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Abstract

Let A(n,d,w) denote the maximum size of a binary code with
length n, minimum distance d and constant weight w. The following
lower bounds are here obtained in computer searches for codes with
prescribed automorphisms: A(16,4,6) > 624, A(19,4,8) > 4698,
A(20,4,8) > 7830, A(21,4,6) > 2880, A(22,6,6) > 343, A(24,4,5) >
1920, A(24,6,9) > 3080, A(24,6,11) > 5376, A(24,6,12) > 5558,
A(25,4,5) > 2380, A(25,6,10) > 6600, A(26,4,5) > 2816 and
A(27,4,5) > 3456.
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1 Introduction

A binary code C of length n is a subset of {0, 1)}". Each element ¢ € C is
called a codeword. The size of C is |C| and the minimum distance of C is

min _dp(a,b
o Bl 100
where dy denotes the Hamming distance. The weight of a codeword is
the number of coordinates with value 1, and in a constant weight code,
each codeword has the same weight. A binary code with length n, size M,
minimum distance at least d and constant weight w is called an (n, M, d, w)
code.

Let A(n,d,w) denote the maximum size of a binary code with length
n, minimum distance d and constant weight w. It is difficult to determine
exact values of A(n,d,w), and for most parameters n, d and w, only lower
and upper bounds on A(n,d, w) are known (1,2, 3]. A typical way to obtain
Jower bounds is to discover new codes: if an (n, M,d,w) code exists, then

we know that A(n,d,w) > M.

In this work, automorphisms of codes are prescribed and codes that
improve lower bounds on A(n,d,w) are found. In [6], binary codes whose

automorphism groups act transitively on (coordinate,value) pairs were sys-
tematically generated. Here similar ideas are applied to binary constant

weight codes.

2 Search and Results

We represent a codeword c¢jcz - Cn as a set
(ke {1,2,...,n} ek =1}
and consider codes of the form
{gw; |9 € G} U {gws | g€ G}U - U {gwm | g € G}
where G is a group of automorphisms and wj, ws,...,wn, are codewords.

Consequently, a code is a union of orbits of codewords.

Consider the problem of creating an (n, M, d, w) code, based on a group
of automorphisms G, where n, d and w are fixed and M should be max-
imized. This problem equals the problem of finding a maximum-weight
clique in the following graph [5, Sect. 9.3.2]: The vertices of the graph are
the orbits in which the distance hetween any two words is at least d and
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each word has weight w. The weight of a vertex is the number of words
in the corresponding orbit. There is an edge between two vertices exactly
when the distance between any two words in the corresponding orbits is at
least d.

For given parameters n, d and w, we search for codes by prescribing a
group of automorphisms G that acts on {1,2,...,n} and use the Cliquer
software (7] to find a maximum-weight clique in the graph obtained in the
aforementioned manner. We focus on groups up to degree 28, which are
available in the GAP system [4].

An (n, M, d,w) code C can be shortened in the ith coordinate by taking
all codewords that have a 0 in the ith coordinate or all codewords that have
a 1 in the ith coordinate. Cancelling the ith coordinate in the resulting set
of codewords then yields an (n—1, M/, d, w) code and an (n—1, M",d,w—1)
code, respectively, where M'+M" = M and M’ and M" can be determined
by inspection. It is well known [3, Eq. (5)], and can be shown by double
counting, that there are always such codes with

M >Mn-w)/n and M" > Mw/n.

For the new ohtained codes it was checked whether the shortened codes also
yield new lower bounds. In two cases, A(19,4,8) > 4698 and A(26,4,5) >

2816, improvements are obtained.

Table 1 presents the new lower bounds found using the above approach,
and the corresponding groups and orbit representatives are given in the
Appendix. In three cases, A(20,4,8) > 7830, A(21,4,6) > 2880 and
A(22,6,6) > 343, we can include additional codewords in the code, which
are also listed in the Appendix.

Note that our result A(24,6,12) > 5558 does not improve the previous
lower bound A(24,6,12) > 5616; however, the code that yields the better
lower hound is not available any more [1].

Appendix

Bound: A(16,4,6) > 624

Generators of G:

(1916124 13)(2 10 15 11 3 14)(5 8)(6 7),
(111)(2 12)(3 13)(4 14)(5 7)(6 8)(9 15)(10 16),
(112)(211)(3 14 6 10 15 7)(4 13 5 9 16 8)
Order of G: 48
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Old result

“A(16,4,6) > 616 [2]
A(19,4,8) > 4667 [1]
A(20,4,8) > 7730 [3)
A(21,4,6) > 2856 (3]

A(22,6,6) > 319 1)
A(24 4,5) > 1895 [3)

New result )
A(16,4,6) > 624
A(19,4,8) > 4694

A(20,4,8) > 783
A(21,4,6) > 285
A(22,6,6) > 343

A(24,4,5) > 10

A(24,6,9) > 3041 3]  A(24,6,9) > 308
A(24,6,11) > 5267 (3]  A(24,6,11) > 5376
A(24,6,12) > 5616 (3]  A(24,6,12) > 555
A(25,4,5) > 2334 (3] A(25,4,5) > 238
A(25 6,10) > 6036 (3]  A(25,6,10) > 660
A(26,4,5) > 2670 [1]  A(26,4,5) > 2816
A(27 4,5) > 3276 (1]  A(27,4,5) > 3456

Table 1: New lower hounds

Orbit representatives:

0111111000000000, 1010111100000000, 1110101010000000,
0111010110000000, 0011101110000000, 1101001101000000
0110101101000000, 1001011010100000, 0110011001100000
1011011000001000, 1011100100001000, 1110010100001000
0101101100001000, 0101010101001000, 1100001011001000
1000101010101000, 0100011010101000, 0001010110101000
1100000110011000

Bound: A(20, 4, 8) > 7830

Generators of G:

(12)(3 5)(6 8)(9 10)(11 12)(13 15)(17 20)(18 19),
(1615162912173 71418410 11 19 5 8 13 20),
(1715 16)(2 8 1319)(3 9 11 17)(4 10 14 20)(5 6 12 18)
Order of G: 400

Orbit representatives:

11101101001100000000, 10100111101100000000, 10101110001110000000,
10110101001110000000, 01100110001111000000, 11111100001000010000,
01110111001000010000, 10101111001000010000, 10110101101000010000,
11001101101000010000, 01101011101000010000, 10011011101000010000,
11101010001100010000, 11000111001100010000, 11011000101100010000,
10001110101100010000, 00011101101100010000, 00110011101100010000,
01100100111100010000, 11000010111100010000, 01110100001110010000,
11100001001110010000, 01011001001110010000, 00110110001100011000,
10010101001100011000, 10001011001100011000, 01010100101100011000,

216



11000101001010011000, 0001110100101001 1000

Additional codewords:

11111011100000000000, 11110111010000000000, 111011101 10000000000,
01111101110000000000, 10011111110000000000, 11011000001 111000000,
00000110111111000000, 10111000001110100000, 0000010111 TTOT00000,
01111000001101100000, 00000011111101100000, 1 111100000001 1100000,
00000111110011100000, 11100000001111100000, 00000111001 111100000,
11011000000000011110, 00000110110000011110, 00000000001101111110,
10111000000000011101, 00000101110000011101, 00000000001011111101,
01111000000000011011, 00000011110000011011, 00000000000111111011,
11111000000000000111, 00000111110000000111, 00000000001111100111,
11100000000000011111, 00000111000000011111, 00000000001110011111

Bound: A(19,4,8) > 4698
Construction: Shortening the (20,7830, 4,8) code in coordinate 1

Bound: A(21,4,6) > 2880

Generators of G:

(1 2)(4 5)(7 8)(10 11)(13 14)(16 17)(19 20),
(1104)(21253116)(713 16)(8 15179 14 18)(20 21),
(15 18)(2 6 16)(3 4 17)(7 8 9)(10 20 15)(11 21 13)(12 19 14)
Order of G: 126

Orbit representatives:
110110110000000000000, 011100111000000000000,
001111010100000000000, 010101110100000000000,
111000011100000000000, 100011011100000000000,
100100111100000000000, 110110000110000000000,
101100100110000000000, 110000110110000000000,
111100100000100000000, 110101010000100000000,
001011110000100000000, 100011100100100000000,
010011010100100000000, 001100110100100000000,
010110100010100000000, 011100010010100000000,
100100101010100000000, 100010010110100000000,
001001010110100000000, 010001001110100000000,
001010100011100000000, 100001010011100000000,
010100010100110000000, 101000001100110000000,
010100001010100100000, 100100001100010100000,

010001001100010100000

Additional codewords:
000100100100100100100, 000010010010010010010,

000001001001001001001
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Bound: A(22,6,6) > 343

Generators of (5t

{29 6)(3 20 14)(4 16 18)(7 10 11Y{R 17 1210 22 21

(2 9)(3 20)(4 16)(5 13)(7 10)(R 21)(12 19)(y7 22)
Order of (3 6

Orbit representatives:

01000000000100001 11010, 00100100000 10NN | oo,
0100001000000100101 100, COOTO0VTODOTOTONON | Lo
101000100001 1000001000, 000001 TOOTOTOTOONN | OO
1010000101000100001000, 01000000101 10010001000,
10010001 10000010001000, 100010010000100100 1000,
0010011100000001001000, 010100000000001 1101000,
0000001001001010101000, 0010010000100100101000,
0000000110001100101000, 0011100000001000101000,
1000000010010001101000, 0000001111100000001000,
1100000001100000101000, 1010001000100101000000,
0010000100011011000000, 0111000001000100100000,
1000010000100110010000, 0011010011100000000000,
1010100000001100000100, 1101010001000010000000,
1100001100100010000000, 0001000000110001011000,
0001011000011010000000, 0000010000010011110000,
0001010101000000101000, 0110000100001000011000,
0000101101000101000000, 0010000110100110000000,
0101100110000100000000, 0011000001010010001000,
0110000000111100000000, 1011010000010100000000,
0000100000011010011000, 0010110101010000000000,
0000010110010101000000, 1100000111010000000000,
0000100110111000000000, 1010100010010010000000,
0010100100100001010000, 1010010001000000110000,
0110101010100000000000, 0100101100010000001000,
0100010000011001001000, 1011000100101000000000,
0011000000000111000100, 0000000000111000101100,
0001100011001010000000, 1000000100110000001010,
0010001000010110010000, 1100010100001100000000,
1001001100010001000000, 0100110010001000010000,
1000101001101000000000, 0100001101000000110000,
0111100000010001000000, 0101010000100000110000,
1000000100011000110000, 0001011001000001010000,
0010001000101000110000, 0010001001010001100000,
0100000000001110110000, 0011101100000010000000,
0000000100100010111000, 0110010000000101010000,
0100010110000000001100, 0000011010000000111000,
0000000100000001101110
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Additional codewords:
100100000000101 1010000, 1001000000000 1001 1 1000,
1000000100000010010110, 1000000000010101010001

Bound: A(24,4,5) > 1920

Generators of G

(1813 19271420)(362123452224)(9121618 101115 17),
(1168 4)(2 15 7 3)(5 23 6 24)(9 20 21 14)(10 19 22 13)(11 12)(17 18)
Order of G: 96

Orbit representatives:

101011001000000000000000, 111000101000000000000000,
100101011000000000000000, 100001101100000000000000,
010011100010000000000000, 010101010010000000000000,
000011011010000000000000, 000101100110000000000000,
110001100000100000000000, 010110010000100000000000,
101001010000100000000000, 011010001000100000000000,
010001011000100000000000, 100010010100100000000000,
010100001000110000000000, 010110001000001000000000,
110000011000001000000000, 110010000100001000000000,
010100100100001000000000, 000000101101001000000000,
100001000100101000000000, 011000001000011000000000

Bound: A(24,6,9) > 3080

Generators of G:

(112 13)(2 11 14)(3 10 8)(4 9 7)(5 19 21)(6 20 22)(15 24 17)(16 23 18),
(1111614 1852121513 176)(3 923227204 1024 21819)
Order of G: 1320

Orbit representatives:

101100111101100000000000, 011110011011100000000000,
011011101010010010000000

Bound: A(24,6,11) > 5376

Generators of G:

(48 13)(5 9 14)(6 7 15)(16 22 20)(17 23 21)(18 24 19),
(1723)(2824)(3922)(465)(10 19 17)(11 20 18)(12 21 16)(13 15 14)
Order of G: 504

Orbit representatives:

111110011110110000000000, 001111101111100100000000,
110011110111001100000000, 111101001101011100000000,
101101110011011100000000, 110101001111100100100000,
110101110001110100100000, 111100010110101100100000,
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001110011011101100100000, 101101100001101110100000,
111001101001100100100100, 101101010101010100100100,
010001101110110100100100, 011011010011001100100100

Bound: A(24,6,12) > 5558

Generators of G

(122 16)(2 23 17)(3 24 18)(7 12 15)(8 10 13)(9 11 14),
(123)(456)(789)(10 11 12)(13 14 15)(16 17 18)(19 20 21)(22 23 24),
(1240222323)(4 75869)(10 15 11 1312 14)(16 19 17 20 18 21),
(110228132016)(211239 1421 17)(3 1224 715 19 18)

Order of G: 504

Orbit representatives:

000111111111111000000000, 111111111001010100000000,
111011110101101100000000, 110101101011101110000000,
110101101101110100100000, 011010111101110100100000,
011101110011110100100000, 110101110111001100100000,
001001111111011100100000, 100011110011111100100000,
101101110101110010100000, 011100111110101010100000,
110100111101011010100000, 111001111001100100100100,
101010011111100100100100, 100101011110110100100100,
101101010101011100100100, 100110101011011100100100,
001010111010111100100100

Bound: A(25,4,5) > 2380

Generators of G:

(6810 79)(11 15 14 13 12)(16 17 18 19 20)(21 24 22 25 23),
(12345)(610987)(11 13 15 12 14)(21 24 22 25 23),

(1613 1924)(27142025)(3 81516 21)(4 9 11 17 22)(5 10 12 18 23)
Order of G: 125

Orbit representatives:

1111100000000000000000000, 1000011100100000000000000,
0110010000110000000000000, 0001010100110000000000000,
0101010000101000000000000, 0010011000101000000000000,
0101110000000001000000000, 1000111000000001000000000,
0001011010000001000000000, 1001100000100001000000000,
0010110000100001000000000, 1100001000100001000000000,
1010000010100001000000000, 1000000101100001000000000,
0100000010110001000000000, 0010000001101001000000000,
1000010100000001100000000, 0100100000100001100000000,
1000010000100001000010000, 0010001000001001000010000
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Bound: A(25,6,10) > 6600

Generators of G:

(21217151963 1316 14 18 7)(4 1024 23 821 5 11 25 22 9 20),

(2 21 12)(3 20 13)(4 18 14)(5 19 15)(6 11 9)(7 10 8)(16 25 23)(17 24 22)
Order of G: 1320

Orbit representatives:

1101111010110100000000000, 0101011011011 110000000000,
1011110100101100010000000, 0101110111010010010000000,
0110110010101100110000000

Bound: A(27,4,5) > 3456

Generators of G:

(123 18)(2 24 16)(3 22 17)(4 26 12)(5 27 10)(6 25 11)(7 20 15)(8 21 13)(9 19 14),
(132)(4 65)(798)(10 12 11)(13 15 14)(16 18 17)(19 21 20)(22 24 23)(25 27 26),
(174)(285)(396)(10 16 13)(11 17 14)(12 18 15)(19 25 22)(20 26 23)(21 27 24)
Order of G: 27

Orbit representatives:

100000000111000000100000000, 001010000100100000100000000,
000001010100100000100000000, 000011100000100000100000000,
010000010000110000100000000, 001000000101010000100000000,
000001100100010000100000000, 000010010100010000100000000,
001100000000011000100000000, 000010001000101000100000000,
100000000001101000100000000, 001000100001001000100000000,
000011000010001000100000000, 000001001 110000000100000000,
000000001001001100100000000, 010000000000101100100000000,
010000000001010100100000000, 000100100000100100100000000,
000010010000100100100000000, 001100000001000100100000000,
000000100101000100100000000, 010100000010000100100000000,
000001100010000100100000000, 100000011110000000000000000,
001000001001100000100000000, 010001010001100000000000000,
000100010001110000000000000, 000100100001001100000000000,
001001000011000000100000000, 0001001000101 10000000000000,
000000001010100001100000000, 100010000100110000000000000,
000000100001111000000000000, 001100000000100001100000000,
110000001100100000000000000, 100001000100001100000000000,
110011000100000000000000000, 000010001010000100100000000,
100000010011100000000000000, 010000000011001000100000000,
000010010000001010100000000, 000010010011000000100000000,
100000100110100000000000000, 101000001010100000000000000,
010001001010100000000000000, 000010001110100000000000000,
000100000100100010100000000, 000000110001000010100000000,
101001000110000000000000000, 000110101100000000000000000,
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001000011100100000000000000, 001000001010001100000000000,
000000100000011100100000000, 100100000100010000100000000,
000101000000010001100000000, 100101001100000000000000000,
110000000001001 100000000000, 000111010100000000000000000,
000101000110100000000000000, 010001001000000001100000000,
010000001000011000100000000, 000100000010001001100000000,
000000011001010000100000000, 101000000001110000000000000,
011011100000000000000000000, 110100100100000000000000000,
010000000101000001100000000, 010010100000000010100000000,
001001010010100000000000000, 000000101101100000000000000,
000000010001000101100000000, 000000010001101100000000000,
110000000000000110100000000, 100011000001100000000000000,
000100000100101100000000000, 001000000100000101100000000,
001000100100000010100000000, 001010000011100000000000000,
001000100100110000000000000, 000100000000000111100000000,
001000000100011100000000000, 110000000000100001100000000,
010000000010010001100000000, 000000010000010011100000000,
010001010110000000000000000, 000000001100010001100000000,
100001000001000001100000000, 010010010000000001100000000,
000100110100100000000000000, 101000010000000001100000000,
010001100100100000000000000, 000100011000000001100000000,
000100010110000000100000000, 000100100100001000100000000,
000011000100000001100000000, 001000010010001000100000000,
001010000010000001100000000, 011000001110000000000000000,
000100100001000001100000000, 100000000010110000100000000,
010001000100001000100000000, 100000100000010001100000000,
000110000010100000100000000, 000000001010010010100000000,
110010000010100000000000000, 000001010000001001100000000,
100000000010000101100000000, 100001000100000010100000000,
000000110000101000100000000, 101000000001000010100000000,
000000101000000101100000000, 001000000000001011100000000,
000000100000100011100000000, 000001000010000011100000000,
100000001100000100100000000, 011000000010000010100000000,
100010000000000011100000000, 101000000000010100100000000,
001011000000000010100000000, 010100000101100000000000000,
100000100010000010100000000, 010001000001000010100000000,
000000010010100010100000000, 010000001000100010100000000,
000110000000010010100000000, 000000001100001010100000000,
010100000000001010100000000, 000000010100000110100000000

Bound: A(26,4,5) > 2816
Construction: Shortening the (27,3456, 4,5) code in coordinate 1

222



Refel‘ences
Bounds for binary constant wejg) t e '
r, A E. BIt codes. Opjipe table
11 Bfo-llj;aele at httPB://‘““""in'tue'"l/'“b/“d"’/““d"-html -
aval

r. A. E., Etzion, T, (2011). Some New distance. 4 constant
2 Bro‘;“t'ec(’)des_ Adv. Math. Commuyy, 5, 417-494.
weigh

ver, A. E., Shearer, J. B, Sloane, . 5. A., Smith, w. (1990),
[3] Bfou:v ta’ble of constant weight coes, IEEE Trans, Inform, Thec
A ne

ithms Programmin

— Groups, Algori ’ g

i) G El Discrete Algebra. https:/ /W . gap-
tion

Ty 36,

= a System for Co

mputa-
System.org/

. p., Ostergérd, P. R. J, (2906).
5] Kafikls’ and Designs, Springer, Berlip.
Code

nen, A, éstergérd, P. R. J. (2017). Constructing error-

Laakszing ’binary codes using transitive Permutation groyps, Discrete
c
;f’;:j Math. 233, 65-70,

. 1anen, S., Ostergard, P. R. J. (2003).. C
U lekezjom,munications Laboratory, Hels
]1:‘;31;00 Finland, Tech. Rep. T48.

Classificatjop, Algorithms for

[

6

liquer User’s Guide, Version
nki University of Technology,

223



