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Abstract In this paper, we investigate and obtain the properties of
higher-order Daehee sequences by using generating functions. In par-
ticular, by means of the method of coefficients and generating function-
s, we establish some identities involving higher-order Daehee numbers,
generalized Cauchy numbers, Lah numbers, Stirling numbers of the
first kind, unsigned Stirling numbers of the first kind, generalized har-
monic polynomials and the numbers P(r,n, k).

Keywords Higher-order Daehee numbers; Generating functions;
Generalized Cauchy numbers; Lah numbers; Stirling numbers of the
first kind; Generalized Harmonic polynomials.

1. Introduction

The Dachee numbers and polynomials studied in this paper are a
new combinatorial sequences defined by Taekyun Kim, which appear
in various areas in mathematics and have been classically investigated
in many directions. Recently, many papers have been devoted to the
study of Daehee number identities by various methods. For example,
Taekyun Kim and Dae San Kim give various identities of the higher-
order Daehee numbers and polynomials arising from umbral calculus
(see in [6]). T.Kim use invariant p-adic integral deduced identities
associated with Daehee numbers (see in [3]). Dae San Kim, Taekyun
Kim, Takao Komatsu and Jong-Jin Seo use Sheffer sequence obtained
identities about Barnes-type Daehee polynomials (see in [8]) and so

on. In this paper, we investigate some properties of high order Daehee
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polynomials associated with special sequences by using the generating
functions and the method of coefficient and we deduced some identities
involving high order Dachee numbers and polynomials.

The generating functions are of fundamental importance in combi-
natorial mathematics, especially in counting. In the present paper, we
proved some properties of high order Daehee polynomials by generat-
ing functions and the method of coefficient and we established a series
of identities about high order Dachee numbers, generalized Cauchy
numbers, Lah numbers, Stirling numbers of the first kind, unsigned
Stirling numbers of the first kind, generalized Harmonic polynomials
and the combinatorial numbers P(r,n,k). The generating function-
s of some special combinatorial sequences play an important role in
mathematical physics and in many branches of Mathematics.

Throughout this paper, we need the following notation:

[t"]f(t) denotes the coefficient of [t"] in f(t), where

)= fut”. (1)
If £(¢) and g(2) are formal series, :}:eofollowing relations hold in [13];
[ (0) + bo(t) = ale"7(0) + Bl"lo(d). @)
(CIEFO = 7170, ®
) @) =§[t"1f(t)[t"""]g(t)- (@)
(o) =§[y’°lf(y)[t"]g"(t)- 6)

Let 7 € N, £ € R, the high order Daehee polynomials Dy (z) are
defined by the following generating function (see [1] — [6])

In(1 +¢)

Ty (4. ©)

;‘)Dr(;r)(x)g’ = ((1 +t)

Setting r € N, z = 0, we get the generating function of the high order
Daehee numbers Dy, (see [1], [4], [5]):

;Dgr)i_'; = ((1 + t) ltn(l + t)),‘ )
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The classical Dachee numbers D, defined by the following generating

function:

. " (QA+4+t)in(1+¢
Z()D";[=(+)t(+)’ (8)

withz =0, r =1, D (0) = D,,.

Let —t instead of ¢ in (6), (7), (8) we get

> 0P@ S = (FAEE= Ay -y o)
goD'("') (-1731 t" ie ((1 = t)lnt(l = t))r. (10)
X_;)Dn (—h)!"tn - (1—t).1_1;(1—t). (1)

The particular combinatorial numbers are defined by following gener-

ating functions:
The Stirling numbers of the first kind s(n, k) are defined by

" InF(1+t¢
3 sm, k)L = __(k, )
n>k 2 d

(12)

Let —t instead of t, we get the generating function of the unsigned
Stirling numbers of the first kind s(n, k)

T ) e w0 F (13)

| !
=k n! k!

The unsigned Stirling numbers of the first kind s(n,k) and Stirling

numbers of the first kind s(n, k) are have the following relation:
s(n, k) = |s(n, k)| = (=1)""s(n, k), (14)
with » > k can be replaced with n > 0.

For @ € Z > 0, a-Cauchy numbers C{* ([14]) are defined by the

following generating function:

(=] n a—1
@t _ t1+1)
Zocn T TIm(l+9) (15)
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Let a = 1, we get the Cauchy numbers of the first kind ¢, are defined

by following generating function ([14]):

~N

Ve  RE 7.
"nl In(14 1)

n=0
Let a = 0, we get the Cauchy numbers of the second kind é, are

defined by following generating function ([14]):

_“; X 'Vl ‘
WZ;,"'m (4 In(140)

Lah numbers L(n, k) defined by following generating function:

—t\k
ZLnL)—:-(———)—

n>k

with n > k can be replaced with n > 0.

For r € N*| z € R, generalized Harmonic polynomials H(2) ([15))

are defined by following generating function:

< Il ] e r+1
ZH(" | ltg_:;] (1-1°.

Classical Harmonic numbers I, are defined by following generating

function:

n_ ln(l t)
Zu,.z -0

with H{(z) =1, let 7=0, z=0, we get: H® (0) = Hy (n 2 1).

For r, k € N, when n > r +k , the combinatorial numbers P(r,n, k)

defined by the following generating function:

n+k In(1-1¢)"
Z( p )P(r,n+k k)e" _(T:-(_t)‘_*q_

n=0

2. Properties of the generalized Dachee numbers

In this section, we obtain the properties of the Dachee polynomi-

als. Meanwhile, we give some basic properties of the high order Dachee

numbers.
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Theorem 2.1 Suppose ry € N, i € [m), m ¢ N', for the generalized

Dachee polynomials, wo have tho following proporty:

1)'(:-|.|.----|"‘vn)(m| -’- e "‘ -’"Nl)

22
s (m )”5‘7"‘“"0'--DS:;::"(m...). @)

npdeebngpen S

Proof By (6), we obtain

oo

e t'l
Z D'(‘” Joonnsl Vn\)(m' g - |- -'nm)m

n=0

a ((1 +t) 1;‘(1 + 1) Yt () yenben e

S Pttt
—] r — 0 0 0 ( "l)
=D (@) 20 DR (@m)

ny=0 Ny =0

- .- n pirn) (rm) t"
i Z Z ny n (ml) e 'D"!u (m'");ﬁ'

“ e 1l
n=0ny o ng =n ! m

'" m

Nml

Comparing the coeflicients of -‘":{- in both sides of the last equation, we

have the identities (22).

Corollary 2.1 Forzy =+« =&, = 0in (22), we obtain the following
properties of the high order Dachee numbers:

D'(:‘l drgeecbrm)

n (23)
= . S oteooip ol
™m ) 712, o Nn

ny gk ng =n

For r; € N, ¢ € [m], m = 1, the above formula is reduced to the

theorem 3 in reference [4]:

(r) =
= Z (m.na,-'-nm) DnyDny - Dnr, - (24)

nytng-bebnmeE=n

Let 7; € N, 7 € [m], m =2 in (22), we get

DY (4 y) = i: (z) D (x)DY, (v). (25)

k=0

Setting r = 1, 8 = 0 in (25), we get

Da(z+y) = i (;:) Dk )k (26)

k=0
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Let s = 0 in (25), we get

2 = (n r
D (z+y)=) (L) (¥)n-xD{” (). (27)
k=0
Let y = 0 in (27), we get
r 3 n r
D (z) = (k) ()n-k Dy (28)
k=0
Let £ = y = 0 in (25), we get
ris . n 7 s
D =%" y DD . (29)
k=0

Similarly, we obtain the following basic properties by using generating

functions
D{+(z +1) = DI +(z) = nD (). (30)
Let r =1, s =0 in (30), we get
Dp(z + 1) — Dp(z) = nDp_1(x). (31)
We can also obtain the derivative of generalized Daehee polynomials

(DS (z)] = nDIH P (z - 1). (32)

3. Identities involving high order Daehee numbers

Now, we consider the generating functions of the high order Dae-
hee numbers and we establish the identities involving high order Dae-
hee numbers, generalized Cauchy numbesr, Lah numbers, Stirling numbesr
of the first kind, unsigned Stirling numbers of the first kind, general-

ized Harmonic polynomials and the combinatorial numbers P(r,n, k).

Theorem 3.1 Forr €N, leti, k, l€Z > 0, we get

n—-k
> (:) (n; )(—1)‘<i+k— 1:D%2,

=

(33)
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o

%) (7)o
(=1)**(k+i—1),D0
1=0
n (34)
5 (z)(‘”‘Df”s(n-z,k).

Proof Form the generating functions of Dy, and s(n, k), we have

> r (’l‘) DM s(n 1, k)g

(—+t)1n(1+t) LInF(1+1¢)
=\ t ) k!
_ ((1 +t)l;1(1+t))k+,(l+t)_

ktk

_ZD(k+r)t'Z( 1) (k+n ) ¢

n=0 n=0 nl Kl
o n—k
=L ( ) ( k) (-1 i+ k- 1000 L
k i=0
Then (33) holds. The proof of (34) are similar to that of (33).
Theorem 3.2 Forr €N, let k, I, m, j € Z > 0, we get

2 (l’,'; j) (k)3 D" s(m, k) = (Z) D% (35)

l+m+j=n

Z ([’:1,]-) (—1)l+j(k)le(T)5(m,k) = ( )( 1)"’ (r+k). (36)

Hm+j=n
Proof From (7) and (12), we have

i Z (l m _7) (k)JD(r)s(m, k)_

n=0[l+m+j=n

| ! .
_Z Z lv:,r_,!(k =) D" s(m, k)_

n=0I{+m+j=n

=ZD(r)t' Zs(m 9 'Z()

m=0

L (In(l + tt)(l + t) )1‘ [ln(lk'*" t)] (1 o t)k
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In(14t)(141) rext®
= t VR

et

Then (35) holds. The proof of (36) are similar to that of (35).
Corollary 3.1 In the special case when r = 1, Eq. (35) and (36) are
reduced to

l4mdj=n

l“'ﬂ'l'{j:n

Theorem 3.3 For i, [, a €Z >0, r €N, we have

D (1) DGR, =3 (7) (WD (39)

=0 =0

Proof From (7) and (15), we have

i Dif ( )D"”c@,‘l
n=0

i t(1+t)°"((1 +1) ln(1+t)),
"~ In(l+¢) t
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(14t)In(1-+1¢)
= ( ;

= Z plr- 1)"! S (@)

= n=0
—§Z(“)( 2Dy J" .

Then, the identity can be obtained immediately.

)r—l(] 8 l)"

|

Corollary 3.2 By setting a = 1, we have the identity between the

higher-order Dachee number with the Cauchy number of the first kind

n

3 (1) penci= ot 4ot (0

1=0
Corollary 3.3 By setting a = 0, we have the identity between high

order Dachee number with the Cauchy number of the second kind
3 (7) e e (41)
1=0

Theorem 3.4 Letc €Z>0,r €N, l, m, 3 €Z > 0, then we have

R (a) p(r) a M) p(r-1)
> (im)o 006,00 = oD @
l+m+j=n
Proof From (7), (15) and (18), we have

i > ( : )C(Q)D(T)L(J,a)

n=0[+m+j=n L,m, J

= ZC(“)t' Z D(’)lt 'ZL J,a)—

m=0
e t(1+t)°'1((1+t)ln(1+t) 1 l=1)%te
In(1 + t) t ) (1+t)2a!
_ (1+8In(1+1),_ (-1)%e
=4 t ) a!

oo (r- tz+a

zlal
1=0

- afT (T—l)tn
= Z(—l) (Q)Dn—a m
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We can easily get the desired result.

Corollary 3.5 Let a = 1, the following formula holds true:

\ " )aD&L(,1) = —aD"P. (43)
L \Um,j
[+m+jy=n
Theorem 3.5 Let re N, ke N*, {,l€Z >0, z € R, then we

have
(k+r+1)

s n—k .
O ) e R e
' (a4)

_z(n),( 1~ z)DL),.

1=0
Proof From equation (10) and (19), we have

oC n tn
> 2 (-1)""HE® ()DL —

n=0 l—O
o z H® (z)¢n Z D(r)t

n=0

—In(1 — k+1 o R
= ((1 = t)_l:(l B t))r+k+1(1 = t)—(k+2—z)tk
— ZD(r+k+1)( l)n = Z(n+k+ il Z)n—t

n=0

oo n—k £ ]
—rg g(n)k (n )( 1)k k41— z).D,(}“gj,‘):l‘

Comparing the coefficients of %‘,— in both sides of the last equation,
we have the identities.

Corollary 3.6 Let r =1, z =0, we get

-k
> (n i k)( D"+ b+ 1): D72
i=0 (45)

= (1" HP(0)Dpy.
=0

Corollary 3.7 Classical Harmonic number with classical Daehee
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number have following identity

Y onli+1)(n—1):D2, ;= Z(n )"~ HyDn_i. (46)
1=0

Theorem 3.6 Let re N, ke N*, [, m, j€Z >0, z € R, then
we have

2 (l e j) (1™ uHM (2)DE) (k +2);

l4+m+j=n
= (-1)¥(n)x DA (2).

(47)

Proof It is obvious that

= n : & tr

n=0I1+m+j=n

- S B @E Y DY fj (’“ % 2)( ~1)’¢!
=0 m=0 =0

_ (=In(1 —¢))*+! ., (1—=1) ln(l it )
=R rsp ' as.

— ((1 - t)lr;(l %= t))k+r+ltk(1 15 t)z

(e o) tn
= Y (-1 F (D).
n=k :

Hence (47) hold.

Corollary 3.8 For =1, z =0, the following relationship holds true:

e (z :”) (=)™t UH® (0) D (k + 2);

l+m+j=n ! (48)
= (—1)*(n)x D**2).

Theorem 3.7 Letr, m, k€N, 4, j € Z > 0, then we have

3 (=1)"=i(n );( ) Pt + kD)

ey (49)

_Z( 1B (n)5 (z+k+m)z( ; )Df;m:r:)z

1=0
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Proof It is obvious that

00 n .
n—j ] + k y (m) ¢
(1) J(")J’( k )P(r,] +k’k)D"~Ja

n=0j=0
._g(j:k>19(r, h ke Y Dy
—In"(1 =t),(1 = t)In(1—1t) \m
T 1=k R
((1 o t) ]I;(l =5 t))m+r(1 t)—(r+k+1)(_1)r—1tr

n

Z Dfmtm) i —— ( 1 Z( D™ e kot n)nt—t

n=0 n=>0
00 n-r PRI i
=y Z(-l)"“l(n),( i )(i +r+ k) DI =
n=r 1=0

Thus, we arrive at the desired result.
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