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Abstract

A graph is said to be claw-free if it does not contain an induced subgraph
isomorphic to K, 3. Let k be an integer with k¥ > 2. We prove that if G
is a claw-free graph of order at least 14k — 13 and with minimum degree at
least four, then G contains k vertex-disjoint copies of K 4. This partially
supports a conjecture proposed by Jiang, Chiba, Fujita and Yan.
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1 Introduction

All graphs considered are finite, simple and undirected and we use Bondy and
Murty [1] for terminology and notation not defined here. For a graph G, we denote
its vertex set, edge set, minimum degree by V(G), E(G) and 6(G), respectively.
The order of a graph G, is defined by |V (G)|.

Let K, denote the star of order ¢ + 1. For any two positive integers /; and
l3, the Ramsey number R(l),l2) is the smallest integer n such that every graph
on n vertices containing either a clique of !; vertices or an independent set of
ly vertices. A graph is said to be K .-free if it does not contain an induced
subgraph isomorphic to K, ; (t > 2). We often call a graph G claw-free if G does
not contain an induced subgraph isomorphic to K 3. H. Wang [6] proved that
a claw-free graph G of order n > 6(k — 1) with minimum degree at least three
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contains k vertex-disjoint triangles unless G belongs to a known class of graphs.
As a corollary, we have

Theorem 1.1 [6] Let k > 2 be an integer and G a claw-free graph of order at
least 6k — 5 and with minimum degree at least three. Then G contains k vertex-
disjoint triangles.

On the other hand, by applying Theorem 1.1, S. Fujita [3] investigated the
maximum number of vertex-disjoint copies of K; + (K; U K3) in a claw-free
graph G with minimum degree at least three.

Theorem 1.2 [3] Let k > 2 be an integer and G a claw-free graph of order at
least Tk — 6 and with minimum degree at least three. Then G contains k vertex-
disjoint copies of Ky + (K1 U K3).

The bound of order in Theorem 1.2 is best possible. For general case, S.
Fujita [3] proposed conjecture.

Conjecture 1.3 [3] Let k,r,t be integers withk > 2,7 > 3andt > 2. If Gisa
K, ,-free graph of order at least (k — 1){t(r — 1) + 1} + 1 with 6(G) > t, then
G contains k vertex-disjoint copies of K ;.

If the conjecture is true, the bound on |V (G)] is best possible [3]. Note that
Conjecture 1.3 has been verified for the case ¢ = 2 [2]. Recently, this topic attracts
more attention. Jiang and Yan [4] showed that Conjecture 1.3 is true for r > 4 and
t = 3. Besides, Jiang et. al. [5] verified Conjecture 1.3 forr > 2t — 1 and ¢ > 3.
But when r = 3 and ¢t = 4 (r < t), Jiang et. al. [5] presented a counterexample
for Conjecture 1.3, and they proposed the following conjecture.

Conjecture 1.4 [5] Let k > 2 be an integer and G be a claw-free graph of order
at least 10k — 9 and with minimum degree at least four, then G contains k vertex-
disjoint copies of K1 4.

In this paper, we consider Conjecture 1.4, and present a upper bound of a
given claw-free graph to ensure the existence of vertex-disjoint copies of K 4.
Our result supports Conjecture 1.4.

Theorem 1.5 Let k > 2 be an integer and G be a claw-free graph of order at
least 14k — 13 and with minimum degree at least four, then G contains k vertex-
disjoint copies of K1 4.



Let G be a graph. If u is a vertex of G and H is either a subgraph of G or a
subset of V(G), we define Ny (u) to be the set of neighbors of u contained in H.
If H' is also a subgraph of G, we define N(H', H) = Uzcy(s)Ny(z). Fora
subset U of V(G), G[U] denotes the subgraph of G induced by U. In particularly,
if the context is clear, we may also use [U] for G[U]. If S is a set of subgraphs
of G, we write G 2 S, it means that S is isomorphic to a subgraph of G, in
particular, we use mK 4 to represent a set of m vertex-disjoint copies of K} 4.
For a subgraph or subset H of G, G — H = [V(G) — V(H)]. For two disjoint
subsets or subgraphs S and T of G, we let E(S, T) denote the set of edges of G
joining a vertex in S and a vertex in T. When S = {z,, 2, ..., z:}, we may also
use [T1,Z2,..., ;] to denote ({1, z2,...,z:}]. When one of S and T contains
a single vertex, say S = {z}, we write E(z, T) for E(S,T).

2 Proof of the Theorem 1.5

Let k, G be as in the Theorem 1.5. Clearly, G contains at least one K 4.

Suppose that G does not contain k vertex-disjoint copies of K} 4 and we let
s be the greatest integer in {1,2,...,k — 1} such that G 2 sK 4. Furthermore,
let r denotes the greatest integer in {1,2,..., s} such that G contains s vertex-
disjoint induced subgraphs of order at most 6, say Sy,...,S, and Tp.y.q,..., T,
such that

(a) foreachi € {1,2,...,7}, S; = K, + (K, U K4), or S; contains K +
(K2 U K3) as a spanning subgraph, and

(b) foreach j € {r+1,...,s}, T; contains K} 4 as a spanning subgraph.

Let §:= [UI_,V(8;)], T := [Ui_,.;1V(T})}, and H := G — S — T Subject
to the above requirements, we choose Sy, ..., Sy and Tp.41, ..., T, such that

M il <i<7nS; 2 Ky + (K2 U K3)}| is maximal.

That is, for some S; € S, if we have two choice to select S; O K +(K;UK3)
or S; = K| + (K UK,), we should choose S; D K + (K2 U K3) by our choice
(1). Note that it is possible 7 = 0. Let Q := {v € V(H)|E(v,T) = 0} and
g = |Q|. The first lemma tell us how to find some unavoidable subgraphs in
claw-free graph G. We begin our proof with an easy observation.

Lemma 2.1 Let i be an integer with v + 1 < i < s, T; contains K, 4 as a
spanning subgraph. Let x be the center of T;. Then the following statements hold.
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(i) |E(z, V(H))| £ 1.

(ii) Suppose E(x,V(H)) # 0, thenforeachy € V(T;)—{z}, |E(y,V(H))| <
3

Proof Let y;,y2, y3, ¥4 denote the four adjacent vertices of z in V(T};). We prove
(i). Suppose |E(z,V(H))| > 2. Take z;,29 € N(z,V(H)). Since the Ramsey
number R(3,3) = 6, without loss of generality, we may assume [y;,y2,¥3] =
K. Since G is claw-free, we may assume that 2, z; € E(G). However,

[(V(T3) - {va}) U {21, 22}] 2 K1 + (K2 U K3),

if we replace T; by [(V(T3) — {va}) U {21, 22}], we obtain a contradiction to the
maximality of .

Next, we prove (ii). By symmetry, we may assume that |E(y;, V(H))| >
4. Take z,,Z2,73,24 € N(y1,V(H)). Since E(z,V(H)) # 0, take z €
N(z,V(H)). Suppose z # z; for each i € {1,2,3,4}, notice [(V(Ti) —y) U
{z}] 2 K1,4 and [{y} U Nu(y)] 2 K4, thatis, G 2 (s + 1)K} ,4, which con-
tradicts the maximality of s. Thus, we may assume that z = z;. By Lemma 2.1
(i), for each i € {2,3,4}, zz; ¢ E(G). Since G is claw-free, it follows that
(2, T3, T4] = K3, then

[z, 21,91, %2, T3, 4] 2 K1 + (K2 VU K3),

which contradicts the maximality of r. This proves (ii). O

Lemma 2.2 Let i be an integer with v + 1 < i < s, T; contains K14 as a

spanning subgraph. Then |N(V(T}),V(H))| £ 9.

Proof By way of contradiction. Let z be the center of T; and ¥, ¥2,y3, ¥4 denote
the four adjacent vertices of z in T;. Suppose that |[N(V(T;), V(H))| 2 10 and
take vy, ...,v10 € Ny(T3), label W = {v1,...,v10}. By Lemma 2.1 (i) and the
pigeonhole principle, there exists y; € V(T;) — {z}, such that |E(y;, V(H))| >
3. Without loss of generality, say j = 1 and yy v, y2v2, 103 € E(G). We divide
the proof into two cases.

Case 1 Foreach j € {1,2,3}, zv; ¢ E(G).

In this case, as G is claw-free graph, then [v;, v2, v3] = K3. By the maximal-
ity of r, for each j € {2, 3,4},

[y1,v1,v2,v3, 2,95} 2 K1 + (K2 U K3),



that is, y1y; ¢ E(G) for each j € {2,3,4}. This together with the claw-free
condition force that [yz, y3, y4] = Kj.

Suppose for a moment that E(x, W) # 0. By Lemma 2.1, |E(z, W)| = 1
and |E(y, W)| = 3. Choose v, € W such that vz € E(G). By the maximality
of  again, vk y1 € E(G). Since [z, y1, v, y;] 2 K 3 foreach j € {2, 3,4}, then
vry; € E(G) for each j € {2, 3, 4}, this implies that

V(Ti) U {ve}] = K1 + (K1 U KY),

this contradicts the maximality of r. This proves that E(z, W) = §. By symme-
try, E(y1, W — {v1,v2,v3}) = 0.

Since [W| = 10, by the pigeonhole principle, there exists y; € {y2,y3, ya}
such that y; has three neighbors in W — {v1,v2,v3}, say v4, vs, vs without loss
of generality. Since [y;,v4,vs,ve] 2 K1,3, We may assume that v4us € E(G),
which implies that

[(V(T) — {91}) U {va, vs}] 2 K1 + (K2 U K3),
this contradicts the maximality of » and completes the proof of Case 1.
Case 2 For some j € {1,2,3}, we have zv; € E(G).

By symmetry, say j = 3, that is, zvs € E(G). By Lemma 2.1, N(z, W)| =
{vs} and |E(y;, W)| = 3. Since [y1,v1,v2, z] # K} 3, this forces v,v2 € E(G).
Similarly, as [z,y2,¥3,y4] 2 Ki,3, we may assume that yoy3 € E(G). If
Y2Y4,Y3ya € E(G), then

[V(T,) 6] {’U3}] 2K+ (Kg U Ka),

which contradicts the maximality of r, thus, by symmetry, we may assume that
ysva ¢ E(G).

We show that for each j € {2,3,4}, y; is contained in a triangle, which
containing x and some vertex inV (T;). If y1y4 € E(G), then we have nothing
to prove. So, y1y4 ¢ E(G). Since [z,y1,y3,y4] & K),3, then y1y3 € E(G).
Furthermore, y1y2 ¢ E(G), for otherwise,

(V(Ti) = {ya}) U {v1,v2}] 2 K1 + (K2 U K3),

which contradicts the maximality of ». Notice that [z, y1,y2,y4] Z K13, it fol-
lows that yoy4 € E(G), that is, [z, y2, y4] = Kj.

Since |W| = 10, by the pigeonhole principle, there exists y; € {y2,y3,y4},
such that y; has three neighbors in W — {v;, v, v3}, say vy, us, vs without loss
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of generality. Since [y;, v4, vs,v6) Z K1,3, by Lemma 2.1 (i), [v4,vs5,v6] = K3.
Suppose that y; is contained in a triangle y;xy;, then

[vs,vs,v6,¥5, T, u1] 2 K1 + (K2 U K3),

this contradicts the maximality of r. This completes the proof of Case 2 and
Lemma22. O

Lemma 2.3 Let i be an integer with 1 < i < r and suppose that S; = K +
(K1 U Ky). Let V(S:) = {a,b,c,d,e, f}, such that ds,(a) = 5, ds,(b) =
ds,(¢) = ds,(d) = ds;(e) = 4 and ds,(f) = 1. Then the following statements
hold:

(i) Let v be a vertex in V(H) such that E(v,V(S;)) # 0. Then there exists
some z € V(S;), suchthatzv € E(G)and S; — 2 K, 4.

(ii) E(a,V(H)) =0.
(iii) |E(f,V(H))| < 3, and for each = € {b,c,d,e}, |E(z,V(H))| < 1.
(v) {ve V(H)||E(v,V(S:))] 2 2}{ <3.
Proof (i) is obviously true, since S; = K; + (K, U K,).
Next, we prove (ii). Suppose there exists v € V(H) such that av € E(G).
Since [a,v,b, f] 2 Ki,3, then vb € E(G) or vf € E(G), if the former holds,

then
(V(S:) = {fHu{v}] 2 K: + (K2 U K3),

which contradicts our choice of (1); if the latter holds, then
(V(S:) — {b}) U {v}] 2 K\ + (K2 U K3),

which contradicts our choice of (1) once again.

Thirdly, we prove (iii). By the maximality of s, it is obvious that |E(f, V(H))| <
3. Without loss of generality, assume that evy, evy € E(G) and vy,v, € V(H).
As (f,v1,v2,a] 2 K, 3, it follows from (ii) that vivy € E(G), thus,

[e,a, c,d,vl,vg] D K, + (K2UK3),

which contradicts our choice (1).
Finally, the assertion of Lemma 2.3 (iv) follows from Lemma 2.3 (ii) and (iii)
This completes the proof of Lemma 2.3. O
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Lemma 2.4 Let i be an integer with 1 < i < r, and suppose that S; 2 K, +
(K2UK3). Let V(S;) = {a,b,¢,d, e, f} suchthat ds,(a) = 5, min{ds, (), ds, (c),
ds,(d)} > 3, min{ds,(e),ds,(f)} > 2, [b,c,d] = K3 and ef € E(G). Then the
Sollowing statements hold:

(i) |E(a, V(H))| < 4
(ii) Foreachz € V(S;) — {a}, |[E(z,V(H))| < 3.

(iii) Let v be a vertex in V (H) such that E(v,V(S;)) # 0. Then there exists
some x € V(S5;), such thatzv € E(G)and S; — z D K} 4.

(v) {v e V(H)||E(v, V(S:))| 2 2}| < 8.

Proof By way of contradiction. To prove (i), suppose |E(a,V(H))| = 5.
Since the Ramsey number R(K 4, K3) = 10 (see [1]) and G is claw-free, then
[Nu(a)UNg, (a)] contains a subgraph of order five, denoted by U, which contain-
ing K 4 as a spanning subgraph. Furthermore, notice that [(V(S;) U Ng(a)) —
{U}] 2 Ki,4, thatis, G 2 (s + 1)K1,4, which contradicts the maximality of s.

Next we prove (ii). Suppose that there exists z € V/(S;) — {a} such that
|E(z,V(H))| > 4. Take vy, v2,v3,v4 € Ny(z), then [z, vy,v2,v3,v4] 2 K14,
on the other hand, since [V'(S;) — {z}] 2 K14, then G 2 (s + 1)K} 4, which
contradicts the maximality of s.

Next, we prove (iii). Suppose that there exists y € V(S;) — {a}, such that
vy € E(G). Since [V(S;) — {y}] 2 K14, we choose y = z and complete the
proof. Therefore, we may assume that E(v, V(S;) — {a}) = @ and va € E(G).
This together with the fact that G is claw-free force [V/(S;)] = Kj, if we choose
z = a, then it is obvious that [V'(S;) — {a}] = K, and contains K 4 of course,
this proves Lemma 2.4 (iii).

At last, it remains to prove (iv). By contradiction. Suppose that |[{v €
V(H)||E(v,V(S:))| 2 2} = 9 and take v),...,v9 € Ng(S;), label U =
{v1,...,ve}. Since we can divide all vertices of V(S;) into three pairs, and each
pair has at most three common neighbors by Lemma 2.4 (ii), it follows that

|E(x,U)| = 3 forevery z € V(S;) — {a}.

Without loss of generality, we may assume that fv,, fvs, fuz € E(G) and buy, bus,
bug € E(G), we see that [f, vy, v2,v3, €] 2 K1 4 and [b,v4, Vs, v6,d) 2 K14, 50
G 2 (s + 1)K 4, which contradicts the maximality of s. O

Lemma2.5 Let u € Q. Then there exists S; with 1 < i < r, such that
|E(u, V(S:))] 2 2
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Proof By contradiction. Suppose the statements is false. Let L = {i|1 < i <
r, E(u, V{(S;)) # 0}. By Lemma 2.3(i) and Lemma 2.4 (iii), S; — No(u) 2 K14
for each [ € L. Since 6(G) > 4 and G is claw-free, [V(H) U (Ng(u) N
(UieLV(S1))] 2 K, that is, we can find |L| + 1 vertex-disjoint subgraphs
Stre s Sipper in [V(H) U UL V(S1)], such that §; 2 Ky 4 foreach1 <4 <
|L] + 1, if we replace Uic 1 Si by Uy <j<|11+15], we obtain a contradiction to the
maximality of s, this proves Lemma 2.5. O

We continue the proof. Let l; = |{i € r|S; & K; + (K, U K4))}| and

lp:=|{i er|Si 2 Ky + (K2 U K3}|. Thenr =I; + l;. By Lemma 2.3 (iv),
Lemmas 2.4 (iv), 2.2 and 2.5, we obtain g < 3{; + 8/5 and

IV(G)] = 6l +6la+5(s—1)+q+|{veV(H)E@ V() #0}
< 6ly+6ly+5(s—7) 430 +8l+9(s—7)
< 14(l+ )+ 14(s — 1)
= 14s
< 14k - 14,

this contradicts our condition |V (G)| > 14k — 13, and complete the whole proof
of Theorem 1.5,

3 Conclusion

Let G be claw-free graph and k > 2 a positive integer. In this paper, we present
order bound to ensure the existence of k disjoint copies of K 4. However, we see
that the minimum degree of G requires at least five. Therefore, it is an interesting
problem to study the relation 6(G) > 4 and the number of disjoint copies of K 4
in G, and determine the number of disjoint copies of K 4 by virtue of §(G).
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