

230



4 v@v@v@
LI

Figure 1: The vertex labelings of a 4DL,-path with string (3, 3).

labeling ¢'(z) = 3((5m—4)k+6)—g(z) for every z € V(G*), where g is the
labeling in the proof of Theorem 2, can be extended to a super edge-magic
labeling of G* with the magic constant $((15m — 12)k + 12). Hence, for
every ¢ € {3((15m — 12)k +9), 1((15m — 12)k + 10), $((15m — 12)k + 12)},
there exists a super edge-magic labeling of G* with the magic constant c.

Referring to the afore-mentioned results, we propose the following prob-
lems.

Open problem 1 For any integers k > 3 and m > 2, find the upper bound
of the super edge-magic deficiency of every G = kDL,-path. Further, for
any integers k > 3 and m > 2, find the ezact value of the super edge-magic
deficiency of G = kDL,,-path with particular string (d,ds,...,dr—2) #
(m—-1m-1,...,m—1).

Notice that DLy = K4 and from Theorem 2 we knew that pu,(kK,-path)
=1 (see also [11]). Next, we study the super edge-magic deficiency of chain
graphs whose blocks are combination of K; and DL,,. Particularly, we
study the super edge-magic deficiency of F = C’[Kﬁk), DL,..K i")]. First,
we give the lower bound of the super edge-magic deficiency of F. This
lower bound is a consequence of Lemma 2. So, we state the result without
proof.

Lemma 4 Letk,n > 1 and m > 2 be integers. If F = C[Ksk),DLm, K,g")]
with string (151, d,1(*=1), whered € {1,2,3,...,m — 1}, then p (F) >

1Z]-

Now, we consider the super edge-magic deficiency of F' with string
(1%=1) m — 1,1("-1), As we can see, the super edge-magic deficiency of
F with string (1¢~9,m — 1,1("=1) does not depend on k and n. We
define the vertex and edge sets of F as follows. V(F) = {a; bl <
i < kPU{c|l i< k+1}U{u,v)1 €7 <mpuU{z,ue|l <t <
n}U{zt|1 <t< n+1} and E(F) = {a,-bi,a,-ci,aiciﬂ,bic,v,b,-c,-.}.l,ciciﬂll <
i < kPU{uo]1 < 5 < mpU {u5u00, 90541, %0541, V]l S 5 <
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m— I}U {.’L'tyt, Te2t, Te2t41,Yt2t, Yt2t+1, ztzH-lll _<_ t S n}, where Ck+1 = Uy
and v, = z;. Hence, F is a graph of order 3(k + n) + 2m and size
6(k + n) + 5m — 4. The cut vertices of F are ¢g,¢3,...,Ck+1, 21,22, ++12n-

Theorem 3 Letk,n > 1 andm > 2 be integers. If F = C'[K‘gk), DL, Ki")]
with string (1%~ m — 1,101, then u (F) = | ).

Proof By Lemma 4, u,(F) > |3). Let F* = FU |2 ] K, and define
F* as graph with V(F*) = V(F) U {w,|1 < s < | %]} and E(F*) = E(F).
Next, define a bijective function h : V(F*) — {1,2,3,...,[3(k + n) +
3(5m)}} as follows.

( 3i—2, ifr=a; 1<i<k,
3, ifr=0;, 1<i<k,
3i—1, frx=c, 1<i<k+1,

16k +5j—1), ifr=u; jis odd,
hiz) = -?-(6k+5j —-4), fzx= u;, Jjis even,
i(6k+5j—3), ifx=vj;, jis odd,
;(Gk +5j), ifx=wv;, jis even,
3k +5s -1, fr=w, 1<s< 3]

\

To label the remaining vertices, we consider two cases depending on the
value of m.
Case m is even

3k+t)+5(5m—8), ifr=1y, 1<t<n,

3(k+t)+%(5m-4), ifr=1x, 1<t<n,
h(z) = =
3k+t)+5(5m—86), ifx=2,1<t<n+l.

Case m is odd

3k+t)+1i(5m—1), ifx=1x, 1 <t<n,
h(z) = 3(k+t)+%(5m—5), fr=y,1<t<n,

Under the labeling h, it can be checked that h(cky1) = h(u;) and
h(vm) = h(z1). Also, it can be checked that {h(z) + h(y)|zy € E(F*)}
is a set of 6(k + n) + 5m — 4 consecutive integers. By Lemma 1, h can
be extended to a super magic edge labeling of F* with the magic constant
9k +n)+7m + 5] — 1. Hence, u,(F) < | Z]. O

The example of the vertex labeling defined in the proof of Theorem 3
can be seen in Figure 2.
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Figure 2: The vertex labelings of C[K{®, DLs, K{?] with string (1, 1, 4,
1).

It can be checked that the magic constant of any super edge-magic
labelings of F* = FU |2 |K; are 9(k+n) +7m+ 3(m—1) —1, 9(k+n) +
Tm+ F —1, or 9k +n)+ 7m + F. Also, it is easy to verify that there
exists a super edge-magic labeling of F** with the magic constant c for every
c€ {9(k+n)+Tm+3i(m-1)-1,9(k+n)+Tm+2 —1,9(k+n)+Tm+Z}.

The open problems related the super edge-magic deficiency of
CIK¥), DL, K{™) are presented bellow.

Open problem 2 For any integers k,n > 1 and m > 2, find the up-
per bound of the super edge-magic deficiency of C[K‘gk), DL, Kﬁ")]. Fur-
ther, for any integers k,n > 1 and m > 2, find the ezact value of the
super edge-magic deficiency of C[K, ik),DLm,K §“’] with particular string
1%-1 d,1*-D) ford € {1,2,3,...,m — 2}.

In the next two theorems, we study the edge-magic deficiency of chain
graphs kCy-path for some positive integer k.

Theorem 4 Let p,q > 2 be integers. If H = (p + q)Cy-path with string
(2(P=2,1,1,209-2), then u(H) = 0.

Proof First, define the vertex and edge sets of H as follows. V(H)
{anbifl <i < ptU{all <i<p+1}U{z;yll <5 < q}U{zll
j < q+ 1}, where bp = . E(H) = {c;a,',cibi,a,-ciﬂ,b,-c,~+1|1 <1
P}YU {2z, 295, Ti2zj+1,¥52i4111 < 7 S g}

Next, define a bijection h : V(H)U E(H) — {1,2,3,...,7(p + q) + 1}

INIA I
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as follows.

g(u) =

\

2,

3p+qg+241,
3p+qg+4-2i
3p+qg+3-—2i
6p+ 79+ 3 —2i,
6p + 7g 4+ 2 — 2,
p+1+7,
dp+q+1+3,
dp+4q+1+3,
4p+7q + 3 — 23,
dp + 79 + 2 — 23,
4p + 49+ 3 — 24,
dp + 49 + 2 — 23,

ifu:ci) ISISP"'L
ifu=a; 1<i<p,
fu=b;, 1<i<p,
ifu=aic;, 1 <1 <p,
ifu=aiciy1, 1<i<p,
ifu=bt-ci, IS’I:SP,

if u=biciy1, 1<i<p,
ifu=2; 1<j<q+1,
if’ll.=1:j, ISqua
ifu=1mz;2;, 1<j<gq,
fu==z;211, 1<j<gq,
ifu:yjzjy 1<5<yq,
ifu=y;jz;41, 1<j<q

Is is a routine procedure to verify that h is an edge-magic labeling of H
with the magic constant 9p + 8¢ + 5. This complete the proof. O

Theorem 5 Let p > 2 and g > 1 be integers. If G = (p + q)Cy-path with
string (2(P=2),1,2(4=1), then u(G) = 0.

Proof Let G be a graph with V(G) = {a;,b;|1 <i <p}U{a]1 i <
p+1}U{z;,y;]1 <j < q}U{2]1 <j < q+1}, where b, = 2. E(G) =
{ciai, cibiy aiciyr, biciga|1 < i < pYU{zjz;, 295, Tj2j41, 52541]1 < 5 < g}

Next, define a labeling f : V(G) UE(G) - {1,2,3,...,7(p+q) + 1} as

follows.

(D

3p+ 3¢+ 3 -2,
3p+3¢g+2-—2i
6p+ T7q+3 — 2,
6p+ 7g +2 — 2i,
4p +3g + j,
p+1+j,
4p+4g+1+37,
4p 4+ 79 + 3 — 27,
dp +7q + 2 — 27,
p+ 39+ 3 - 2j,

(| p+39+2-2j,

ifu=¢, 1<i<p+1,
ifu=a;, 1<i<p,
ifu:bi, 1515179
ifu=ac, 1<i<p,
ifu=aiciy1, 1<i<p,
fu=bic;, 1<i<p,

if u=biciy1, 1<i<p,
fu=2;,1<j<q+1,
ifu:xja IS]SQa
ifu:yja 1<j<q
ifu=1z;2;, 1<j<q,
ifu:szj-i-l) ISJS%
fu=y;z;, 1<j<q,
fu=vy;zj41, 1<
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It is easy to check that f is an edge-magic labeling of G with the magic
constant 9p + 10g + 4. Hence, p(G) = 0. a

The examples of the labelings defined in Theorem 4 and Theorem 5 are
showed in Figure 3(a) and Figure 3(b), respectively.

Figure 3: (a) The vertex and edge labelings of a 6C,-path with string (2,
1, 1, 2) with the magic constant 56. (b) The vertex and edge labelings of
a 6C4-path with string (2, 1, 2, 2) with the magic constant 61.

Open problem 3 For any integers k > 3, find the edge-magic deficiency
of any kCy-paths.

Acknowledgements

The author wish to thank the referee for his/her valuable comments and
suggestions.

The research conducted in this document has been supported by “Hibah
Desentralisasi - Fundamental 2014”, 014/SP2H/P /K7/KM/2014, from the

Directorate General of Higher Education, Indonesia.

References

[1] A. Ahmad, M. F. Nadeem, M. Javaid, and R. Hasni, On the super edge-
magic deficiency of some families related to ladder graphs, Australas.

235



J. Combin. 51 (2011), 201 - 208.

[2] C. Barrientos, Graceful labeling of chain and corona graphs, Bull. Inst.
Combin. Appl. 34 (2002), 17 - 26.

(3} H. Enomoto, A. Llado, T. Nakamigawa, and G. Ringel, Super edge
magic graphs, SUT J. Math., 34 (1998), 105 - 109.

[4] R. M. Figueroa-Centeno, R. Ichishima, and F. A. Muntaner-Batle, The
place of super edge-magic labelings among other classes of labelings,
Discrete Math., 231 (2001), 153 - 168.

[5] R. M. Figueroa-Centeno, R. Ichishima, and F. A. Muntaner-Batle, On
the super edge-magic deficiency of graphs, Ars Combin. 78 (2006), 33
- 45,

[6] R. M. Figueroa-Centeno, R. Ichishima, and F. A. Muntaner-Batle, Some
new results on the super edge-magic deficiency of graphs, J. Combin.
Math. Combin. Comput., 55, (2005), 17 - 31.

[7] J. A. Gallian, A dinamic survey of graph labelings, Electron. J. Combin.
16 (2015) # DSé.

[8] R. Ichishima and A. Oshima, On the super edge-magic deficiency and
o-valuation of graphs, J. Indones. Math. Soc., Special Edition (2011),
59 - 69.

(9] A. Kotzig and A. Rosa, Magic valuation of finite graphs, Canad. Math.
Bull., Vol. 13 (4), (1970), 451 - 461.

[10] SM. Lee and J. Wang, On super edge-magicness of chain graphs whose
blocks are complete graphs, Cong. Numer., 162 (2003), 147 - 160.

(11] A. A. G. Ngurah, E.T. Baskoro, and R. Simanjuntak, On super edge-
magic deficiency of graphs, Australas. J. Combin. 40 (2008), 3 - 14.

[12] A. A. G. Ngurah and R. Simanjuntak, Super edge-magic deficiency of
join-product graphs, Util. Math., to appear.

(13] A. A. G. Ngurah, R. Simanjuntak, E.T. Baskoro, and S. Uttung-
gadewa, On super edge-magic strength and deficiency of graphs, Com-
putational Geometry and Graph Theory, LNCS 4535 (2008), 144 - 154.

236



