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Abstract

A graph G is said to be k-y-edge critical if the domination numbers
1(G) = k and ¥(G + uv) < k for every uv ¢ E(G). For the connected dom-
ination number %.(G) = k, the total domination number %(G) = k and the
independent domination number i(G) = k, a k-y.-edge critical graph, a k-%-
edge critical graph and a k-i-edge critical graph are similarly defined. In our
previous work, we proved that every 2-connected k-y,-edge critical graph is
hamiltonian for 1 < k < 3 and we provided a class of /-connected k-y.-edge
critical non-hamiltonian graphs fork >4and2 <! < i'—'_’—?- The problem of
interest is to determine a sufficient condition for k-}.-edge critical graphs to
be hamiltonian for k > 4. In this paper, we prove that every 2-connected 4-
Te-edge critical claw-free graph is hamiltonian. For k > S, we provide a class
of k-y.-edge critical claw-free non-hamiltonian graphs of connectivity two.
We, further, show that all 3-connected k-};-edge critical claw-free graphs are
hamiltonian for 1 < k < 6. Our methodology also establishes some results
on the hamiltonian properties of 3-connected k-2-edge critical claw—free
graphs where 2 € {7, %,i}.
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1 Introduction

Our basic graph theoretic notation and terminology follow for the most part that
of Bondy and Murty [4]. Thus G denotes a finite graph with vertex set V(G)
and edge set E(G). For § C V(G), G[S] denotes the subgraph of G induced by
S. Throughout this paper all graphs are simple and connected (i.e. no loops or
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multiple edges). The neighborhood Ng(x) of a vertex x in G is the set of vertices
of G which are adjacent to x. The degree degg(v) of a vertex v in G is |[Ng(v)|.
The minimum degree of a graph G is denoted by 8. For subsets X,Y C V(G),
Ny(X) = {y:y € Y,yx € E(G) for some x € X}. It is possible that Ny (X) N X #
0. For a subgraph H of G, we use Ny(H) instead of Ny(V(H)). If X = {x},
we use Ny(x) instead of Ny({x}). Moreover if x € Y and Ny(x) = 0, then x is
called an isolated vertex in Y. For y € Y, the private neighbor set PN(y,Y) of
a vertex y with respect to Y is the set {x:x ¢ ¥ and Ny(x) = {y}}. We denote
PN(y,Y)NX by PNx(y,Y). An independent set is a set of pairwise non-adjacent
vertices. For a graph G, ®(G) denotes the number of components of G. A cut set
S is a vertex subset for which @(G —S) > @(G), moreover if § = {c}, then c is
called a cut vertex. A graph G is t-tough if every cut set S, Hg'l-—_si >t. Moreover,
the toughness of a graph G is the maximum number ¢ such that G is t-tough. The
connectivity K is the minimum cardinality of a cut set. A graph G is l-connected
ifx=>1.

A tree is a connected graph that contains no cycle. A leaf of a tree is a
vertex of degree one. A star K), is a tree of order n+ 1 containing n leaves,
in particular if n = 3, a star K 3 is called a claw. For integers s1,52,53 = 1,
let uy,uz, ..., Us; +1;V1,V2, ..., Vsp 41 and wy,wa,..., Wy, 41 be three disjoint paths of
length 51,52 and s3, respectively. The net Ny, s, s, is constructed by adding edges
Us +1Vs3+15 Vsy+1Wsy 41 @nd wey 11U 41 (see Figure 1).

Wsi+l Wy Wei—1... W2 w1
53+l Vsa Vs;—1 ©°° V2 Vi
Usi+1  Usy Usy—-1 ... U2 u

Figure 1 : The net N, 5, s,

For a family of graphs .#, a graph G is said to be & -free if there is no induced
subgraph of G isomorphic to H for all H € &. A spanning subgraph of a graph G
is a subgraph which contains every vertex of G. Moreover, if a tree T is a spanning
subgraph of G, then T is a spanning tree. The line graph L(G) of a graph G is
the graph having the vertex set {x. : e € E(G)} corresponding to the edge set of
G and two vertices x, and x.s of L(G) are adjacent if and only if the edges e and
€ of G are joined to a common vertex of G. It was showed by Beineke [7] and
Robertson [21] that every line graph is claw-free.



The distance between vertices u and v is the length of a shortest (u,v)-path
in G. The diameter of G is the maximum distance between two vertices of G.
A hamiltonian cycle is a cycle that contains every vertex in V(G). A graph G is
called hamiltonian if it contains a hamiltonian cycle.

For subsets D,X C V(G), D dominates X if every vertex in X is either in D
or adjacent to a vertex in D. If D dominates X, then we write D > X. If X =
V(G), then D is a dominating set of G and we write D > G instead of D >~ V(G).
A smallest dominating set is called a y-set. The order of a y-set is called the
domination number and is denoted by y(G). A vertex subset D is a connected
dominating set of X if D dominates X and G[D) is connected. We also write D >
X if D is a connected dominating set of X. Moreover if X = V(G), then D is called
a connected dominating set of G and we write D ~. G instead of D >, V(G). A
smallest connected dominating set is called a ¥,-set. The order of a 7,-set is called
the connected domination number and is denoted by %.(G). A vertex subset D
totally dominates X if D dominates X and D contains no isolated vertex. We write
D >, X if D totally dominates X. If X = V(G), then D is called a total dominating
set of G and we write D >, G instead of D >, V(G). A smallest total dominating
set is called a §;-set. The order of a %-set is called the total domination number
and is denoted by %(G). If a dominating set D of G is independent, then D is
called an independent dominating set. We write D >; G if D is an independent
dominating set of G. A smallest independent dominating set is called an i-set.
The independent domination number i(G) of G is the cardinality of an i-set.

A graph G is said to be k domination edge critical, or k-y-edge critical, if
Y(G) =k and ¥(G+ uv) < k for all uv ¢ E(G). A k connected domination edge
critical graph (k-Y.-edge critical graph), a k total domination edge critical graph
(k-Y-edge critical graph) and a k independent domination edge critical graph
(k-i-edge critical graph) can be similarly defined.

The objective of this paper is to investigate the hamiltonian properties of k-
9-edge critical graphs where 2 € {¥.,%,7,i} and k > 4. Hamiltonian properties
of graphs have been extensively studied and many results have been established.
There are also many unresolved problems. One well known conjecture is due to
Chvital [12].

Conjecture 1.1. [12] If G is t-tough with t > 3, then G is hamiltonian.

In 1984, Matthews and Sumner [29] published the paper on the hamiltonian
property of a claw-free graph. They proved that if G is a non-complete claw-free
graph, then 2t = x. By this result, they proposed a new version of Conjecture
1.1 which is the most powerful conjecture in the study on hamiltonian property of
claw-free graphs (see Gould [18]).

Conjecture 1.2. [29] If G is a 4-connected claw-free graph, then G is hamilto-
nian.
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Until now, the best result was established, in the sense of line graphs, 28 years
later by Kaiser and Vréna [27].

Theorem 1.3. [27] Every 5-connected line graph with the minimum degree 8 > 6
is hamiltonian.

Gould [18] pointed out that the main question in the study of hamiltonian
property of claw-free graphs is finding the condition £ that an /-connected (2 <
[ <4orl =35 with § = 5) claw-free graph G must satisfy to make it hamiltonian.
For example, see [17, 24, 28, 34, 35, 36, 39].

The hamiltonian property of 3-y-edge critical graphs has been studied by Sum-
ner and Blitch [32], Wojcicka [38] and Flandrin et al. [16]. In particular, Favaron
et al. [15] together with Tian et al. [33) proved that every connected 3-y-edge
critical graph with & > 2 is hamiltonian. For k > 4, Sumner and Wojcicka (see
Chapter 16 of [22]) conjectured that.

Conjecture 1.4. (k— 1)-connected k-y-edge critical graphs are hamiltonian.

Yuansheng et al. [40] gave, for k = 4, a smallest counter example, a graph
with 13 vertices to disproved Conjecture 1.4.

On 3-i-edge critical graphs, Ao et al. [6] developed the idea of domination
closure from Hanson [20] to prove that 2-connected 3-i-edge critical graphs are
hamiltonian with some exception. For k > 4, they provided a class of k-i-edge
critical graphs with cut vertices having no hamiltonian path. They also asked, for
k > 4, when are k-i-edge critical graphs hamiltonian ?

On 3-%-edge critical graphs, Simmons [31] studied hamiltonian properties of
such graphs by using the idea of domination closure as well. He showed that
2-connected 3-};-edge critical graphs of diameter three are hamiltonian in some
. cases. When the diameter is two, he proved that these graphs with & € {2,3} are
hamiltonian. Very recently, it has been proved in [26] that every 2-connected 3-
Y-edge critical graph is hamiltonian. Moreover, in [26], we provided a class of I-
connected k-y.-edge critical non-hamiltonian graphs withk >4 and2 <1 < ZT_?
We have observed that all those non-hamiltonian graphs contain a claw as an
induced subgraphs.

The question that arises :
Does every connected k-7.-edge critical claw-free graph for & > 4 contain
a hamiltonian cycle ?

In this paper, we prove that every 2-connected 4-%.-edge critical claw-free
graph is hamiltonian. In addition, we prove that every 2-connected 4-}-edge
critical claw-free graph is hamiltonian. We also show that the condition claw-
free of these graphs is tight. For k > 5, we provide a class of k-},-edge critical
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claw-free non-hamiltonian graphs of connectivity two. On 3-connected graphs,
we prove that for 1 < k < 6, every 3-connected k-}.-edge critical claw-free graph
is hamiltonian.

We also apply the same idea to study hamiltonian properties of k- 2-edge criti-
cal claw-free graphs where 2 € {¥, 7,i}. On k-};-edge critical graphs, we provide
2-connected 5-%-edge critical non-hamiltonian graphs. We further prove that for
2 <k <5, every 3-connected k-y;-edge critical claw-free graph is hamiltonian. For
k-i-edge critical graphs, it is easy to show that, for 1 < k < 2, every 2-connected
k-i-edge critical graph is hamiltonian. For k > 3, we construct /-connected k-i-
edge critical non-hamiltonian graphs of order n and ! = min{k — 1,n — 2k + 1}.
Hence, for I = min{k — 1,n— 2k + 1}, every l-connected k-i-edge critical graph is
hamiltonian if and only if £ = 1 or 2. We, further, show that every 3-connected
4-i-edge critical claw-free graph is hamiltonian. For k-y-edge critical graphs, we
show that, in the class of claw-free graphs, every k-y-edge critical graph is also
k-i-edge critical and vice versa. This implies that every 3-connected 4-y-edge crit-
ical claw-free graph is hamiltonian. Therefore, Conjecture 1.4 is true when k = 4
for any claw-free graph.

2 Preliminaries

In this section, we state a number of results from the literature that we make use
of in our work. We begin with the results on hamiltonian graphs and then we give
the results on domination numbers.

2.1 Hamiltonian Graphs

The following proposition established by Chvatal [12] is well known and very
useful in the study of hamiltonian graphs.

Proposition 2.1. [12] If G is a hamiltonian graph, then ajgl_—s) > 1 for every cut
set SCV(G).

A graph G is called minimal 2-connected non-hamiltonian if it is a 2-connected
non-hamiltonian graph and any induced subgraph H of G is either hamiltonian or
has connectivity less than two. These graphs have been characterized by Brousek
[9] as detailed in the following construction.

For ny,nz,n3 > 3, let P = x1,x2,...;%n;, P = y1,¥2,...,¥n, and P" = 21,22,...,
Zny be three disjoint paths of order n,n2 and n3, respectively. From these, we de-
fine the graph Py, n, n, by adding the edges x1y1,y121,21X1 and Xu, Yny , Yny Zng 1 Zny X, «
The graph P, 5, n, is illustrated in Figure 2(a).
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We construct the graph Pr, », from the graph Py, 4, n, by letting ny = 3 and
adding the edge x1x3, that is Pru, n; = P3n, ., +X1x3. We can construct the graphs
Pa, T3y Py g, Ts Pr.Tonys Prony,7s Puy 1T and Prr in the same way. For example,
see Figure 2(b) for the graph Prp, 1.

We define the class & of eight types of graphs as follows.
P = {Pp, pyps : Pi € {T,m} andn; > 3 for 1 <i<3}.

X1 21 X] Z|
[\fl/l F

Yn, Yny
Xny Zny X3 23

Figure 2(a) : The graph Py, n;.n, Figure 2(b) : The graph Pr, 1

Brousek [9] proved that :

Theorem 2.2. [9] A graph G is a minimal 2-connected non-hamiltonian claw-
free graph if and only if G € 2.

We next present an operation which was introduced by Ryjécek [30] in order
to study Hamiltonicity of claw-free graphs. A vertex x is said to be eligible if
G[Ng(x)] is connected but non-complete. For an eligible vertex x let Eg(x) = {vu:
u,v € Ng(x) but uv ¢ E(G)} and let G, be the graphs such that V(G;) = V(G) and
E(Gy) = E(G)UEg(x). The graph G is called the local completion of G at x. For
a claw-free graph G, let Go, Gy, ..., Gy, be a sequence of graphs for which G = Gp
and, for some eligible vertex x of G;|, we have that G; = (G;-)x. At the end,
we have that G, which contains no eligible vertex. Here Gy, is the closure of G
and is denoted by cl(G). Ryjaéek [30] showed that cl(G) is well defined.

The study of hamiltonian properties of {K 3, N, s, 5, }-free graphs was started
by Duffus et al. [13] and continued by [10, 24, 39] for example. In particular,
Brousek et al. [10] used the closure operation in [30] to establish the hamilto-
nian properties of {K 3, Ny, s,.s; }-free graphs. Before we state this theorem let us
introduce some classes of graphs from [10).



The Class % :

Let Q; and Q; be two copies of complete graphs of order at least three and
Q3,04 and Q5 be three disjoint non-empty sets of vertices. Let a3,a4 and as
be three different vertices of Q; and b3,bs and bs be three different vertices of
Q>. We define a graph G in the class & by adding edges so that the vertices in
{ai,bi} U Q] form a complete graph for 3 <i < 5.

Observe that Q; = G{{a;,b:} U Qj] is a complete graph of order at least three.
We observe also that |V(Q;)NV(Q;)| =1and [V(Q2)NV(Q;)|=1for3<i<5.
A graph in this class is illustrated by Figure 3(a). We use an oval to denote a
complete subgraph.

The Class %, :
Let ¢1,c2,¢3,¢1 and ¢}, ch,ch, ¢} be two disjoint triangles. We, further, let
 C1:€2:63:€) Joint g
1, Ry and Ry be three disjoint non-empty sets of vertices and r € Rj.

Define a graph G in the class %, as follows.

e For 1 <i <2, add edges so that the vertices in {c},c;} UR; form a complete
graph,

e add edges so that the vertices in {c3} UR} form a complete graph and
e add the edge rcj.

Observe that, for 1 <i < 2, the subgraph R; = G[{c;,c{} UR{] is a complete graph
of order at least three. We observe also that R3 = G[{c3} UR}] is a complete graph
of order a least two. A graph in this class is illustrated by Figure 3(b).

The Class %3 :

Let cy,¢2,...,¢5,¢6,C1 be a cycle on six vertices and F a copy of a complete
graph of order at least three. Let s and s’ be two different vertices of F. We define
a graph G in the class #3 by adding the edges sc),scg and the edges s'c3,5'cs. A
graph in this class is illustrated by Figure 3(c).

€1 €3 2

Ry R Ry

12N
R
e

Figure 3(a) : The Class &, Figure 3(b) : The Class &,
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Figure 3(c) : The Class &3

Brousek et al. [10] proved :

Theorem 2.3. [10] Let G be a 2-connected {K\ 3,N) 22,N1,13}-free graph. Then
either G is hamiltonian, or G is isomorphic to P33 3, where P333 € & or cl(G) €
FI1UFH U ZF.

Recently, Xiong et al. [39] establish this following theorem.
Theorem 2.4. [39] Let G be a 3-connected {Ki 3,Ns, s, s, }-free graph. If sy +
s2+53 <9ands; > 1, then G is hamiltonian.
2.2 Domination Number

Allan and Laskar [1] proved the following theorem which gives the relationship
between the domination number and the independent domination number of claw-
free graphs. .

Theorem 2.5. [1] If G is a claw-free graph, then ¥(G) = i(G).
We next provide a basic property of k-y-edge critical graphs observed by
Ananchuen et al. [2].

Lemma 2.6. [2] Let u and v be a pair of non-adjacent vertices in a k-y-edge
critical graph G and let D, be a y-set of G+ uv. Then

(1) |Du| =k—1and
(2) |DwN{u,v}=1

2.3 Connected Domination Number

The following results on k-7,-edge critical graphs were established by Chen et al.

[11].



Lemma 2.7. [11] Let G be a k-y.-edge critical graph and, for any pair of non-
adjacent vertices u and v of G, let D%, be a Y,-set of G+ uv . Then

(1) k—=2<|Di,| <k—1and
(2) Dg, N {u,v} #0.
Theorem 2.8. [11] A graph G is 1-y.-edge critical if and only if G is a complete

graph. A graph G is 2-Y.-edge critical if and only if G = UL Ky s for n; 2 1 and
n>2

In [25], we showed that every 4-y.-edge critical graph is also 4-%-edge critical.

Theorem 2.9. [25] Let G be a connected graph. Then G is a 4-Y-edge critical
graph if and only if G is a 4-Y,-edge critical graph.

In [26], we established the hamiltonian properties of k-y.-edge critical graphs.

Theorem 2.10. [26] Every 2-connected 3-Y,-edge critical graph is hamiltonian.

For k > 4, we provided the following class of k-¥.-edge critical non-hamiltonian
graphs.
Define the graph B} (ny,n,...,ng_1) as

B’c(nl W2, g)) =XVH\VHLV . .VHe a3 VHi_ | Vy

where H; 2 Ky,,n; > I for all 1 <i<k—2 and Hy_| X Kpn,_,+1. Let M =
{e1,e2,..., en,_, } be a matching of size n;_, between the sets V (Hi_5) and V(Hy_,).
Define the graph H,ﬁ(nl,ng, eyPg_y) @S

H{(n1,n2,...,ng—1) = B(n1,ma,..,mo1) — €1 — €2~ €3... — &y _,.

Then the class 5% is defined as
M = U{HL(n1,na,...ome1) 1 122,k > 4andn; > 1 for 1 <i<k—1}.
A graph in the class 5% is illustrated by the following figure.
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H, H;

/U @

Figure 4 : A graph in the class 5%/

3 Connected Domination Critical Graphs

In this section, we use the claw-free property to determine when 2-connected k-
Y.-edge critical claw-free graphs are hamiltonian. First of all, we establish the
following lemma which gives the relationship of the cardinalities of a connected
dominating set and an independent set of claw-free graphs.

Lemma 3.1. Let G be a claw-free graph, X be a vertex subset of G and I be an
independent set such that X > I. Then |I| < |X|+ 1. Moreover if XNI # 0, then
7] < 1X].

Proof. We prove that |I| <| X| + 1 by induction on the number of vertices in X.
If |X| = 1, then, by claw-free property, the vertex in X is adjacent to at most two
vertices in I. Thus |I] <2 = |X]|+ 1. Assume that for all |X| < p, |I| < |X|+1.
Consider the case |X| = p. We will prove that |I| < p+ 1. Suppose to the contrary
that |I| > p +2. Since G[X] is connected, there exists a spanning tree T of G[X].
Choose a vertex v € X which is a leaf of T. By claw-freedom, |PN;(v,X)| < 1.
Since v is a leaf, G[X — {v}] is connected. Thus X — {v} > I —PN;(v,X). We
see that [X — {v}] = p—1 but |I — PN;(»,X)| > p+ 1 violates the assumption.
Therefore |I| < p+1and so |I| < |X|+ 1.

Suppose that XNI #0. If |X| =1, then X C 1. Because X >, I and I is
an independent set, it follows that [/| = 1. Assume that for all |X| < p, |I| < |X|.
Consider the case |X| = p. We will prove that |I| < p. Suppose to the contrary that
|I] > p+ 1. Let T’ be a spanning tree of G[X] and v/ be a leaf of T'. If V' € X N1,
then, by independence of I, PN;(v/,X) = 0. But if v/ € X — I, then, by claw-free



property, |PN;(v/,X)| < 1. Hence |PN;(V',X)| < 1 whether v/ € I or not. Since
V' is aleaf of T/, X — {v'} > I — PN;(V/,X). We see that [X — {v'}| = p—1 but
[ — PNy (v,X)| > p contradicts the assumption. Thus |I| < |X| and this completes
the proof of the lemma. O

The next observation provides information on the structure of the induced
subgraph G[D5,] of G when {x,y} C D5,

Observation 3.2. If {x,y} C D5, then G[D)] contains exactly 2 components C;
and C, containing x and y respectively.

Proof. By Lemma 2.7(1), |Dg,| < k. If G[DS,] is connected, then DS, > G contra-
dicting the minimality of k. Since all components of G[D{,] are joined by an edge
xy, there are exactly 2 components C; and C; containing x and y respectively. O

For a given k-7.-edge critical claw-free graph with a pair of non-adjacent ver-
tices x and y, the next lemma establishes the relationship of k and the cardinality
of an independent set containing x or y.

Lemma 3.3. Let G be a k-y.-edge critical claw-free graph and x,y be any pair
of non-adjacent vertices of G. If {x} = Dg,N {x,y} and there exists an indepen-
dent set Iy of order p of G —y containing x or {x,y} C DS, and there exists an
independent set I of order p of G containing both x and y, then k > p+ 1.

Proof. Asaconsequence of Lemma 2.7(1) and (2), |D§,| < k and Dy N {x,y} # 0.
Clearly it suffices to show [D)| > p. We first consider the case |D§, N {x,y}| =
1. Without loss of generality, let x € Df,. By the assumption there exists an
independent set I} of order p of G —y containing x. Because Dy - G+xy,
D5y > Ih. Since Dg, N1 # 0, it follows by Lemma 3.1 that |DS | > p.

We next consider the case {x,y} C Df,. Thus there exists an independent set
I of order p of G containing both x and y. Observation 3.2 gives that G[Dg;]
consists of 2 components Cy and C;. Therefore Df, = V(C1) UV(C,). Since
Dfy >c I and x,y € DS, N D, it follows by Lemma 3.1 that [Ny, (C1)| <| V(C1))
and |N, (C2)| < |V(C,)|. Since DSy >c by, |l2| <IN, (Ci)| + [N, (C2)|. Thus

p = k| < [Np(C)| + [Np(C)l S V(G| +V(G)| < |Ds|
as required. This completes the proof. O

Let P.\‘| = ul,uZau3;---au51+l’Rs‘2 =V V2,V3 .0 V540 and P.\‘3 =wp, W2, W3,
Ws,+1 be three disjoint paths of length 51,52 and s3 respectively. In the following,
the net Ny, s, s, is constructed by adding edges so that the vertices in {us, +1,Vs,+1,
Wsy+1} form a complete graph K3. Lemma 3.4 shows that if G is a 4-y.-edge
critical claw-free graph, then G does not contain N 22 and Ny ;,3 as induced sub-

graphs.

49



Lemma 3.4. If G is a 4-},-edge critical claw-free graph, then G is {N12,2, N1,1 3}-
Sree.

Proof. Suppose to the contrary that G contains Nj 22 as an induced subgraph.
Consider G+ viwy. By Lemma 2.7(1), |D§,,, | < 3. Moreover, Lemma 2.7(2)
gives {vi,wm}ND§ ,, #0. If {v;,w1} C D} ,,, then {ws3,uy,v1,w1 } is an inde-
pendent set of order 4 of G containing both v| and wy. By Lemma 3.3, k > §,
a contradiction. Thus |[{v;,w1} N D§,, | = 1. Without loss of generality let
vi € D§ . Thus {v1,v3,u1, w2} is an independent set of order 4 of G containing
vi. Lemma 3.3 thus implies that k > 5, a contradiction. Thus G is an Nj22-
free graph. By similar arguments, G is an N 3-free graph. Therefore G is a
{Ni12,2,N1,1,3}-free graph. This completes the proof of Lemma 3.4 O

We now ready to prove the first main theorem. Recall the graph P53 3 and the
classes &, %3, %3 from Section 2.

Theorem 3.5. Let G be a 4-y.-edge critical claw-free graph. Then G is hamilto-
nian.

Proof. Lemma 3.4 implies that G is {K}3,N12,2,N1,1,3}-free graph. It is not dif-
ficult to see that %.(P;33) = 5. Thus G is not isomorphic to P;33. To show
that G is a hamiltonian graph, by Theorem 2.3, it remains to show that c/(G) ¢
F1UFH UL,

Suppose to the contrary that cl(G) € & U %, U.#3. Consider the case c/(G) €
Z\. Letq;;j € V(Q:)NV(Q;) where 1 <i<2and 3 < j <5. Since [V(Q))| >3
forall 3 < j <5, there exist x € V(Q3) — {41,3,923},y € V(Q4) — {14,924} and
2€V(Qs)—{q15,92,5}- Clearly, E(G) C E(cl(G)). Thus xy ¢ E(G) and z is not
adjacent to any vertex in V(G) — V(Qs). Consider G +xy. Lemma 2.7(1) yields
|D§y| < 3, moreover, Lemma 2.7(2) implies that {x,y} N D, # 0. Without loss
of generality let x € D,. To dominate z, D5, NV (Qs) # 0. By the connectedness
of (G+xy)[DS,), {4i3,9i5} € DS, where 1 <i<2. Thus D§, = {x,9i3,qi5}
for some i. We see that D, does not dominate g3—;4, a contradiction. Thus
cl(G) ¢ Z,.

We now consider the case cl(G) € £#3. Since |V(R;)| 23 forall 1 <i<2,
there existx € V(R ) — {c1, ¢} } and y € V(Ry) — {c2,¢5}. Since E(G) C E(cl(G)),
xy ¢ E(G) and r is not adjacent to any vertex in V(G) — (V(R3) U {c}}). Consider
G+xy. Similarly, |DS| < 3 and {x,y} N DY, # 0. Without loss of generality let
x € Dg,. Thus |DS, — {x}| < 2. To dominate r, Dg, N (V(R3) U {c3}) # 0. By
the connectedness of (G+xy)[D5,}, D5, is {x,c1,c3} or {x,c},c5}. But {x,cy,c3}
does not dominate ¢} and {x,c},c}} does not dominate c2, a contradiction. Thus
cl(G) ¢ #1.

For the case cl(G) € &3, let s € V(F) — {s,5'}. Since E(G) C E(cl(G)),
ca2cs ¢ E(G) and s” is not adjacent to any vertex in V(G) — V(F). Consider G+
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c2¢s. Similarly, Lemma 2.7(1) and (2) thus implies [Df,e] <3 and {cz,¢5} N
Dz, ., # 0. Without loss of generality let c; € D, .. We have that V(F) NDE, ., #0
to dominate s”. Thus D, is {c2,c1,5} or {¢2,¢3,5'}. But {c2,c1,5} does not
dominate c4 and {c2,c3,5'} does not dominate cg, a contradiction. Thus cl/(G) ¢
;.

Clearly cl(G) ¢ £, U £, U %3 and so, Theorem 2.3 yields that G is a hamil-
tonian graph. This completes the proof of Theorem 3.5 a

By Theorems 2.9 and 3.5, we have the following corollary.

Corollary 3.6. Let G be a 2-connected 4-7;-edge critical claw-free graph. Then
G is hamiltonian.

Hy Hj H;

\—/

Figure 5: A graph H}(n|,2, 3)

Note that a graph H?2(n1,2,3) (see Figure 5) is a 2-connected 4-¥.-edge critical
K 4-free graph which is non-hamiltonian but contains a K 3. Hence, the condi-
tion that a graph is claw-free in Theorem 3.5 and Corollary 3.6 is best possible.

In the following, we let

Jfky‘ : the class of k-¥.-edge critical claw-free non-hamiltonian graphs of
connectivity two.

We have observed that the graph Py, n, ., in the class & is a k-¥-edge critical
claw-free graph. The following theorem shows that Ji’,‘y‘ #0fork>5.

Theorem 3.7. Forn)+n;+n3—4=k>5andn; >3 forall 1 <i<3, Py nyn; €
yAS
k
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Proof. For a fixed k > 5, let G = Py, n, n; be such that ny +n2+n3—4 =k and
n; >3 forall 1 <i< 3. Recall that P = xy,X2,....%n;, P = y1,¥2,+..,Yn, and P =
21,225--+32n3-

We first show that ¥%.(G) = k. We see that V(P)U (V(P') = {¥n,-1,Yn,-2}) U
(V(P") — {zn3—1,2n3-2}) >c G. Thus %(G) <n1+n2+n3—4=k LetDbea
Y.-set of G. We distinguish two cases according to D.

Case 1: {X|,Xn| 1yl’ynzazlazn3} z D.

Without loss of generality let x,, ¢ D. To dominate x,,— and by the con-
nectedness of G[D|, we have that {xi,...,xs,—2} € D. If neither y,, nor zp; is
in D, then, to dominate yn, and zn;, {¥1,¥2,.-,Yn—1}U {21,22,--1Zny-1} € D.
Thus |D| > (n) —2) + (n2 — 1) + (n3 — 1) = k. Therefore |D| = k, as required.
We now consider the case y,, € D or z,, € D. Since x; € D and G[D] is con-
nected, it follows that V(P") C D or V(P") C D. Suppose that V(P') C D. Clearly
V(P")ND # 0 to dominate {22,23,...,2n;—1}. As G[D] is connected, we must have
Z} OF Zy, is in D. We need to consider three subcases.

Subcase 1.1: z; € D but z,, ¢ D.

Thus za,—2 € D to dominate z,_1. By the connectedness of G[D}, {z1,22, .
Zny—2} © D. Clearly {x1,...,xs, 2} UV(P')U{z1,22,...,2n3-2} € D. Therefore
|D| > (n1 — 2) +na + (n3 —2) = k. Thus |D| = k as required. This proves Subcase
1.1.

Subcase 1.2 : z; ¢ D but z,, € D.
Thus z3 € D to dominate z;. Similarly, {z3,24,...,21,} € D and so |D| > k.
Thus | D} = k as required. This proves Subcase 1.2.

Subcase 1.3 : 2,2q, € D.

Let j be the maximum integer that G[D N {z1,22,...,2j}] is connected. As
Zny € D, by the minimality of |D|, we obtain j < n3 — 3. Moreover, z;43 € D to
dominate zj47. The connectedness of G(D] yields that z; € D forall j+3 <i <
n3. We have {x1,x2,...,Xp, -2} UV (P )U {21,22,...,2;} U {2j43,Zj44, -, 23 } € D.
Therefore |D| > (n) —2)+n2+ j+(n3 — (j+2)) =k and |D| =k.

We can show that %.(G) = k when V(P") C D by the same arguments, thus
establishing Case 1.

Case2: {X] 1%n11 Y11 Yny421 1Zn3} cD.

Since G[D] is connected, at least one of the sets V(P),V(P’) or V(P") is con-
tained in D. Without loss of generality let V(P) C D. Let ! and j be the maxi-
mum integers such that G[DN {y;,y2,...,y1}] and G[DU {z1,23,...,2}] are both
connected. By the similar arguments as in Subcase 1.3, V(P)U {y1,y2,....y1} U
{yl+3’yl+4’ "'aynz} U{ 21,22 -"vzj} U{ Zj+3:Zj+4s ""lz’lj} C D. Therefore IDI 2
ny +14(np— (14+2)) + j+ (n3 — (j +2)) = k. Clearly |D| = k, thus establishing
Case 2.
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Cases 1 and 2 give %.(G) = 4.

We next establish the criticality. Let u,v € V(G) such that uv ¢ E(G). Clearly
u e V(P)UV(P)UV(P"). Without loss of generality let u € V(P). Thus x; = u
for some 1 <i<ny. If ve V(P), thenv € x;j for some 1 < j <n and |i— j| >
2. Without loss of generality, we suppose that i < j. Let Y = V(P') — {y1,y2}
and Z = V(P") — {z1,22}. Clearly (V(P) — {xi+1})UY UZ =, G+ uv. Thus
Ye(G+uv) = (n) — 1) + (n2 —2) + (n3 — 2) < k— 1. We then suppose that v €
V(P)UV(P"). Without loss of generality let v € V(P'). If v =y, then vx; €
E(G). Because uv ¢ E(G), it follows that i > 1. Thus (V(P)— {x; ) U(V(P') -
{92, y3DUZ = G+uv. Thus %(G+uv) =(n — 1)+ (n2—2)+(n3 —2) <k—1.
When v = yy,, similarly, (V(P) — {x,, HU(V(P’) = {yny=1,Yn,—2})UZ ¢ G+uv.
Thus %(G+uv) = (m — 1) + (n2 — 2) + (n3 — 2) < k — 1. We now consider the
case v € {y2,3,...,¥n,—1}. If np =3, then V(P)UZ >, G. We then suppose that
ny > 4. We, further, letY; = {y2,y3,...,¥n,—2} if v=y2 and ¥; = {y3,y4,..,¥n,—1 }
otherwise. This implies that V(P)UY,UZ > G, that is, .(G+uv) <k—1=
ny 4+ (n2 —3) + (n3 — 2).

Therefore G is a k-}-edge critical graph. By Theorem 2.2, G € ¥, as
required. a

By Theorem 2.8, it is easy to see that, for k < 2, every 2-connected k-7.-edge
critical claw-free graph is hamiltonian. This together with Theorem 2.10 imply
that J* = @ when k = 1,2 or 3. Theorem 3.5 also implies that ¥ = 0. These
together with Theorem 3.7 give the following corollary.

Corollary 3.8. 2" =@ ifand only ifk = 1,2,3 or 4.

We have observed that the graph Py, 4,1, has the connectivity two. We now
turn our attention to 3-connected graphs. We conclude this section with the fol-
lowing theorem.

Theorem 3.9. Letr G be a 3-connected k-7.-edge critical claw-free graph. If 1 <
k < 6, then G is hamiltonian.

Proof. Suppose that G contains N33 3 as an induced subgraph. Consider G +
upvi. Lemma 2.7(2) yields that {ul,vl}ﬂDﬁm #0. If {u;,n} C D;,,,, then
{uy,vy,u3,v3, wy, w3} is an independent set in G. It follows from Lemma 3.3 that
k 27, a contradiction. Therefore |{u,v;}N D, | = 1. Without loss of generality
let uy € DY, . Clearly {u,u3,v2,v4,w1, w3} is an independent set. Lemma 3.3
gives that k > 7, a contradiction. Therefore G is an N3 3 3-free graph. Theorem
2.4 thus implies G is a hamiltonian graph. 0O
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4 Total Domination Critical Graphs

We begin this section with a class of 2-connected 5-};-edge critical non-hamiltonian
graphs.
The Class 7 : _

Let x and y be two isolated vertices. For 1 <i< 3, let X, be a copy of a
complete graph of order n; > 3. Further, we let K{,K! and K be three induced
subgraphs of K}, such that |V(K})| = 1 and {V(K}),V(K}),V(K;)} is a partition
of V(K},). A graph G in the class 7 can be obtained from {x,y}, K,{l . K,%z and K33
by adding edges according to the join operations :

e xVK:and

o yV K)';

for 1 <i<3. Agraph Ginthe class  is illustrated by the following figure.

K, Kx, &

x y

Figure 6 : A graph in the class

Lemmad.l. IfG€ 7, then G is a 2-connected 5-1;-edge critical non-hamiltonian
graph.
Proof. Let G € . Obviously, G is 2-connected. For 1 <i <3, let ¥ € V(K})
and y' € V(K?). We see that {x,x!,x?,x°,y'} >, G. Thus %(G) < 5. We need to
show that 5 < %(G). Let D be a %-set of G. To dominate K, V(K )ND # 0. If
{x,y} C D, then 5 < |D| < %(G). Butiif {x,y}ND = 0, then |[DNV(KE, )| > 2 for
1 €i<3. Thus 6 < |D| < %(G) < 5, a contradiction. Therefore, |{x,y} ND| = 1.
Without loss of generality let x € D . To dominate y, y* € D for some 1 < i’ <3.
Thus |V(K§,)ND| > 2. Thus 5 < |D| < %(G) < 5.

Let u,v € V(G) be any non-adjacent vertices. Clearly, [{,v}NV(K} )| < 1.
IfueV(K})andve V(K,':f,) for i # ', then {x/,y/,u,v} =; G+ uv where {j} =
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{1,2,3} —{i,/"}. Suppose u € {x,y} and v € V(K;;', ). Let {w} = {x,y} —{u} and
{i,j} = {l 2,3} -{i}. Ifve V(KL), then {u,v,u,w/} =, G+uv. If v e V(KY),
then {u,u',w,w/} =, G+uv. Finally if {u,v} = {x,y}, then {x,x',x%,8°} =,
G+uv. Therefore, %(G+uv) < %(G) and G is a 5-9;-edge critical graph.

We see that {x,y} is a cut set of order 2 such that G — {x,y} has K, ,KZ%
and ng as the three components. Thus there is a cut set § = {x,y} such that
Z»'(?}'g—_sj < 1. By Proposition 2.1, G is a non-hamiltonian graph. This completes
the proof. 0

By the above construction, 2-connected 5-%-edge critical graphs need not be
hamiltonian. Moreover, Theorem 2.9 and the class % in Section 2 also yield that
2-connected 4-%-edge critical graphs need not be hamiltonian. However, if these
graphs are claw-free and 3-connected, then they are hamiltonian.

Observation 4.2. Let G be a k-y;-edge critical graph and let u,v be a pair of non-
adjacent vertices of G. We, moreover, let D}, be a y-set of G+uv. If {u,v} C Di,,,
then at least one of u or v is an isolated vertex of G{D., ).

Proof. Let Hy,Hy,...,H, be the components of (G + vu)[D/,]. This implies hat
Di, = UL, V(H;). Without loss of generality let {u,v} C V(H;). If H; is con-
nected in G, then D, ~; G contradicting the minimality of k. Thus H, has two
components Hy; and Hj, containing u and v, respectively. Clearly, V(H)) =
V(H\,1)UV(H,2). If |V(Hy,1)| > 1 and |V(H)2)| > 1, then D, >, G, a contra-
diction. Thus at least one of them is a singleton component. This implies that
at least one of u or v is an isolated vertex of G|D%,] and we finish proving this
observation. O

Lemma 4.3. Let G be a claw-free graph, Y be a vertex subset of G and I be an
independent set such that ¥ >, I and Y NI # 0. Then |I| < |Y|+ | ] — 1.

Proof. Let Hy,H,, ...,Hp be the components of G[Y]. Therefore Y = U?_ |V (H;)
and |Y| =Y7 | |V(H;)|. Because Y >, I, |V(H;)| > 2. Therefore p < |_ |. With-
out loss of generality let V(H;) NI # 0. Since H; is connected, V (H;) > Ni(H;).
Lemma 3.1 thus implies |[N;(H,)| < |V(H))| and |N;(H})| < [V(H;)| +1 for 2 <
i £ p. Therefore

M1 < S0, I (HD| < 2, V()| +p—1 < Y|+ | Bl —1
as required. a

Theorem 4.4. Let G be a 3-connected k-y;-edge critical claw-free graph. If 2 <
k <5, then G is hamiltonian.
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Proof. Suppose that G contains N3 3 3 as an induced subgraph. Consider G+u1v.
Let D}, , bea y-setof G+uyvi.

Claim: |D , | > 5.
The minimality of k gives D}, ,, N {u1,vi} # 0. We distinguish 2 cases.

Casel: {ul,vl} - D:“vl.

Let I = {u1,u3,v1,v3,w1,w3}. We see that I is an independent set in G,
moreover, D}, , >  and D{,lvl NI # 0. By Observation 4.2, suppose without
loss of generahty that that u; is an isolated vertex of G[D}, ,, |-

Subcase 1.1 : v; is not an isolated vertex of G[Dfl v|]

Therefore D;, ,,, —{u1} > Iy — {u1} and v; € ( —{mhHn—{m}). As
|l — {u1}| = 5, by Lemma 4.3, we obtain |D}, , — iu|}| >4. Thts implies that
|Dyyv, | = 5, as required.

Subcase 1.2 : v; is also an isolated vertex of G[D},,, .

Thus Dj, uyvy —{u,n1} = h —{wy,n1}. I (G+ ulvl)[D{qvl — {u1,v1}] is con-
nected, then by Lemma 3.1, |D},,,, — {u1,v1}| = 3. Butif it is not connected, then
each component of (G+u|v1)[D§,m {u1,v1}] has at least two vertices. Thus
|D,,,», — {u1,v1}| > 4. These imply that |D}, , | > 5, as required.

Case2: |{u,,v1}n “lVll 1.

Without loss of generality let u; € Dum Let I = {uy,u3,v2,vs,wy,w3}.
Clearly I is an independent set of 6 vertices and Df,m Nl # 0. By Lemma 4.3,
| > 5. In view of Cases 1 and 2, |Dj, ,, | = 5, thus establishing the claim.

Since |D},,,, | <k, it follows by the claim that k > 6 violates k < 5. Hence
Gisan N33, 3-free graph. As a consequence of Theorem 2.4, G is a hamiltonian
graph. a

| uvy

5 Independent Domination Critical Graphs and
Domination Critical Graphs

We first show that 2-connected k-i-edge critical graphs need not be hamiltonian
for k > 3. We, further, prove that, for k = 4, if these graphs are claw-free and 3-
connected, then they are hamiltonian. On the one hand, although Conjecture 1.4
was disproved when k = 4, it can be proved that if those 4-y-edge critical graphs
are claw-free, then they are hamiltonian. We now give a construction of k-i-edge
critical non-hamiltonian graphs for & > 3.
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Yk~1

Figure 7 : A graph in the class %

The Class .%; :

For k > 3, let K, be the complement of K} and K_, the complement of K;_,.
Let K, be a copy of a complete graph of order n; > 2. These three graphs
Ky, Ki-1 and K, are disjoint. We, further, let V(K) = X = {x1,x2,...,%} and
V(Ki-1) =Y = {y1,¥2,..,Yk-1}. A graph G in the class % is obtained from
Ky, Ky_; and Kpn, by adding edges according to the join operations :

o (Ky—x)VEKy_) and
® Ekan).

A graph in this class is illustrated by Figure 7. It is worth noting that, for k = 3,
the class #3 was given by Ao et al. [6].

For integers k > 1 and ! > 2, let
9," : class of /-connected k-i-edge critical non-hamiltonian graphs.

Lemma 5.1. % C &} where | = min{k—1,n—2k+1}.

Proof. Let G € #. We have to show that G is a I-connected k-i-edge critical
non-hamiltonian graph where ! = min{k — 1,n — 2k + 1}. It is not difficult to see
that G has X — {x;} or V(K ) as vertex cut sets and n) = n— 2k + 1. Thus

I =min{k—1,n—2k+1}.

Clearly, X >; G. Thus i(G) < k. We show that k < i(G). Let D be a small-
est independent dominating set. Suppose that x; € D. Since x; > V(K,,)UY,
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(V(Kn,)UY)ND =0. Clearly X C D to dominate X. Thus k < |D| = i(G). Sup-
pose that x| ¢ D. To dominate x;, we have that V(K ) or Y intersects D. We first
consider the case Y N D # 0. Thus (X — {x;}) N D = @ because D is an indepen-
dent set. We have Y C D for dominating Y. Moreover, to dominate V (K, ) U {xx},
we have DN (V(Ky, ) U {x}) # 0. Thus k < |D| = i(G). We now consider the
case V(Ky, ) ND # 0. Thus XN D = @ because x; > V(K,, ) forall 1 < j < k. To
dominate Y, we have Y C D. Therefore k < |D| = i(G). These imply that i(G) = k.

Let u,v be any non-adjacent vertices of G. If {u,v} C X, then X — {v} ~; G+
uv. If {u,v} C Y, then (¥ — (W} )U{xs} »iG+uv. fu €Y andv € V(Ky, ) U{x}.
then {v} U (Y — {u}) >; G+ uv. Therefore i(G +uv) < i(G) and G is a k-i-edge
critical graphs. We see that X — {x;} is a cut set of order k — 1 but G — (X — {xx})
has G[V (Kn, U {x¢})},y1,¥2, ..., Yk—1 as the k components and so 3@% <

1. Proposition 2.1 thus implies G is a non-hamiltonian graph. Therefore G € 9’,{
and this completes the proof. a

It is obvious that every 1-i-edge critical graph is K. Moreover, Ao [3] proved
that a graph G is 2-i-edge critical if and only if G = U} K}, wheren > 1. It
is easy to see that every 2-connected k-i-edge critical graph when k=1 or 2 is
hamiltonian. These together with Lemma 5.1 imply the following corollary.

Corollary 5.2. Forl=min{k—1,n—2k+1}, g,f =0Qifandonly ifk=1o0r2

In view of Theorem 2.5, ¥(G) = i(G) if a graph G is claw-free. Although
we might obtain a claw as an induced subgraph after adding any single edge to a
claw-free graph, we can show that, in the class of claw-free graphs, every k-y-edge
critical graph is also k-i-edge critical and vice versa.

Theorem 5.3. Let G be a claw-free graph. Then G is a k-y-edge critical graph if
and only if G is a k-i-edge critical graph.

Proof. Let G be in the class of claw-free graphs. Suppose first that G is a k-y-edge
critical graph. By Theorem 2.5, i{(G) = k. Let u,v be any non-adjacent vertices
of G. Consider G+ uv. Lemma 2.6(1) implies that a graph G + uv has a y-set of
order k — 1. Choose D, to be a y-set of G+ uv such that (G+uv)[D,,] contains the
minimum number of edges. Lemma 2.6(2) implies that | Dy, N {u,v}| = 1. Without
loss of generality, let u € D,,. Suppose that (G + uv)[D,y] contains an edge xy.
We can choose a vertex z € {x,y} which is not a vertex u. Let Z = PN(z,Dyy).
By the minimality of Dy, Z # 0. Let w € {x,y} — {z}. Since Nz(w) =, it
follows by claw-free property of G that (G + uv)[Z] is complete. Clearly, ' > Z
and Np,,(Z') = {z} forall Z € Z. Let D}, = (D —2) U{Z'}. Clearly D, = G+uv
but (G + uv)[D,,] contains less edges than (G + uv)[D,,), contradicting the choice
of D,,. Thus D,, is an independent set. Therefore D,, >; G+ uv. This implies
that i(G + uv) < |Dy| < k and G is a k-i-edge critical graph.
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Conversely, let G be a k-i-edge critical graph. By Theorem 2.5, ¥(G) = k. Let
u,v be any non-adjacent vertices of G. Consider G + uv. By the criticality of G,
i(G +uv) < k. Because (G +uv) < i(G+uv), G is a k-y-edge critical graph as
required. (]

Van der Merwe et al. [37] established 3-y-edge critical graphs for arbitrary
i(G) > 3. Moreover, Ao et al. [5] showed that, for k > 4, there exists a connected
k-y-edge critical graph G with i(G) > k. Thus the condition claw-free is necessary
to prove Theorem 5.3. The following theorem gives the hamiltonian property of
4-y-edge critical claw-free graphs.

Theorem 5.4. Let G be a 3-connected 4-y-edge critical claw-free graph. Then G
is hamiltonian.

Proof. By Theorem 2.4, it suffices to show that G is an Nj 3 3-free graph. Sup-
pose to the contrary that G contains N3 33 as an induced subgraph. Consider
G +uvi. By Lemma 2.6(1), Dy,», < k = 4. Thus by Lemma 2.6(2), |Dy,y, N
{ur,m} = 1. Suppose without loss of generality that u; € D,,,. Note that
{u1,u3,v2,va, w1, w3} is an independent set of order 6 of G+ u,v;. Thus Dy, —
{ur} »{ u3,va,v4,w1,w3}. Since |Dy,v, — {u1}| < 2, by the pigeonhole princi-
ple, there is a vertex v € Dy, — {u1 } adjacent to 3 vertices of {u3,v2,v4, w;,ws3}.
Then G contains a claw as an induced subgraph, a contradiction. This completes
the proof of Theorem 5.4. O

By Theorems 5.4 and 5.3, we have the following theorem.

Theorem 5.5. Let G be a 3-connected 4-i-edge critical claw-free graph. Then G
is hamiltonian.

Finally, by Theorem 5.4, we have the following corollary.

Corollary 5.6. The Conjecture 1.4 is true when k = 4 under the condition that
the graphs are claw-free.
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