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Abstract

An adjacent vertex distinguishing total coloring of a graph G is
a proper total k-coloring of G such that any two adjacent vertices
have different color sets, where the color set of a vertex v contains the
color of v and the colors of its incident edges. Let x4 (G) denote the
smallest value k in such a coloring of G. In this paper, by using the
Combinatorial Nullstellensatz and the discharging method, we prove
that if a planar graph G with maximum degree A > 9 contains no
5-cycles with more than one chord, then x7(G) < A +3.
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1 Introduction

For a given graph G = (V(G), E(G)) and a positive integer k, a total k-
coloring of G is a mapping ¢: V(G)UE(G) — {1,2,--- , k} such that no two
adjacent or incident elements receive the same color. In a total k-coloring
¢ of G, let Cy(v) denote the set of colors of the edges incident to v and the
color of v. If Cy(u) # Cy(v) for each edge uv, we call such a total k-coloring
an adjacent vertex distinguishing total coloring. The smallest number k is
called the adjacent vertex distinguishing total chromatic number, denoted
by x/(G). Let mg(v) denote the total sum of colors in Cy(v). Obviously, for
any edge uv € E(G), if my(u) # mg(v), then Cy(u) # Cy(v). Hence, when
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dealing with the problem of adjacent vertex distinguishing total coloring,
we can consider the sums of colors.

All graphs considered here are simple, finite and undirected. For a
planar graph G = (V(G), E(G)), we use V(G), E(G), F(G), 6(G) and
A(G) to denote the vertex set, the edge set, the face set, the minimum
degree and the maximum degree of G, respectively. For a vertex v € V(G),
Ng(v) denotes the set of vertices adjacent to v in G, dg(v) = |[Ng(v)|
denotes the degree of v. A k-, k*- and k~-vertex is a vertex of degree k, at
least k and at most k, respectively. A vertex u is called a k-neighbor (resp.
k~-neighbor, k*-neighbor) of a vertex v if wv € E(G) and dg(u) = k(resp.
de(u) < k, dg(u) = k). For a face f € F(G), the degree of the face f,
denoted by dg(f), is the number of edges incident with it, where cut edge
is counted twice. A k-, k*- and k~-face in a plane graph G is defined
analogously to counterparts of a vertex. Similarly, a k-cycle is a cycle
with length k. For a k-cycle (face) C in G, we write C = [ujug - - uk)
if u1,u9,--- ,u;x are the boundary vertices of C in the clockwise order.
Sometimes, we denote this cycle (face) by a (dg(u1), da(us), - - - ,dg(uk))-
cycle (face) for convenience. For a k-cycle C in G, an edge zy € E(G)\E(C)
is called a chord of C if z,y € V(C). We call two cycles adjacent if their
boundaries share at least one edge in common.

In terms of the upper bound of x?(G), it is proved that x7(G) < x(G)+
x'(G) in [11}, where x(G) and x'(G) denote the vertex chromatic number
and the edge chromatic number of G, respectively. Then, for any planar
graph G, we have x/(G) < A(G) + 4 with A(G) > 7, which is obtained
from the Four-Color Theorem [2, 3] and the relation that x'(G) = A(G) in
the case A(G) > 7 [10]. Zhang et al. conjectured a strong version in {16].

Conjecture 1. [16] For any graph G with at least two vertices, x/(G) <
A(G) +3.

Conjecture 1 is confirmed for any graph with A(G) < 3 [7, 12], K4-minor
free graphs [13], outerplanar graphs [14], planar graphs with maximum
degree A(G) > 11 [9] and planar graphs with maximum degree A(G) > 10
[6]. At that same time, some other upper bounds of x”(G) are obtained.
In (8], it is proved that x7(G) < 2A(G) with the maximum degree A(G) >
3. In [5], Coker and Johannson used a probabilistic method to get that
Xa(G) € A(G) + ¢, where ¢ is a positive constant. For planar graphs with
maximum degree at least 14 in [15], Huang and Wang decreased the upper
bound of x%(G) in Conjecture 1 to A(G) + 2.

In this note, we will show the following result.

Theorem 2. Let G be a planar graph with mazimum degree A > 9. If
every 5-cycle in G has at most one chord, then x(G) < A +3.
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Before discussion, some other notations are introduced. Suppose that
H is a subgraph of a given planar graph G. For z € V(H), let NH(z)
denote the set of I-neighbors of z in H and dff (z) = |Nf/(z)|. Similarly,
dfi (z) and df (z) can also be defined. If there is no confusion in the con-
text, we usually write dg(v), Ne(v),8(G), A(G), d?(z),dS (z) and dE ()
as d(v), N(v), 4, A, di(z), di+ (1:) and d;- (:r:) respectively. For sxmphcxty, let
V(G) U E(G) = VE(G). For the terminologies and notations not defined
here, we follow [4].

2 Preliminaries

In order to improve the analysis procedure of Theorem 2, we need the
following lemmas.

Lemma 3. [1] [Combinatorial Nullstellensatz] Let F be an arbitrary field,
and let P = P(z,, -+ ,x,) be a polynomial in F(z,,--- ,z,]. Suppose the
degree deg(P) of P equals Y, ki, wh,ere each k; is a non-negative integer,
and suppose the coefficient of H,_l ;*in P is non-zero. Then if Sy, -+, S,
are subsets of F with |S;| > ki, there are 51 € S1,-++ ,8, € Sp so that
P(sli"' 1311) :Iéo

From Lemma 3, some coefficients of monomials []7%, z¥* with 372 ki =
deg(P) = n should be determined. To solve this problem effectlvely,
we always use MATLAB to calculate the coefficients of speciﬁc mono-
mials. Let kl, -+ ,km be nonnegative integers with Z : = n and
cp(zhrake .. ) be the coefficient of the monomial [T}, 1" in P, then
8"P/(6x'f‘6x - Ozkr) = cp(afrak? - ke ) I, kil

For aset A C V(G)U E(G), in a partial adjacent vertex distinguishing
total coloring ¢4 of G from A to the color set C = {1,--- ,k}, let da(z)
denote the color of element z € A, satisfying all the conditions in the
definition of adjacent vertex distinguishing total coloring of graphs. Let
Sp4 () denotes the set of colors which are still available for totally coloring
element z € V(G) U E(G) in ¢4. Two adjacent vertices z and y are called
to be conflicting in ¢4 if Cy, (z) = Cy, (¥)-



3 Structural properties of the minimum coun-
terexample

We will prove Theorem 2 by contradiction. Let G be a minimal counterex-
ample to Theorem 2. Clearly, G is connected. Let £ = A(G) +3 > 12. For
simplicity, we use “a [k]-avd-total coloring” to denote “a k-adjacent vertex
distinguishing total coloring using the color set C = [k] = {1,2,--- ,k}".

Lemma 4. There is no edge uv € E(G) such that dg(u) < 5 and dg(v) <
4.

Proof. Suppose to the contrary that G contains an edge uv such that
dg(u) = s £ 5, dg(v) = t < 4. Without loss of generality, we may as-
sume that s = 5 and ¢ = 4, for proofs of other cases are much easier. Let
H = G —uv. By the minimality of G, there is a [k]-avd-total coloring in H.
Let uj, uo, us3, uq be the neighbors of u other than v, and v;,v2,v3 be the
neighbors of v other than u. Remove the colors of u and v in H and denote
this partial [k]-avd-total coloring of G by ¢ 4. Then A = VE(G)\{u, v, uv}.
Now, we use colors z1, T2 and z3 to color u, uv and v, respectively. Then
we let

(:131 + T2+ Mg, (u) —Mpy (ui))

m»

P(xl,l’z,ws) = H (z: -‘-Tj)
1<i<ji<3 i

3
[T (2 + 23 + mg , (v) — mg , (v))

i=1

((2:1 +me, (w)) — (z3 + mg, (v)))

il
-

Since for any monomial [T>_, =¥ with 33, k; = 11, the coefficient in P is

the same to that in Q(z1,z2,73) = [I (zi—z;)(z1+z2)(z2+23)3 (21—
1<i<j<3

z3), cp(z3z3z}) = co(a3riz) = —5 # 0. Since |y, (u)] > A+3-82>4,
|Sp\(uv)] > A+3-725,|55,(v)] 2 A+3-6>6. By Lemma 3, we can
find s; € Sy ,(u), s2 € Sy, (uv) and s3 € Sy, (v) such that P(sy, s, s3) # 0.
So, we get a [k]-avd-total coloring of G, a contradiction. o

For any vertex v € V(G) with dg(v) £ 4. By Lemma 4, v has no 4-
neighbors. Hence, v has at most eight forbidden colors. Since k = |C| > 12,
v can be colored properly in any case according to the definition of adjacent
vertex distinguishing total coloring. Then in the following discussion, we
will omit the process of erasing and recoloring of 4~-vertices. For a d-vertex
in G, let Ng(v) = {v1,v2, -+ ,v4} with dg(v1) < dg(v2) < - -+ < dg(va).
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Lemma 5. Let v be a 6-vertex of G. Then dy- (v) < 1.

Proof. Suppose to the contrary that G contains a 6-vertex v adjacent to
at least two 4~ -vertices v; and vy. Let H = G — vv; — vvo, then H has a
(k]-avd-total coloring ¢4, which is also a partial [k]-avd-total coloring of G
with A = VE(G) \ {vv;,vvs,v;,v2}. Now, we use colors z; and z2 to color
the edges vv; and v, respectively. Then we let

6
P(z1,22) = (21 — z2) [ [ (21 + 72 + my , (v) — mg , (v:)).
=3

Similarly, cp(z323) = co(z3z3) = 2 # 0, where Q(z1, z2) = (71 — z2)(z1 +
z2)%. On the other hand, we have |Sy, (vv1)|,|Ss, (vv2)| > A +3 -8 > 4.
By Lemma 3, we can find s; € S,(vv;) and s; € Sy, (vvz) such that
P(s1,52) # 0. Then we get a [k]-avd-total coloring of G, a contradiction.

O

Lemma 6. Let v be a 7-vertez of G.
(1) If d3-(v) 2 1, then dy- (v) < 2.
(2) If da-(v) 2 1, then dy- (v) < 1.

Proof. (1) Suppose to the contrary that d4-(v) > 3. Let d(v;) < 3 and
d(vz),d(v3) < 4. Then H = G —vv; —vvz —vvs has a [k])-avd-total coloring
¢4 with A = VE(G) \ {v1,v2,v3,vv;,vv2,vv3}. Now, we use colors 1, T
and z3 to color the edges vv;, vvy and vvs, respectively. Let

7

P(zi,z3,73) = [] (z:—z) [[(@1 + 22 + 23 + my, (v) — mg, (v3)).
1<i<j5<3 i=4

Similarly, cp(z{ziz}) = co(zizrizl) = 3 # 0, where Q(z),;,23) =
IT (z:i — z;)(z1 + z2 + z3)%. Since |Sy,(vvy)| > A+3-7 > 5,
1<i<j<3
IS¢ (vv2)],|Sp4(vus)] > A +3 ~8 > 4, by Lemma 3, we can find s, €
Ssa(vv1), s2 € Sy, (vvy) and s3 € S, , (vuz) such that P(sy,ss,s3) # 0.
Then G has a [k]-avd-total coloring, a contradiction.
(2) Suppose to the contrary that ds- (v) > 2. let d(v;) < 2 and d(vs) <
4. Then H = G — vvy — vv; has a [k]-avd-total coloring ¢4 with A =
VE(G)\ {v1,v2,vv1,vv2}. Now, we use colors z; and z, to color the edges
vv; and vv,, respectively. Let

7
P(zy,z2) = (23 — 3) H(xl + T2 +mg , (V) — Mg, (v:)).

=3

Similarly, we get cp(ziz3) = co(ziz?) = 5 # 0, where Q(z),22) = (2 —
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z2)(z1+22)5. Since |Sp,(vv1)| = A+3 -7 25,|55,(vv2)| = A+3-9 > 3,
by Lemma 3, we can find s; € S4,(vv1) and s3 € Sy, (vve) such that
P(s1,52) # 0. Then G has a [k]-avd-total coloring, a contradiction. O

Lemma 7. Let v be a 8-vertez of G.
(1) If da-(v) > 1, then d4- (v) < 3.
(2) If d3-(v) 2 1 and ds- (v) 2 2, then dy- (v) < 2.

Proof. (1) Suppose to the contrary that ds-(v) > 4. Let d(v1) £ 3 and
d(v2),d(v3),d(v4) < 4. Then H = G — vv; — vvy — vv3 — vv4 has a [k]-avd-
total coloring ¢4 with A = VE(G)\ {v1, v2, vs, vs, vv1, vv2, vus3, vv4}. Now,
we use colors ), 2, T3 and z4 to color the edges vvi, vvuy vus and vuy,
respectively. Then , we can get a polynomial

8

P(z1,22,73,20) = || (zi—z;) [[(m1+ze+aatzatme, (v)—me,(v:))-
1<i<j<4 i=5

So cp(zizdeszl) = coletzizard) = —1 # 0, where Q(z1, 2,73, 74) =
[1 (z:i —z;)(z1 + z2 + 23 + z4)%. On the other hand, |Sy,(vv1)| 2

1<i<;j<4

A+3—=725,|84,(vv2)l, |Sp,(vv3)l,|Se.(vvs)| = A 43 — 8 > 4. Hence,

by Lemma 3, we can find s; € Sy, (vv1), 52 € Sp, (vv2), s3 € Sg,(vv3) and

s4 € Sy, (vvy) such that P(sy, s2,83,54) # 0. Then G has a [k]-avd-total

coloring, a contradiction.

(2) Suppose to the contrary that ds- (v) > 3. Let d(vq) < 2, d(vz) <3
and d(v3) < 4. Then H = G — vv; — vvy — vz has a [k]-avd-total coloring
¢4 with A = VE(G) \ {v1,v2,vs, vv,vv2,vvu3}. Now, we use colors 1, T3
and z3 to color the edges vv;, vve and vvs, respectively. Then

8

P($1,12,$3) = H (xi - -Tj) H(xl +x2+ 23+ My, ('U) — Mg, (vs)).
1<i<j<3 im4

Similarly, we get cp(ziz3zs) = co(ririzs) = 5 # 0, where Q(z1,22,73) =
I[I (zi—z;)(z1+z2+z3)5. On theother hand, |Sy, (vv1)| > A+3-7 >

1<i<5<3

5,|Sp.(vv2)| 2 A+3—-8 > 4,|Sy,(vvs)| = A+3-9 > 3. Hence, by Lemma

3, we can find s; € Sg,(vv1), 82 € Sy, (vv2) and s3 € Sy, (vvs) such that

P(s1, s2,53) # 0. Then G has a [k]-avd-total coloring, a contradiction. 0O

Lemma 8. Let v be an 9-vertex of G.

(1) If di(v) 2 1 and d3- (v) 2> 2, then dy-(v) < 3.
(2) If da-(v) 2 1 and d3- (v) = 2, then dy-(v) < 4.

20



Proof. (1) Suppose to the contrary that dy- (v) > 4. Let d(v1) = 1, d(v2) <
3 and d(vs), d(v4) < 4. Then H = G — vv; — vv2 — vuz — v, has a [k}
avd-total coloring ¢4 with A = VE(G) \ {v, vz, V3, v4,vv1, vvz, vv3, 004 }.
Now, we use colors z1, z2, £3 and z4 to color the edges vvy, vvs vvs and
vy, respectively. Let

9
P(zy,z9,23,24) = H (i—x;) H(x1+$2+x3+x4+m¢A (v)—mg, (v;)).
1<i<j<d i=5

So ep(zirizizs) = cqo(zlririzy) = 4 # 0, where Q(z1,Z2,23,24) =
< H <4(I,’ - :z:j)(xl +z24+23+14 +:l}5)5. Since lS¢A(U01)| >A+3-62>
1<i<j<

6,|Sp.(vv2)] > A +3 —8 >4, |Sy,(vus)l, |Sp.(vvs)| > A+3 —92>3, by

Lemma 3, we can find s; € Sy, (vv1), s2 € Sy, (vva), s3 € Sy, (vv3), and

54 € Sp,(vvy) such that P(sy, s2,53,54) # 0. Then G has a [k]-avd-total

coloring, a contradiction.

(2) Suppose to the contrary that d4-(v) > 5. Let d(v1) < 2, d(vp) < 3
and d(v3), d(v4), d(vs) < 4. Then H = G —vvy —vvs —vva —vvy —vus has a
[k]-avd-total coloring ¢4 with A = VE(G) \ {v1, v2, v3, 4, vs, vV}, V03, V3,
vvg,vvs}. Now, we use colors z1, z2, Z3, Z4 and x5 to color the edges vv,
Vv VU3, vug and vus, respectively. Let

P(z1,72,23,74,25) = H (z: — z5)
1<i<j<5

9
H(zl +Zo + T3 + T4 + 15 + wg , (V) — wg , (v:)).

i=6

So cp(ziziz3a?) = cq(aziziziz?) = 1 # 0, where Q(z1, xo, 23,74, 25) =
y IT <5(zi —z;)(x1 4+ 22 + 23 + 24 +x5)*. Since |Sy, (vv1)| > A+3-6>
Li<jis

6,144 (vv2)] 2 A+3-7 =5, | Sy, (vus)l, [Sp, (vvs)], |Sp, (vus)| = A+3—

8 >4, A > 9, by Lemma 3, we can find s; € Sy, (vv1), 82 € Sy, (vv2), 53 €

Spa(vva), s4 € Sy, (vvg) and s5 € Sy, (vus) such that P(sy, s2, 83, 84, 55) #

0. Then G has a [k]-avd-total coloring, a contradiction. O

4 Proof of Theorem 2

Let G’ denote the graph obtained from G by removing all 1-vertices and
2-vertices. Since for any planar graph with maximum degree at least 10,
Conjecture 1 is confirmed in [6], we just discuss the case A(G) = 9. For a
plane embedding H of G’, we have
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Claim 1. In H, the following results hold:

(1) 8(H) 2 3;

(2) For any 5% -vertez v in G, dgy(v) > 5, and for any 4~ -vertez v, dy(v) =
d(v).

(3) There is no edge uv € E(H) such that dy(u) <5 and dy(v) < 4.

Proof. (1) can be immediately obtained from (2), so we first prove (2).
By Lemma 5-Lemma 8, dg(v) = d(v) — dy-(v) > 5 for any vertex v with
d(v) > 6 in G. At the same time, by Lemma 4, dg(v) = d(v) for any vertex
v with 3 < d(v) < 5.

(3) For any edge uwv € E(H), if dy(v) < 4, then since by Lemma 4-
Lemma 8, dy(v) = d(v) < 4. If dy(u) = d(u) < 5, then by Lemma 4,
the degree of each neighbor of u is at least 5, a contradiction. So dy(u) =
d(u) —da-(u) < 5 and d-(u) > 1. But by (2), dg(u) = d(u) —da-(u) > 5.
Then dy(u) = d(u) — da- (u) = 5 and dp- (1) > 1. On the other hand, by
Lemma 4-Lemma 8, the degree of each neighbor of u is at least 5 in H.
Hence, there is no edge uv € E(H) such that dg(u) < 5and dy(v) < 4. O

For any vertex v € V(H), let fi(v) denote the number of k-faces incident
with v in H, respectively. Since every 5-cycle contains at most one chord,
there are no three consecutive adjacent 3-faces [vv1v2], [vvavs] and [vuzvg)
in H (in G). Then, the following results hold.

Claim 2. In H, f3(v) < [(2dg(v))/3].

Euler’s formula |V(H)| — |[E(H)| + |F(H)| = 2 can be rewritten as
ZveV(H)(dH(v) —4)+ ZfeF(H)(dH(f) — 4) = —8 < 0. Firstly, we assign
an initial charge ¢ on V(H) U F(H) by letting ¢(v) = du(v) — 4 for every
vertex v € V(H) and c(f) = dy(f) — 4 for every face f € F(H). So
Z:.'GV( HyurH) €(x) < 0. Secondly, we will develop discharging rules to

redistribute charges among the elements of V(H) U F(H). Finally, we will
prové that the final charge of each element is nonnegative. Then, there is
a contradiction to (1), leading to the result that H (and then G’ and G as
well) cannot exist. For z,y € V(H) U F(H), we use 7(x — y) to denote
the charge moved from z to y. The discharging rules are given as follows:

R1. Every 3-vertex in H receives 1/3 from each of neighbors.
R2. Let f = [zyz] be a 3-face in H such that dy(z) < dy(y) < du(2).

R2.1 Ifdy(x) > 5, thenr(z = f) =1(y = f) =7(z = f) =1/3.
R2.2 If 3<dy(r) <4,then7(y = f)=7(z— f) =1/2.
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Let f be a face in H. If f is a 3-face, then by R2, ¢/(f) > 3 -4+
min{2 x 1/2,3 x 1/3} = 0. If f is a 4*-face, then ¢/(f) = dy(f) -4 2 0.

Let v be a vertex in H. Then d(v) > dg(v) > 3. Suppose d(v) = 3.
Then d,- (v) = 0 by Lemma 4. By R1, v receives 3 x 1/3 from its neighbors
in H. At the same time, by Claim 1(3), df (v) = 0. So¢(v) > 3—-4+1=0
by R1 and R2. Suppose d(v) = 4. Then d3-(v) = 0 by Lemma 4. By Claim
1(3), v is not adjacent to any 4~ -vertex in H. By rules, ¢’(v) =4 —-4=0.
Suppose d(v) = 5. Then dy-(v) = 0 by Lemma 4. By Claim 1(3), v is
not adjacent to any 4~ -vertex in H, and by Claim 2, f3(v) < 3. By R2.1,
c(v) 2 5-4-3x%x1/3 = 0. Suppose d(v) = 6. Then by Lemma 5,
da-(v) < 1. If da- (v) = 0, then by Lemma 5, d3(v) + ds(v) < 1 and by
Claim 2, f3(v) < 4. Hence, we have ¢’'(v) > 6—-4—(1/3+2x1/2+2x1/
3) = 0 by R1 and R2. If d;-(v) = 1, then dy(v) = 5. By Lemma 5,
d3(v) = dy(v) = 0. Now, the following discussion is the same to that of a
5-vertex.

Suppose d(v) = 7. Then by Lemma 6, d;- (v) < 1. If d5- (v) = 0, then
di(v) = d(v) = 7 and by Claim 2, f3(v) < 4. By Lemma 6, d3(v) < 2.
Hence, we have ¢/(v) > 7—-4—-(2x1/3+4x1/2) =1/3 by R1 and R2. If
da- (v) =1, then dgy(v) = 6, and by Lemma. 6(2), d3(v) = ds(v) = 0. Since
f3(v) < 4 by Claim 2, we have ¢/(v) > (7—1)—4—-4x1/3 = 2/3 by Claim
1(2) and R2.

Suppose d(v) = 8. Then by Lemma 7, dy- (v) < 2. If dy- (v) = 0, then
dp(v) = 8 and by Claim 2, f3(v) £ 5. On the other hand, d3(v) < 3 by
Lemma 7(1). Hence, we have ¢'(v) 28 -4—-(3x1/3+5x1/2) =1/2
by R1 and R2. If dy-(v) = 1, then diy(v) = 7, and fi(v) < 4 by Claim
2. By Lemma 7(2), d3(v) < 1. If d3(v) = 0, then d4(v) < 2 by Lemma
7(1). Hence, we have c/(v) > (8 -1) —4—-4x1/2 = 1. If d3(v) = 1,
then d4(v) = 0 by Lemma 7(2). Hence, we have ¢/(v) > (8 —1) —4—(1/
3+2x1/24+2x1/3) =1 by Claim 1(2), R1 and R2. If d»- (v) = 2, then
dy(v) = 6, and by Lemma 7(2), d3s(v) = dy(v) = 0. Since f3(v) < 4 by
Claim 2, ¢/(v) 2 (8 = 2) —4 — 4 x 1/3 = 2/3 by Claim 1(2), R1 and R2.

Suppose d(v) = 9. Then by Lemma 8, d,- (v) < 4. If dy- (v) = 0, then
by Claim 2, f3(v) < 6. At the same time, we should notice that d3(v) <
d(v) — [fa(v)/2] by Lemma 4. Hence, we have c'(v) > d(v) — 4 — (d3(v)/
3+ f3(v)/2) 2 d(v) ~4~3(d(v) = [2§21) = 3 f5(v) 2 §d(v) ~4~ 1 fs(v) 2 0
by Rl and R2. If dy-(v) = 1, then dy(v) = 8, and by Lemma 8(2),
d3(v) < 3. Since f3(v) < 5 by Claim 2, we have ¢/(v) > (9—-1)—4—-(3x1/
3+5x%x1/2) = 1/2 by Claim 1(2), R1 and R2. If d5- (v) = 2, thendy(v) =7,
and by Lemma 8(2), ds(v) + d4(v) < 2. Since f3(v) < 4 by Claim 2, we
have ¢'(v) > (9—-2)-4—(2x1/3+4x1/2) =1/3 by Claim 1(2), R1 and
R2. If ds- (v) = 3, then dy(v) = 6 and by Lemma 8(2), d3(v) + d4(v) < 1.
By Claim 2, f3(v) < 4. By Claim 1(2), Rl and R2, ¢/(v) > (9—-3)—-4—-(1/
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3+2x1/2+2x1/3) =0. If dy- (v) = 4, then dy(v) = 5. By Claim 2,
fa(v) <€ 3. By Claim 1(2) and R3, ¢/(v) > (9-4)-4-3x1/3=0.

For all x € V(H) U F(H), we have checked that ¢/(z) > 0. Therefore,
there is a contradiction that 0 < 3=, cviyurc) € (2) = Leevanuran €(T) =
—8 < 0, which completes the proof of Theorem 2.
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5 Appendix

%Input
syms x1 x2 x3 x4 x5 x6
%Lemma 4
Ql=(x1-x2)*(x1-x3)*(x2-x3)*(x1-x3)* (x1+x2) "4*(x2+x3) *3;
cl=diff(diff(diff(Q1,x1,3),x2,4),x3,4) /factorial (3) /factorial(4)/factorial(4)
%Lemma 5(1)
Q21=(x1-x2)*(x1+x2)*4;
c21=diff(diff(Q1,x1,3),x2,2) /factorial(3) /factorial(2)
%Lemma 6(1)
Q31=(x1-x2)*(x1-x3)*(x2-x3)* (x1+x2+x3) "4;
€31=diff(diff(diff(Q1,x1,4),x2,2),x3,1)/factorial(4)/factorial(2) /factorial(1)
%Lemma 6(2)
Q32=(x1-x2)*(x1+x2)"5;
c32=diff(diff(Q1,x1,4),x2,2)/factorial{4) /factorial(2)
%Lemma 7(1)
Q41=(x1-x2)*(x1-x3)* (x2-x3)* (x1-x4)*(x2-x4)* (x3-x4) * (x1+x2+x3+x4) "4;
c41=diff(diff(diff(diff(Q1,x1,4),x2,3),x3,1),x4,2) /factorial(4)/factorial(3) /factorial (1) /factorial (2)
%Lemma 7(2)
Q42=(x1-x2)*(x1-x3)*(x2-x3)* (x1+x2+x3)"5;
cd2=diff(diff(diff(Q1,x1,4),x2,3),x3,1)/factorial(4)/factorial(3) /factorial (1)
%Lemma 8(1)
Q51=(x1-x2)*(x1-x3)* (x2-x3)* (x1-x4)*(x2-x4)*(x3-x4) * (x14x2+x3+x4) * 5;
c51=diff(diff(diff(diff(Q1,x1,5),x2,3),x3,2),x4,1) /factorial(5)/factorial(3) /factorial(1) /factorial (2)
%Lemma 8(2)
Q52=(x1-x2)*(x1-x3)*(x2-x3)* (x1-x4)* (x2-x4)* (x3-x4)*(x 1-x5) *(x2-x5)* (x3-%5) *(x4-x5)
*(x14+x2+%3+x4+x5) " 4;
c52=diff(diff(diff(diff(diff(Q1,x1,5),x2,4),x3,3),x4,2),x5,0) /factorial(5) /factorial(4) /fac-
torial(3)
/factorial(2) /factorial(0)
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