A KRASNOSEL’SKII-TYPE THEOREM FOR AN
ORTHOGONAL POLYTOPE WHOSE
COMPLEMENT CONTAINS OPEN BOXES

MARILYN BREEN

ABSTRACT. Let T = S\(U{A : A in A}), where S is an
orthogonal polytope in R? for d > 2 and where A is a
collection of n pairwise disjoint open boxes contained in S.
Point z belongs to Ker T if and only if z belongs to Ker
S and no coordinate line at z meets any 4 in A. In turn,
this relationship between the staircase kernels of S and T
produces a Krasnosel'skii-type result for T in terms of n,
extending the class of orthogonal polytopes for which such
a theorem exists.

1. INTRODUCTION

We begin with some definitions and comments that also ap-
pear in [1] and [4]. A set B in R?is called a boz if and only if B is
a convex polytope (possibly degenerate) whose edges are parallel
to the coordinate axes. A nonempty set S in R? is an orthogonal
polytope if and only if S is a connected union of finitely many
boxes. An orthogonal polytope in R? is an orthogonal polygon.
Let X be a simple polygonal path in R? whose edges are parallel
to the coordinate axes. That is, let A be a simple rectilinear path
in RY. For points z and y in S, the path X is called an z —y path
if and only if A lies in S and has endpoints z and y. The z — y
path X is a staircase path (or simply a staircase) if and only if, as
we travel along A from z to y, no two edges of A have opposite
directions. That is, for each standard basis vector ¢;,1 <7 < d,
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either each edge of \ parallel to e; is a positive multiple of e; or
each edge of \ parallel to e; is a negative multiple of e;. The
path ) is an z — y geodesic in S if and only if A is an z — y path
of minimal length in S. (Of course, an z — y geodesic need not
be unique.) Clearly if A is an z — y staircase in S, then A is an
z—1y geodesic in S. Furthermore, if S contains an z —y staircase
path, then every z — y geodesic in S is an z — y staircase.

For points z and y in a set S, we say = sees y (z is vistble from
y) via staircase paths if and only if S contains an z — y staircase
path. A set S is staircase conver (orthogonally convez) if and
only if, for every pair of points z,y in S,z sees y via staircase
paths. Similarly, a set S is staircase starshaped (orthogonally
starshaped) if and only if, for some point p in S, p sees each
point of S via staircase paths. The set of all such points p is the
staircase kernel of S, Ker S.

Many results in convexity that involve the usual concept of
visibility via straight line segments have analogues that instead
employ the idea of visibility via staircase paths. For exam-
ple, the familiar Krasnosel’skii theorem [8] states that, for S
a nonempty compact set in the plane, S is starshaped via seg-
ments if and only if every three points of S see via segments in S
a common point. In the staircase analogue [2], for S a nonempty
simply connected orthogonal polygon in the plane, S is staircase
starshaped if and only if every two points of S see via staircase
paths in S a common point. Furthermore, an interesting study
by Victor Chepoi [5] has extended the planar result to any finite
union of boxes in R¢ whose corresponding intersection graph is a
tree. Related theorems in [1] still impose restrictions on the un-
derlying arrangement of the boxes that compose the orthogonal
polytope S.

From these results, it is natural to ask whether a Krasnosel’skii-
type theorem might exist for a more general class of orthogonal
polytopes. In the planar case, when T is an orthogonal poly-
gon whose complement contains exactly n bounded components,
each a rectangular region, there is a Krasnosel’skii-type result
for T in terms of n. Precisely, let T = S\(U{A : A in A}), where
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S is a simply connected orthogonal polygon and A is a collection
of n pairwise disjoint open rectangular regions contained in set
S. By [3, Corollary 1], set T is starshaped via staircase paths if
and only if every 4n points of T see via staircase paths in T a
common point of Ker S. Furthermore, [3, Example 2] demon-
strates that no such theorem is possible independent of n. In
this paper, we examine set T = S\(U{A : A in A}), where S
is an arbitrary orthogonal polytope in R? for d > 2 and where
A is a collection of n pairwise disjoint open boxes (interiors of
boxes) contained in S. The results both strengthen the earlier
planar results and extend them to R¢, establishing the relation-
ship between the staircase kernels of the general S and the set
T and yielding a Krasnosel’skii-type theorem for 7" in terms of
n.

Throughout the paper, we use the following notation and
terminology. For S a set in R¢,int S, bdry S, and cl S will de-
note the interior, boundary, and closure, respectively, for set .S.
When it is convenient and causes no confusion, we refer to the
interior of a d-dimensional box in R? as an open boz. Also for
convenience, any vector parallel to a standard basis vector for
R? will be a coordinate vector and its corresponding line will be
a coordinate line. Similarly, for every i,1 < i < d, hyperplane
Ji = {(z1,...,z4) : z; = 0} as well as any hyperplane parallel to
J; will be called a coordinate hyperplane. If X is a simple path
containing points a and b, then A(a, b) will denote the subpath
of A from a to b, ordered from a to b.

Readers may refer to Valentine [10], to Lay [9], to Danzer,
Griinbaum, Klee [6], and to Eckhoff (7] for discussions concern-
ing visibility via straight line segments and starshaped sets.

2. THE RESULTS.

The following easy lemmas will be helpful.

Lemma 1. Let B, C be closed boxes in R? with BN C # 0.
Let be B,ceC, and let z be the point of B N C nearest ¢ (via
staircase paths). If (b, z) and u(z,c) are staircase paths, then
0(b, 2) U u(z,c) is a staircase in BUC.
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Similarly, for point z in R¢, point a in box A, and a’ the point
of A nearest z (via staircase paths), if d(z, a’) and u(a’,a) are
staircase paths, then d(z,a’) U u(ad/, a) is a staircase as well.

Proof. We begin with the first statement. Certainly §(b, 2) C B
and u(z,c) C C. To see that (b, 2) U u(z, ¢) is a staircase path,
observe that, for H any coordinate hyperplane at z , points b and
¢ necessarily lie in distinct closed halfspaces determined by H:
Otherwise, the open halfspace containing {b,c} would include
points of B N C closer to ¢ than z is to ¢. Therefore, an edge
of §(b, z) and an edge of u(z,c) cannot have opposite directions,
and 0(b, 2) U u(z,c) is a staircase.

Similarly, for H any coordinate hyperplane at a’, points z
and a lie in distinct closed halfspaces determined by H, and
d(z,a’) U pu(a,a) is a staircase, finishing the proof of Lemma

O

Lemma 2. Let 7 C R? and let A be any open box whose
boundary lies in T. For z in T, if z sees via staircase paths in
T each point of bdry A, then z sees via staircase paths in TU A
each point of A.

Proof. If zeclA, the result is trivial, so assume that z ¢ clA.
Let a’ denote the point of clA nearest z (via staircase paths),
and let 6(z, a’) be an z — a’ staircase in T. By Lemma 1, for any
a in A and any o' — a staircase p(a’,a),d(z,a’) U pu(a',a) is an
z —a staircase. Certainly this staircase lies in U A, completing
the proof. (]

Lemma 3. Let A be any open or closed d-dimensional box
in R? for d > 2, with z,yebdry A. If point z is not relatively
interior to any facet of c/A, then there is a staircase path in
bdry A from z to y.

Proof. Observe that, for any facet F' of clA, F' is parallel to ex-
actly one other facet of c/A and intersects every remaining facet.
Since z is not relatively interior to any facet of clA, z belongs to
at least two of these facets. Further, at least one of these two,
say F;, meets a facet containing y, say F,. If ye F;, then F,
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contains an = — y staircase, and the result follows immediately.
Otherwise, let segment [y, y,] be orthogonal to F, with y, € F;.
Clearly [y, o] C F,. Certainly F, contains an = — z, staircase
Az, o), and A(z,¥yo) U [y, y] satisfies the lemma, finishing the
proof. O

We are ready for the main result, a d-dimensional analogue
of [3, Theorem 1].

Theorem 1. Let T = S\(U{A : A in A}), where S is an
orthogonal polytope in R? for d > 2 and where A is a collection
of n pairwise disjoint open bozes contained in S. Point x belongs
to Ker T if and only if x belongs to Ker S and no coordinate
line at x meets any A in A.

Proof. To begin, assume that z belongs to Ker T', to show that
the second condition is satisfied. Point = sees every point of T
via staircase paths in 7" and hence z sees every point of 7" via
staircase paths in S. For any A in A, z sees each point of bdry A
via staircase paths in T so, by Lemma 2, z sees each point of
T U A via staircase paths in T U A, hence via staircase paths
in S. Thus z sees each point of TU (U{A: A in A}) = S via
staircase paths in S, and z € Ker S. Certainly no coordinate line
L at z can meet any set A in A, for otherwise z could not see
via staircase paths in 7" points of L N T beyond A from z. Thus
the second condition holds.

To establish the converse, assume that, for point z in Ker S,
no coordinate line at z meets any A in A. Define T, = {y: z
sees y via staircase paths in T'}. Certainly T is connected and
T, # 0. We will use induction on the number n of sets in A to
showthat T, =T. If n=0,then S=Tand I, = 5, =S =T.
Inductively, assume that the result is true for n,0 <n < k-1,
and let n = k > 1. We will show that the nonempty set T is
both open and closed in the connected set T and hence T, = T'.

By [4, Lemma 1], it is easy to see that T is a finite union
of closed boxes, hence closed and therefore closed relative to T'.
To show that T} is open relative to T, let yeT,,. We will prove
that = sees (via staircase paths in T') all points of T near y.
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Observe that, for a sufficiently small closed box neighborhood
N of y, NNT may be expressed as a finite union of closed boxes,
each containing point y. Let € denote such a collection. We will
show that z sees (via staircase paths in T') all points of U{C : C
in €}. Let B denote the minimal box determined by z and y.
(Of course, B need not be a subset of S. ) Let y;e U{C : C in
C}. We consider two cases, determined by the location of y;, to
show that x sees y; via staircase paths in T.

Case 1. Assume that y; belongs to box B. If no member of
A meets box B, then BNS = BNT. Since x sees point y;
via staircase paths in S and each such staircase lies in B, z sees
point y; via staircase paths in BNS = BNT, the desired result.
Hence we assume that at least one member A, of A meets B. By
our induction hypothesis, z belongs to Ker (T" U A,), so there
is a staircase path &(z,y;) in TU A, from z to y;. Certainly
0(z,y1) lies in B. If §(z,y;) fails to meet A,, then é(z,y;) lies
in T, and z sees y; via staircase paths in T, again the desired
result.

Otherwise, d(z,y1) meets A,. Clearly é(z,y;) N clA, is a
connected subpath of §(z,y;). Assume that é6(z,y;) enters clA,
at a; and exits at a;. Let a’ represent the point of clA, closest to
z (via staircase paths). Our hypothesis concerning coordinate
lines at z implies that a’ is not relatively interior to a facet
of A,. Certainly a’eB. Furthermore, z sees @' via a staircase
w(z,a’) in T U A,, and u(z,a’) meets clA, only at a/. Thus
p(z,a’) € T. Of course, u(z,a’) C B, also. Since a’ is not
relatively interior to a facet of A,, we may use Lemma 3 to
conclude that bdry A, contains an a’ —ay staircase, say u'(a’, as).
Notice that p'(a’,a2) € BNT.

We assert that p(z, a’)Up'(a’, as) Ud(ag, y1) is again an z—y;
staircase in BN T Since a’ is the closest point of clA, to z, by
Lemma 1, a staircase from z to o’ followed by a staircase (in
clA,) from a’ to ay always yields a staircase from z to ay. Hence
w(z,a’) U p'(a',as) is an  — ay staircase in B N'T. Moreover,
any two z — a, staircases employ exactly the same directions for
their vectors. Thus u(z,a’) U ¢'(a’,a2) and §(z, as) use exactly
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the same directions for their vectors. Since 6(z,as) Ud(ag,y1) =
d(z, y1) is a staircase, so is u(z,a’)Up'(a’, as) Ud(as, 11). Clearly
this path lies in B N T, so the assertion is established. Again
we conclude that z sees y; via staircase paths in 7', finishing the
argument for Case 1.

Case 2. Assume that y; ¢ B. Also assume that y; belongs to
box C in €. Since B and C are boxes, so is BNC. Furthermore,
C CT,so BNC CT. Let z represent the point of BNC nearest
¥1. Using the argument in Case 1 above, since z¢B N T, point
Z sees point 2z via a staircase path é(z,z) in T. Furthermore,
since C is a box in T, z sees y; via a staircase u(z,1;,) in C C T.
Using Lemma 1, §(z, 2) U u(z,¥1) is a staircase in T. Again z
sees ¥ via staircase paths in T, completing Case 2.

We conclude that, for a sufficiently small box neighborhood
N of y, z sees each point of NNT via staircase paths in 7. Thus
T, is open relative to T and, by our earlier comments, T, = T.
Hence the result holds when n = k, finishing the induction and
completing the proof of Theorem 1. a

Using the relationship between Ker S and Ker T, we have
the following analogue of [3, Corollary 1], extending the class
of orthogonal polytopes for which a Krasnosel’skii-type result is
known.

Corollary 1. Let T = S\(U{A : A in A}), where S is an or-
thogonal polytope in R? for d > 2 and where A is a collection of
n pairwise disjoint open boxes contained in S. Set T is staircase
starshaped if and only if set S is staircase starshaped and every
2dn points of T see via staircase paths in 7" a common point of
Ker S.

Proof. For the sufficiency, assume that set T is staircase star-
shaped, and select point z in Ker T. By Theorem 1 (or Lemma
2), ze Ker S. Of course, all points of T see z via staircase paths
in T, and the second condition holds.

To establish the necessity, assume that set .S is staircase star-
shaped and that every 2dn points of T satisfy the condition in
our hypothesis above. The result is trivial if n = 0 so suppose
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that n > 1. For every box A of A and every one of the 2d facets
F of A, select a point y relatively interior to F. Thus we obtain
a collection of 2dn points y. By hypothesis, there exists a point
z of Ker S seeing each of these 2dn points via staircase paths in
T. Certainly no coordinate line at z can meet any A in A so, by
Theorem 1, z belongs to Ker T, establishing the necessity and
finishing the proof of the corollary. O

Example 2 in [3] shows that, independent of n, no general
Krasnosel’skii number exists for set T in Corollary 1 above.
However, it would be interesting to replace the number 2dn in
the corollary with the best bound.
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