Decompositions of Various Complete Graphs
into Isomorphic Copies of 4-cycles with Three
Pendant Edges

Atif Abueida ! Rabab Alzahrani 2

Abstract

An H-decomposition of a graph G is a partition of the edges
of G into copies isomorphic to H. When the decomposition is not
feasible, one looks for the best possible by minimizing; the number
of unused edges (leave of a packing), or the number of reused edges
(padding of a covering). We consider the H-decomposition, packing,
and covering of the complete graphs and complete bipartite graphs,
where H is a 4-cycle with three pendant edges.

1 Introduction

An H-decomposition or H-design of the complete graph K,, is a set of
subgraphs of K,,,, {Hy, Ha,...,H,}, where all the H;’s are isomorphic to
Hfor1 <i<n, E(H;)NE(H;) =0 for i # j, and U, E(H;) = E(Kn).
The subgraphs H; are called the blocks of the design or the decomposition.
There are several studies on H-decomposition of the complete graph into
a given graph H. See (8] and [10] for more about the history of the graph
decomposition problem.

A variation of the decomposition problems is to consider a pair of non-
isomorphic graphs, say G and H, as the blocks of the decomposition. There
are several articles discussing these ideas. See [1, 2, 3, 4, 5, 11] for more.
In (9], the authors studied the decompositions of various complete graphs
into isomorphic copies of the 4-cycle with a single pendant edge. In this
paper, we study the G-decomposition of the complete graph Km, the com-
plete bipartite graph K,, ., when H is the 4-cycle with three pendant
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edges. We denote this graph as H = {a,b,c,d; (e, f,9)}. Thatis, V(H) =
{a,b,c,d,e, f,g} and E(H) = {(a,b), (b, ¢), (¢, d), (d, a), (a,e), (b, f),

(c,g)}. We also study the packing and the covering of K, and K, , with
H. .

Figure 1: The graph H

2 H-Decomposition of K,

We assume the partite sets of the complete bipartite graph Ky, » are V,,, =
{01, 11, iy (m s 1)1} and Vn = {02, 12, vy (n = 1)2}

Example 2.1. Theset {[01, 12, 11, 32; (02, 21, 42)], [01, 22, 21,42; (62, 1, 02)],
[11,52,21,62; (02,01,32)]} is an H-decomposition of K3,7.

Example 2.2. The set {[01, 12, 11, 02; (22, 21, 52)], []_1, 42, 21, 22; (62, 31, 52)],

[Ola 32a 311 521 (427 11a 12)]a
21, 62,31,09; (32,01,22)]} is an H-decomposition of K4,7-

Example 2.3. The set {[01, 52, 21, 02; (12, 31, 32)], [01, 62, 31, 32; (42, 11, 02)],
[1la 421 41’02; (52a 21a 32)]a

21,22,41, 69; (12,01, 52)], [11, 12, 31, 22; (32,41, 42)]} is an H-decomposition
Of K5,7.

The previous examples give us the following theorem:

Theorem 2.1. There is an H-decomposition of Km n if and only if mn =
O(mod7) m >3 andn > 1.

Proof. As H is a bipartite graph on 7 vertices, one part of K,, , should
have at least 3 vertices while the other should have at least 4 vertices. Since
mn = 0 (mod 7), either m or n is a multiple 7. Without loss of generality,
let n =0 (mod 7).

Case 1. Suppose m = 0 (mod 3) and n = 0 (mod 7), there is an H-
decomposition of K3, 7, given by:

{1(30)1, (14 73)a, (1+3)1, (3+77)3; ((79)2i (2 + 301, (4+ T)a)), [(Ba)s, (2+
77)2, (2+31)1, (44 75)2; ((64+75)2, (L +3i)1, (75)2)], [(1+34)1, (5+75)2, (2+



3i)1,(6 + 75)2; ((77)2, (34)1,(3 + 75)2)]}; where i = 0,1,...,(t — 1);j =
0,1,....,(s =1).

Case 2. Suppose m = 0 (mod 4) and n = 0 (mod 7), then there is an
H-decomposition of K4; 7, given by: {[(4i)1, (14 75)2, (1 + 4i)1,(75)2; (2 +
Tj)2: (2+49)1, (5+75)2], [(1441)1, (4+75)2, (2+41)1, (2+75)2; ((6+75)2, (3+
47:)17 (5 ¥ 7.7)2)1 [(47')11 (3 : 7j)2a (3 # 4i)l) (7.7)2: ((4 e 7j)2v (1 + 4i)1, (1 +
79)2)] (24 42)1, (6477)2, (3+4d)1, (77)2; (3+74)2, (4i)1, (2477)2)]}; where
g =0, 1;..0t = 1055 = 0,1, il = 1),

Case 3. Suppose m = 0 (mod 5) and n = 0 (mod 7), then there is an
H-decomposition of Ks; 75 given by: {[(51)1, (5 + 74)2, (24 5i)1, (75)2; (1 +
7)2, (3+59)1, (3+ 75)2], [(57)1, (6+77)2, (3+56)1, (3+77)2; ((4+77)2, (1 +
51)1, (77)2)], [(1 + 59)1, (4 + 75)2, (4 + 50)1, (77)2; ((5 + 75)2, (2 + 51)1, (3 +
7§)2)] [(245%)1, (2475)2, (4+59)1, (6475)2; (1+75)2, (5)1, (5475)2)], [(1+
5i)1, (1 + 7j2), (3 + 51), (2 + 75)2; ((3 + 77)2, (4 + 5)1, (4 + 75)2)]}; where
i =0:1,..{t=1)3 =0,1,..(s = 1).

Note that for any m > 6, m = 3t + 4r, n = 0 (mod 7), it follows that
Katrars = (t8)K3 7 U (rs)Ky47. Thus, there is an H-decomposition of

K3t+4r,7s .
O

3 H-Decomposition of K,

We start with the following examples:

Example 3.1. Let V(K14) = {00,0,1,---,12}. An H-decomposition of
K14 is given by the set {[i,i + 1,7 + 3,7+ 6; (00, + 5,4+ 8)] : 0 <1 < 12},

Example 3.2. Let V(K15) = {0,1,--.,14}. An H-decomposition of Kjs
is given by the set {[¢,5+ 1,i +3,i 4+ 10; (i +6,i +4,i+7)] : 0 < ¢ < 14}.

We denote with K (m,n), the complete graph K, with the set of edges
hetween a specific n vertices is removed.

Example 3.3. The set {[9,5,13,2; (3,11,1)], [7,8,6,12; (11,1,9)], [1,9,7,14;
(11,4,13)], [3,14,13,12; (11,2,4)], [11,10,4,12; (13,3,8)], [10,9,8,5; (7,13,11)],
[149,12,5; (4,11,1)], [12,14,8,10; (2,6,3)], [13,8,2,10; (3,12,11)], [10,6,11,14;
(1,13,4)]} is an H-decomposition of K (14,7).

Example 3.4. An H-decomposition of K(15,7) is given by
{[15,13,11, 4; (9,10, 5)], [10,14,13,12; (5,9,1)], [2,10,9,8;(13,7,4)],
[11,15,8,10; (3,2, 13)], [12,3,8,11; (6,14,1)], [14,15,6,8;(7,5,9)],
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[15,1,12,7;(10,14,5)], (5,14,12,8;(9,4,2)), [7,13,4,8;(9,5,10)],
14,11,9,2;(6,7,13)], [12,9,3,15; (4,1,13)], [11,6,10,1;(2,13,3)]}.

We are now ready to introduce the main result of this section

Theorem 3.1. An H-decomposition of Km exists if and only if m = 0, 1
(mod 7), m > 14.

Proof. As the graph H consists of 7 edges, |K,,| must be divisible by 7.

Case 1. Suppose m = 0 (mod 7) and let m = 14t 4 r such that € {0,7}
and t > 1. Let V(Km) = {01,-++,131,02, -+ ,132,-++,0¢--- ,13,} U
{00, -+ ,60}. On each set in {{0;,---,13;},1 < i < t}, place an H-
decomposition of K4 as in example 3.1. Use Theorem 2.1, to find an

H-decomposition, on each of the (é) complete bipartite graphs K4, 14;,

1<i<j <t Ifr =0, then we are done. Otherwise r = 7. Place
an H-decomposition of K(14,7) on the set {0o,-:-,60,01,---,61} with
the hole to be the vertices in {0;,---,61}. Use Theorem 2.1 to find an
H-decomposition on the complete bipartite graphs K77 (and the (‘;1)
copies of K7114) on the vertices {00, e a601 71) el 1131} (On the vertices

{007 = E )60) 02) Sy 13t})

Case 2. Suppose m = 1 (mod 7) and let m = 14t + r such that r € {1, 8}
and t > 1.

Let V(Km) = {01,---,131,0g,- -+ ,132,--- ,0¢,- -+ ,13;}U{ 0o, -+ ,70}. On
each set in {{0;,---,13;},2 < ¢ < t}, place an H-decomposition of K4 as
in example 3.1. Place an H-decomposition of K15 on the vertices
{00,01,--+,13;} asin example 3.2. If r = 8, then place an H-decomposition

of K(14,7) on the vertices {1¢, ", 70,01, -+ ,61} such that the hole con-
sists of the vertices in {1p,---,70}. Place an H-decomposition of K77 on
the complete bipartite graph on the vertices {10,-++,70,71,-+-131}. Now,
place an H-decomposition of K414 (or Ki44r14) on the vertices complete
bipartite graphs K14, 14;, 2 <4 < j <t (on the vertices complete bipartite

graphs Ki44r14;, 2 < J < t). O

4 Packing and Covering K,

Since H has 7 vertices, we consider the complete graphs K,, such that
m2>T. :

Theorem 4.1. A mazimal H- Packing of K,,,m > 7 has leave L, where
|E(Km)| = |E(L)| (mod 7), except whenm € {7,8}, in which case |E(L)| =
7.

Proof. Since |E(H)| = 7, then it is necessary that in any packing of Km
with leave L, to consider |E(K)| (mod 7). Therefore, such a packing



with |E(Km)| = |E(L)| (mod 7) would be maximal. If m € {7,8}, then
|E(Km)| = 0(mod 7), but there is not an H-decomposition of K,,. So for
m € {7,8} there is an H-packing of Ky, with leave L, where |[E(L)| = 7
would be maximal.

Case 1. Suppose m = 7, the set {[2, 5, 3, 6; (4,1,0)],(0,6,1,4;(2,5,3)]} isa
maximal packing of K7 with leave L, where E(L) = {{0,1},{1,2}, {2, 3},
{3,4}, {5,4},{0,5}, {4,6}}. So, |E(L)| =7.

Case 2. Suppose m = 8, the set {[7,1,5,2;(0,4,3)],(4,2,6,5;(3,0,1)],
[7,6,0,4;(5,3,1)]} is a maximal packing of Kg with leave L, where E(L) =
{{1,2},{2,3},{1,3},{3,7},{3,0}, {4, 6}, {0,5}}. So, |B(L)| = 7.

Case 3. Suppose m = 2 or 6 (mod 7), since |E(K,,)| = 1 (mod 7), |E(L)| =
1 would be optimal. First, if m = 2 (mod 7), we consider packing of K7¢42.
For t = 1, Kg = K(g, 2) U K2. For ¢ Z 2, K7t+2 = tK(g, 2) U (;)K7’7 U Kg.
From Theorem 2.1, K77 has an H-decomposition. The graph K(9,2) has
an H-decomposition given by the following set {[51,12,31,41; (21,61, 11)],
[11,01’ 2la 02; (12a 61) 41)]1 [615 41a 02, 31) (11’ 121 01)]1

31,21, 61,51; (01, 12,02)], [11,51,01,41;(21,02,12)]}. So, |E(L)| =1 given
by Ka. Second, if m = 6 (mod 7), we consider packing of K7;46. For t =1,
K3 = K(13,2) U K5, where K(13,2) has an H-decomposition given by the
following set: {[81,0;,71,11; (31,61,91)], [91,21,61,12; (11,101, 81)],

[91, 104, 0, 81; (41a 51) 21)]’ [711 31, 51) 61, (21, 91, 81)])
[11,21,41,51;(02,81,61)], [41,31,21,01; (02, 61, 12)],

[51, 91) Ola 12’ (21,61, 31)]) [117 61)02, 017 (12) ]-Ola 91)],

[12,81,71,41; (31,101, 02)], [41,101, 31, 11; (81, 12,03)],

[51, 71,101,015 (02, 12,11)]}. For ¢ > 2, we consider k7t+6 = K(13, 2)U(t—
1)K(9,2) U (tgz)K7,7 U K U (t — 1)K7.11, where all of K(13,2), K(9,2),
K77 and K711 has an H-decomposition and [E(L)| = 1 given by K.

Case 4. Suppose m = 3 or 5 (mod 7). Since |E(Kn)| = 3 (mod 7),
|E(L)| = 3 would be optimal. First, if m = 3 (mod 7), we consider packing
of K7t43. For t = 1, Kjo has an H-packing given by the following set:
{[71,21,31,51; (41, 81,91)], [51,61, 71,015 (11,21, 81)],
91,11, 41,515 (21, 71,61)], [31,81,01,41; (61,51, 11)],

[01, 21, 11,31, (61, 51, 81)], [41, 91, 61, 81; (21,01, 11)]} with a leave L given by
the P4 edges {{31, 71}, {71, 91},

{81,91}}. Fort =2, K17 = K(10,3) U K77 U Kypo. It is sufficient to con-
struct an H-decomposition of K (10, 3) as follows {[02, 21, 31, 51; (41, 12, 22)],
[51,61,02,01; (11,21, 31)], [22, 11,41, 51; (21, 02, 61)),

[31,12,05,41; (61,51, 11)], [01,21,11,31; (61,51, 12)),

[41,22. 61, 12; (21, 01, 11)]}. For t > 3, K7¢+3 = K7(g_1) U (t = 1)K7‘10 U klO-



It is obvious that K7.43 has an H-packing with a leave isomorphic to P;,

Second, if m = 5 (mod 7), we consider packing of Kv;45. Fort = 1, K,
has an H-packing given by the following set {[61,11,51,41;(81,111,91)],
[61’ 1, 101) 311 (211 915 41)]) [21a 81,91, 31) (101’ 51, 61)])

[11)21141731; (71a91a81)]’ [slaola 1,,63; (21a41v81)]’

[01, 71,114, 64; (101, 51, 21)), [01, 91, 11, 114; (21, 41, 51)),

[81) 104, 31)01; (llla 1, 51)] [711 4,114, 311 (2la 1, 51)]} So, IE(L)I
is given by the P edges in {{71,10;},{101,9:1}, {91,111}}. For ¢ 2,
K9 = K(14,7)U K75 U K;3. Since there is an H-decomposition of each of
K(14,7) and K75, and an H-packing of K3, we get an H-packing of K
with a leave consisting of Py. For t > 3, K7t45 = K7—1)UK7(1—1),12U K12.
It is obvious that K7:+5 has an H-packing with a leave isomorphic to Pj.

Il n

Case 5. Suppose m = 4 (mod 7), since |E(K,)| = 6 (mod 7), |E(L)| = 6
would be optimal. The following is an H-packing of K1:: {[3,0, 1, 2; (7, 4, 6)],
[3,4,5,6;(10,9,0)], [6,7,8,9;(2,10,1)], (9, 10,0, 2; (1,4, 8)],

[3,5,7,1;(9,10,4)], [8,10,1,4;(3,2,5)], [6,8,2,4; (10,0, 7)] with a leave con-
sisting of the following 6 edges in {{10, 5}, {2, 5}, {5, 9}, {9, 7}, {9,0}, {0, 6}}.

Since K18 = K(14,7) U K11 U K7 4, there is an H-packing of K15 with a
leave consisting of 6 edges. For t > 3, K744 = K7(t—1) U K11 U K7(:—1).11-
It is obvious that K7¢+4 has an H-packing with a leave consisting of 6

edges. O
Theorem 4.2. A minimal H- covering of K., m > 7 has padding P,
where |E(K,,)| = —|E(P)| (mod 7), except when m € {7,8} in which case
IB(L)| =1.

Proof. Since |E(H)| = 7, then it is necessary that in any H-covering of
K,, with padding P, we have |E(K,,)| + |E(P)| = 0 (mod 7) or that
|E(Kn)| = —|E(P)| (mod 7). So, if |E(Kx)| = —|E(P)| (mod 7), then the
covering is minimal. If m € {7,8}, then |E(K,,)| = 0 (mod 7), but there is
no H-decomposition of K,,,. So, for m € {7,8}, an H-covering of K,,, with
padding P, where |E(P)| = 7 would be minimal.

Case 1. Suppose m = 7 the set {[6,3,0,4;(5,2,1)], [1,3,4,5;(2,0,6)],
(2,6,1,4;(5,0,3)], [5,0,2,3;(1,4,6)]} is a minimal covering of K, with
padding P, where E(P) = {{3, 2}, {3,0}, {4, 6}, {1, 3}, {0,4}, {2,6}, {5,1}}.
So, |[E(P)| =T1.

Case 2. Suppose m = 8. The set {[1,5,3,7;(0,4, )] [1,2,4,6;(3,0,7)],
7,2,6,5;(0,1,4)], [5,2,3,4;(0,6,7)], [7,4,0,6;(2,1,3)]} is a minimal cov-
ering of Kg with padding P, where E(P)={{4,5}, {4,7}, {2,1}, {6,4},



{2,6}, {3,7}, {7,2}}. So, |E(P)| =T1.

Case 3. Suppose m = 2 or 6 (mod 7), m > 9. Adding a copy of H that
contains the leave edge in the packing of K, will result in a covering of
Km with a padding of 6 edges, i.e. |E(P)| =6 = —|E(Km)| (mod 7).

Case 4. Suppose m = 3 or 5 (mod 7). Adding a copy of H that contains
the leave edges in the packing of K,, will result in a covering of K, with
a padding of 4 edges, i.e. |[E(P)| =4 = —|E(Km)| (mod 7).

Case 5. Suppose m = 4 (mod 7), m > 11. Adding a copy of H that contains
the leave edges in the packing of K, will result in a covering of K, with
a padding consisting of a single edge, i.e. |[E(P)| =1 = —|E(Km)| (mod
5). O

5 Packing and Covering the Complete Bipar-
tite Graph K,

In this section, we consider the H-packing and H-covering of the complete
bipartite graph K, ». We assume the partite sets of Km . are

{11, 21, sy (m)l} and {12, 22, ) (’n)z}.

Theorem 5.1. A mazimal H-packing of Ky N has leave L, where |[E(L)| =
MN if M,N € {1,2,3}, and |[E(Km,N)| = |E(L)| (mod 7), otherwise,
except possibly K3 g.

Proof. If M, N € {1,2,3}, it is obvious that H is not a subgraph of Km n,
and the leave will have mn edges. Let M = 7t; + m and N = Tty + n.
For m > 3, and n > 4 An H-decomposition of Ky with leave L,
|E(L)| = |E(Km,)| (mod 7) would be minimal. For M >3, N > 4,
since Km+7i,n+7j = HKmnU Km,7j U K7i,7j U Kn,n, there is an H—packing
of Km47int+7j With leave L for all 4, j € N if there is an H-packing of Ky n
with leave L. The maximal H-packing of K, » with leave L is described
in the following cases:

Case 1. Suppose m = 1 (mod 7) and n = 1 (mod 7) then K, » = Kg gU(t1—
1)(t2——1)K7'7U(t1 4 1)K7,8U(t2 —1)K8,7. Kg,s has a maximal packing given
hy the following set {[22,11,12,21;(71,52,61)], [31,22,61,62;(52,51,32)],
[31,32,41,42; (72,51, 82)], [42,51,72,21; (61,82,41)],
[42,11,32,81; (71,62,21)], (12, 71,82, 31; (41, 72, 11)],
[81)627 71: 52) (12a 211 32)]) [81’ 821 611 72) (227 21) 52)])
[41,52,51,62;(22,21,12)]} with leave L = {(11,72)}; |E(L)I = 1. There-
fore, there is a maximal packing of K n with leave L where |[E(L)| =1 =
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|E(Km,n)| (mod 7).

Case 2. Suppose m =1 (mod 7) and n = 2 (mod 7) then K, , = Kgg U
(t1=1)(t2a—1)K77U(t2—1)Kg 7U(t1 —1)Ko,7. Kg o has a maximal packing
given by the following {[11,12, 21, 22; (92, 51, 62)], (41,52, 31, 32; (92, 81, 72)],
51,42, 21, 325 (22,81, 52)], [61, 72, 51, 62; (12,21, 92),

52,71, 82,515 (61,22, 41)], [92, 71, 72,815 (21, 62, 41)],

(61,42, 11, 32; (22, 41, T2)], [31, 22,41, 62; (92, 81, 12)],
31,12, 71, 42; (82,81, 32)], [81,82, 11, 62; (32,61,52)]}

with leave L = {{21, 83}, {61,92}}; |E(L)| = 2. Therefore, there is a max-
imal packing of K n with leave L, where |E(L)| = 2 = |E(K,, »)| (mod 7).

Case 3. Suppose m = 1 (mod 7) and n = 3 (mod 7) then Kmn =
K3,3 U (t; — 1)(t — 1)K7,7 U (tg — 1)K3,7 @) (tl — 1)K10,7. Kg,g has a max-
imal packing given by {[22, 11,12, 21; (51,32, 31)], [22,41,32,31; (71, 12, 51)),
[32, 61, 12,81; (21, 22, 71)]} with leave L = {{51, 12}, {71, 32}, {81, 22}},
|E(L)| = 3. Therefore, there is a maximal packing of Kmn,» with leave L;
where |E(L)| = 3 = |E(Km,n)| (mod 7).

Case 4. Suppose m = 1 (mod 7) and n = 4 (mod 7) then Kpmn =
Kga U (t2)Ks 7 U (t1 — 1)(t2 — 1)K7,7 U (t; — 1)K11,7. Kg 4 has a maxi-
mal pa'Cking given by {[12a11a22)21; (81)32’31)]) [42a31732a41; (117 1o, 21)]7
61,32, 81,42; (12,51,22)], [51,12, 71, 22; (42,41, 32)]} with leave

L = {{41,22},{61,22},{71,42},{21,42}}. Therefore, there is a maximal
packing of K, , with leave L; where |E(L)| = 4 = |E(Km,»)| (mod 7).

Case 5. Suppose m =1 (mod 7) and n = 5 (mod 7) then K, , = Kgs U
(tg)Kgﬂ U (tl - 1)(t2 = 1)K7,7 U (tl == 1)K7,12. K3,5 has a maximal packing
given by the following {[11, 12, 21, 22; (32,81, 52)], [42, 31, 32,41; (81, 52, 21)]
[51,42,61,59; (12, 71,32)], [52, 71,32, 81; (11,22, 51)),

[12,41, 22, 31; (71, 52, 81)]} with leave L = {{12, 61}, {22, 51}, {22,61},
{42,11},{42,21}}, |E(L)| = 5. Therefore, there is a maximal packing of
K n with leave L; where |E(L)| =5 = |E(Kmn)| (mod 7).

Case 6. Suppose m =1 (mod 7) and n = 6 (mod 7) then K, , = Kg e U
(t2)Ks 7 U (t;1 —1)(t2 — 1)K77U (t1 — 1)K7,13. Ks has a maximal packing
given by the following {[12,41, 22, 31; (61, 42,51)], [11,12,21,22; (32, 71, 52)},
[52,41,62,31; (71, 32,11)], [42,21,32,31; (11,62, 61)],

[61, 52, 51, 62; (42, 11, 32)], [81,22, 71, 62; (52,61,32)]} with leave

L = {{51,12}, {51,42}, {71, 42}, {81, 32}; {81,42}; {81, 12}}, |E(L)| = 6.
Thus, there is a maximal packing of K, with leave L; where |E(L)| =
6 = |E(Km,n)| (mod 7).



Case 7. Suppose m = 2 (mod 7) and n = 2 (mod 7) then K = Kgg U
(tg — 1)K9‘7U(t1 —— 1)(t2 = 1)K7‘7U(t1 e 1)K9_7. Kg,g has a maximal packing
given by the following {[11, 13,21,29; (52,91, 62)], [31, 3,,4;,43; (62,51, 22)],
[511 92, 611 62: (22$ 2, 32)]) [717 72, 81782; (12y 1, 52)]!
[81,62,91, 92; (22, 41, 52)], (11,32, 21,42; (82,91,92)],

31,22, 71,52; (72,91, 32)], [61, 72,41, 12 (82,21, 52)],
[61,82,91, 72; (22, 41,42)], [42, 71,92, 51; (61, 62, 41)];

[12,31,92,61; (81,82, 11)]} with leave L = {{11,62}, {21, 82}, {81,42},
{81,32}}. Therefore, there is an maximal packing of Km n with leave L;
where |[E(L)| = 4 = |E(Km,n)| (mod 7).

Case 8. Suppose m = 2 (mod 7) and n = 3 (mod 7) then Kmnpn =
Ki00U (t— 2)K9,7 U (tl — 1)(t2 - 1)K7’7 U (tl - 1)K7,10. Klo,g has a maxi-
mal packing given by {[11, 22, 21, 12; (92,81, 62)], [31, 32,41, 22; (102, 81, 12)),
[51, 42, 61, 32; (22, 91,62)], [71, 62, 81, 52; (22, 91, 12)],
91,102, 81, 82; (21, 11,72)], [L1,42, 21, 32; (62,41, 52)],

61, 12,31, 52; (22, 71,92)], (71,82, 11, 72; (32, 21, 52)),

[72.81, 92, 91; (41, 4,, 21)]3 [411 62’ 31) 72) (102, 517 82)]1

[51, 52, 91, 12; (82, 41, 32)], [102, 71, 92, 61; (21,42, 81)]} with leave

L = {{91, 72}, {72, 61}, {61, 82}, {82, 41}, {91, 92}, {72, 21}}. Therefore,
there is an maximal packing of K, , with leave L; where |E(L)| = 6 =

|E(Km,n)| (mod 7).

Case 9. Suppose m = 2 (mod 7) and n = 4 (mod 7) then K p = Ko g U
(tg)Kgﬂ U (tl — 1)(t2 = 1)K7,7 U (tl — 1)K7,11. Kg,4 has a ma.x1mal packing
given by the fOllOWil’lg {[21, 22, 11, 12; (32, 51, 42)], [32, 31, 22, 41; (11, 42, 81)],
[421 511 32, 617 (21’ 1, 91)]7 [12a 71)421 811 (31, 32, 41)])

[12,91,22,61; (41,42,71)]}. with leave L = {{8;,32}}. Thus, there is an
maximal packing of Km . with leave L; where |E(L)| = 1 = |E(Kmn)|
(mod 7).

Case 10. Suppose m = 2 (mod 7) and n = 5 (mod 7) then Knnn =
Kos U (t2) Ko7 U (t1 — 1)(t2 — 1)K7,7 U (t1 — 1)K7,12. Ko has a maxi-
mal packing given by {[22,11, 12,21; (91, 32,61)], [32,31,42,21; (41,22, 51)],
(52,41, 12, 31; (51,22, 81)], [32,51, 22, 61; (81, 12, 71)],

[42,71,52,61; (11,32, 21)], [91, 52,81, 42; (32, 11, 22)]}. with leave

L = {{41,42},{71,12},{91,12}}. Therefore, there is an maximal packing
of Ky n with leave L; where |[E(L)| = 3 = |E(Km,n)| (mod 7).

Case 11. Suppose m = 2 (mod 7) and n = 6 (mod 7) then Knn =
Kg'(; U (tg)Kg; U (tl — 1)(t2 o 1)K7,7 U (t; — 1)K7,13. Kg,s has a maxi-
mal packing given by {[22, 11,12, 21; (41,52, 31)], [21,32, 31, 42; (52,51, 62)],
[52, 41, 62, 31; (61,12, 71)], [51, 12,61, 62; (42, 71, 32)],
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[711 42) 81: 52) (22» gla 12)]’ [81a 22a91$ 62) (321 51, 12)]1

(42, 11, 32,4,;(6,, 62, 71)]}. with leave L = {{31, 22}, {51, 52}, {61, 25},
{91,32},{91,52}}. Therefore, there is an maximal packing of K, » with
leave L; where |E(L)| = 5 = |E(Km,n)| (mod 7).

Case 12. Suppose m = 3 (mod 7) and n = 3 (mod 7) then Kmmn =
Kio3 U (tg)K10,7 U(ty —1)(t2 — 1)K77U (tl — 1)Ki0,7- Kio,3 has a max-
imal packing given by {[22,11,12,21;(81,32,41)], [32,31,22,41; (21, 12, 71)),
[121 611 323 71) (51, 22) 101)], [223 91) 32’ 51a (101) 127 81)]} with leave

L = {{81,12},{104,12}}. Thus, there is an maximal packing of K., » with
leave L; where |E(L)| =2 = |E(Km,n)| (mod 7).

Case 13. Suppose m = 3 (mod 7) and n = 4 (mod 7) then K,,, =
K3 4U(t2) K3 7U(t1)(t2) K7,7U(t1) K7 4. K34 has a maximal packing given by
the following {[11, 22, 21, 12; (42,31, 32)]}. withleave L = {{31,12}, {31, 32},
{31,42},{21,42}, {11,32}}, |E(L)| = 5. Therefore, there is an maximal
packing of K, » with leave L; where |E(L)| =5 = |E(Km,)| (mod 7).

Case 14. Suppose m = 3 (mod 7) and n = 5 (mod 7) then K,, , =
Kio5U(t2—1)K10,7U (t1 —1)(t2 — 1) K7 7U(t; —1)K7,12. Ki0,5 has a max-
imal packing given by {[12,21, 29, 1;; (51, 52, 41))], [32, 31,42, 215 (91, 22, 11)],
(12,41, 52,31;(61,42,71)], [52, 61,42, 51; (81,32, 1)),

[22,71,32,51; (61, 12,41)], [42,91,52,101; (81,22, 11)],
[12,104,32,81;5(91,22,11)]}. with leave L = {{81,22}}. Therefore, there is
an maximal packing of K, , with leave L; where |E(L)| =1 = |E(Km,x)|
(mod 7).

Case 15. Suppose m = 3 (mod 7) and n = 6 (mod 7) then Krnn =
Klo,ﬁ U (tg)K10,7 Uty —1)(t2 —1)K77U (ty — 1)K13,7. K10,6 has a max-
imal packing given by {[22, 11,192,215 (81, 32,41)]’ [32’ 31,29,41; (21, 12, 71)]7
[12, 61,32, 71; (51,22, 101)], [22,91,32,51;(101,12,81)],

52, 11,42,21; (81,62,41)], [62, 31,52, 415 (21,42, T1)],

[42, 61,62,71; (51,52,101)], [52, 91,62, 51; (101, 42,81)]} with L = {{81, 12},
{81,42}, {10,,12}, {101,45}}; where |E(L)| =4 = |E(Km,5)| (mod 7).

Case 16. Suppose m = 4 (mod 7) and n = 4 (mod 7) then K,, n =
K4,4 U (tl)K7,4 U (tz)K4,7 U (tl)(tQ)K7,7. K4,4 has a maximal packing
given by {[21, 29,131, 12; (42,31, 32)], [41,42,31,32; (22,11,12)]}. with leave
L = {{21,32},{41,12}}; E(L) = 2 = |E(Kmn)| with leave L; where
|B(L)| = 2 = |E(Km,»)| (mod 7).

Case 17. Suppose m = 4 (mod 7) and n = 5 (mod 7) then Ky n = K45 U
(tg)K4,7 U (tl)K5,7 U (tl)(t2)K7’7- NOW, K4,5 has a maximal packing given
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by the following {[11, 23,21, 12; (32, 31,42)], 42, 31,32, 41; (11,52, 2;)]} with
leave L= {{11’ 52}’ {21’ 52}) {31’ 12}’ {4ly 12}! {4la 22}) {4lv 52}}, IE(L)I =
6. Therefore, there is packing of K, , with leave L; where |[E(L)| = 6 =

|E(Km,n)| (mod 7).

Case 18. Suppose m = 4 (mod 7) and n = 6 (mod 7) then K, , =
KU (t2)Ka,7U (t1)Ke,7 U (t1)(t2) K7,7. Now, K46 has a maximal packing
given by {[11,22, 11, 12; (32, 41,42)), [32, 31,42, 41; (61, 12, 51)),

[22, 51,19, 61; (31, 32, 41)]} with leave L = {{11, 42}, {21, 32}, {61,42}}.
Thus, there is a maximal packing of Km n with leave L; where |E(L)| =
3 =|E(Km,n)| (mod 7).

Case 19. Suppose m = 5 (mod 7) and n = 5 (mod 7) then K, =
Ks.5U (t2)Ks,7 U (t1)Ks,7U (t1)(t2) K7,7. Now, K5 has a maximal packing
given by the fOllOWing {[12, 11, 22, 21; (51,42, 41)], [31, 42, 41, 32; (12, 51, 52)],
[21, 33,51, 59; (42, 11, 22)]} with leave L = {{31, 2:}, {31, 52}, {41,12},
{11,52}}; |E(L)| = 4. Therefore, there is packing of Km,n with leave L
where |E(L)| = 4 = |E(Km,n)| (mod 7).

Case 20. Suppose m = 5 (mod 7) and n = 6 (mod 7) then Kmn =
Ks.6U (t2)Ks,7U (t1) K76 U (t1)(t2) K7,7. Now, K56 has a maximal packing
given by the following {[11, 12,21, 29; (32,41, 62)], [42, 31,32,44; (11, 99, 21)],
[52,51, 62,41; (21, 32, 11)], [51, 22, 31, 12; (42, 41, 62)]} with leave

L = {{11,52},{21,42}}. Thus, there is a maximal packing of Kmn With
leave L where [E(L)| =2 = |E(Km,»)| (mod 7).

Case 21. Suppose m = 6 (mod 7) and n = 6 (mod 7) then Kmpn =
Kﬁ’ﬁ U (tg)K6,7 U (tl)Ksﬂ U (tl)(tg) U K7,7. Ke,s has a maximal packing
given by the following {[11, 12, 21, 22; (32,31, 52)], [32, 31,42, 21; (61, 22, 1,)],
[52, 41,62, 31; (11,42, 21)], [51,62, 61, 52; (12,61, 42)],

{41,22,51,32;(12,61,42)]} with leave L = {{61,12}}, |E(L)| = 4 Thus,

there is packing of Km,» with leave L where |[E(L)| = 1 = |E(Km,n)| (mod
7). O

Theorem 5.2. A minimal H-covering of Km n, where m,n ¢ {1,2,3} and
m+n > 7 has padding P, where |E(P)| = —|E(Kmn)| (mod 7).

Proof. If m,n € {1,2,3} there is no subgraph of Km » exist. An H-Covering
of K with padding P where |E(P)| = —|E(Kmn)| (mod 7) would be
minimal. For m > 3 and n > 4 there is covering of Ky +7in+7; With
padding P for all 1,7 € N . There is an H-decomposition of Km 7;, K7i7j
and K7; . However, Km n has a minimal H-covering with padding P by
adding a copy of H that contains the edges in the leave in Theorem 5.1. O
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