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Abstract

The p-competition graph Cp(D) of a digraph D = (V,A) is a
graph with V(Cp(D)) = V(D), where an edge between distinct ver-
tices z and y if and only if there exist p distinct vertices vy, vz, ...,vp €
V such that £ = vi, ¥y — v; are arcs of the digraph D for each
i=1,2,...,p. In this paper, we prove that double stars DS, (m > 2)
are p-competition graphs. We also show that full regular m-ary trees
Tin,»n With height n are p-competition graphs, where p < ﬂ;—l
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1 Introduction

In this paper we consider finite simple graphs and finite digraphs. For
a digraph D and v € V(D), Outp(v) = {u ; v = u in A(D)}. For a
digraph D, the p-competition graph Cp(D) of D is the graph satisfying the
following:

1. V(G,(D)) = V(D),

2. 7y € E(C,(D)) if and only if there exist p distinct vertices v1, v2, .. .,
vp € V(D) such that  — vi, y — v; in A(D) for each ¢ = 1,2,...,p.
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Figure 1: A double star DSp,

A graph G is called a p-competition graph if there exists a digraph D such
that Cp(D) & G. In [4] McKee and McMorris surveyed various properties
of intersection graphs, which contain p-competition graphs. In [2] and (3]
Kim et al. dealt with cycles and chordal graphs in terms of p-comnpetition

graphs.

Theorem 1.1 (Kim et al. [2]) A chordal graph is a 2-competition graph.

Theorem 1.2 (Kim et al. [3]) Let C,, be a cycle with n > 5 wvertices
and p be a positive integer. Then Cy, is a p-competition graph if and only
ifn>p+3.

These results dealt with digraphs which allow loops and symmetric arcs.
In [1] Kidokoro et al. dealt with paths, cycles and wheels in terms of p-
competition graphs of loopless digraphs without symmetric arcs.

Theorem 1.3 (Kidokoro et al. [1]) For a positive integer p and n > 3,
P, and C,, are p-competition graphs of loopless digraphs without symmetric
arcs if and only if n > 2p + 3.

In this paper we deal with some kinds of trees, that is, double trees and full
regular m-ary trees in terms of p-completion graphs of loopless digraphs
without symmetric arcs.

2 Double stars and 1-competition graphs

In this section we deal with double stars. The double star DS,, is the
following graph: V(DS,,) = {uo,u1, s %Um, 0,1, -, Vm} and E(DS,,) =
{{uo,ui} ; = 1,2, ,m} U {{’Uo,'vi} ] t = 1,2, ,m} U {uo,vo}, We have
the following result.
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Figure 2: A digraph D and the 1-competition graph C;(D) = DS3

Theorem 2.1 For m > 2, DS,, is a 1-competition graph of a loopless
digraph without symmetric arcs.

Proof. The digraph D is the digraph as follows: V(D) = V(DSp,) and
AD) = {uwo = ui ; i =2,3,..,m} U {ugp = vo,u0 = v1} U {ui —
uir1; 1 =1,2,..m =1} U {upm = v} U {vg =2 vi; © = 1,2, .MU
fvo = wi} U {vi = vig1; i=1,2,...,m—1} U {vm = w;}. Then the
digraph D is a loopless digraph without symmetric arcs. In the following, we
show C1(D) = DS,,. Note that Outp(ug) = {u;; i =2,3,...,m}U{vo,v1},
Outp(u;) = {us41} for i = 1,2,...,m — 1, Outp(un) = {vo}, Outp(vo)
={w;i=12....,m} U {ur}, Outp(vi) = {viy1} for i = 1,2,...m -1,
Outp(vm) = {u1}.

First, we consider adjacency relations. For i = 1,2,...,m, {uo,u;i} €
E(Cy(D)), because for i = 1,2,...,m — 1, Outp(uo) N Outp(u;) = {wig1}
and Outp(ug) N Outp(um) = {vo}. Since Outp(ug) N Outp(vo) = {v1},
{ug,v0} € E(Ci(D)). For i = 1,2,...,m, {vo,v;} € E(C1(D)), because
for i = 1,2,....,m — 1, Outp(vo) N Outp(vs) = {viz1} and Outp(vo) N
Outp(vm) = {u1}.

Next, we consider non-adjacency relations. For ¢ = 1,2, ...,m, {uo,v;}
¢ E(C1(D)), because Outp(uo) N Outp(v;) = 0. For 7,5 = 1,2,...,m and
i # 4, {us,u;} ¢ E(C1(D)), because Outp(u;) N Outp(u;) = 0. For i =
1,2,...,m, {ui,v} ¢ E(Ci(D)), because Outp(u;) N Outp(vo) = 0. For
i,j=1,2,..,m, {w,v;} ¢ E(C1(D)), because Outp(u;) N Outp(v;) = 0.
Fori,j = 1,2,..,m and i # j, {vi,v;} ¢ E(C1(D)), because Outp(vi) N
Outp(v;) = 0.

Therefore C;(D) & DS U
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Figure 3: A digraph D and the 2-competition graph C3(D), DS3

3 Double stars and p-competition graphs of
loopless digraphs without symmetric arcs

In this section we deal with double stars DS;, in terms of p-comnpetition
graphs on loopless digraphs without symmetric arcs. We have the following

result.

Theorem 3.1 Let p be a positive integer and 2 < p < m —1. Then DSm
(m > 2) are p-competition graphs of loopless digraphs without symmetric
arcs.

Proof. The digraph D is the digraph as follows: V(D) = V(DS,,) and
AD) = {up = ui3i = 2,3,....,m} U {uo = v;;i = 1,2,...,p} U {u; —
WUit1y Ui = Uig2y ooy Uy —> Uitps ifi<m =P with 1 = 1,2,...,m} U {ui —
Uit1, Ui = Uiy ooy U —> Uy Ui —> V1, Uy = U2y, Uy = Vigp-mil =
1,2,..,m—1if¢ > m—p} U {um = v1,Um = V2,...,Um — vp} U
{vo = vi;i = 2,3,...,m} U {vo = w1 =1,2,...,p} U {vi = vig1,vi —
Vit oWy = Uty § 1 = 1,2,...,mif4 £ m —p} U {vi = vip1,0: —
Vit2, 00, Vi = Um,y Vi = UL,V; — U,y ¥ = Uigp—m 5 if4 > m —p
with i =1,2,..m—1}U {vm = vi,Un = U2,5Un = up}. The
digraph D is a loopless digraph without symmetric arcs.

In the following we show that C,(D) & DS,,. We consider adjacency
relations of ug and other vertices. Then Outp(ug) = {ui;i = 2,3,...,m} U
{vi;i =1,2,...,p}. For i =1,2,...,m, Outp(u;) = {Ui+1,Uit2,.., Uitp} if
i < m—pand Outp(u;) = {Wit1, Uit2, -, U, V1, V2, or Vidp—m} L1 > m—p.

Since 2 < p < m—1 and Outp(vg) = {vwi;i = 2,3,..,m} U {ui;i =
1,2, ...,p}, Outp (uo)NOut p(vg) = {u2,us, ..., Up, V2, V3, -1, Vp}, | Out p(ug)NM
Outp(vo)| > p and {uo,v0} € E(Cp(D)).
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Ifi <m-—p then OUtD(UO) N OUtD(ul) a8 {Ut+1.ui+2,...,u;+,,} and
|Outp(uo) N Outp(ui)| = p for i = 1,2,....,m —p. If i > m — p, then
Outp (uo)NOUtp (ui) = {Uig1, Uit2y oy Um,y V1, V2, ooy Vikp—m} ANd | Out p (uo)
N Outp(w)| =pfori =m-p+1,m-p+2,..,m~-1. Moreover
Outp(uo) NOutp(um) = {v1,v2,...,vp} and | Outp(ug) N Outp(um)| = p.
Thus {uo,ui} € E(Cp(D)) fori=1,2,...,m.

Fort = 1,2,...,m, we consider the following cases on 1o and v;. Then for
i=1,2,...,m, Outp(vi) = {Viy1,Vi42,...,Vi4p} if i <m —p and Outp(v;)
= {'Ui+1)vi+2, very Umy Ug,y U2, "'1ui+p—m} ifi>m =P
Case 1: i < m—p. Then Outp(ug)NOutp(vi) =0 if i > p and Outp(uo)N
Outp(vi) = {Vi41,Vig2y .oy Vp} if i < p. Thusfori =1,2,...,m, | Out p(uo)N
OUtD(Ui)l <p-1<p.

Case 2: 1 > m —p. Since p < m — 1, Outp(ug) N Outp(vi) C {ug, ug, ...,
Uipp—my Vit1y Vig2s oo Um—1} and |Outp(ug) NOutp(vi)| < ((i+p—m) -
1)+ ((m-1)—i)=p-2<p.

Thus {uo,vi} ¢ E(Cp(D)) fori=1,2,...,m.

By similar way of ug, we can show that for i = 1,2,...,m, {vo,vi} €
E(Co(D)) and {vo,us} ¢ E(C,(D)).

Next, we consider adjacency relations of u; and v;. Note that | Outp(u;)|
= p, | Outp(v;)| = p, Outp(w;) # Outp(u;) (¢ # 5), Outp(vs) # Outp(v;)
(i # j) and Outp(u;) # Outp(v;) for 4,5 =1,2,...,m. Then | Outp(u;) N
Outp(u;)| < p (4 # 4), | Outp(v;) N Outp(v;)| < p (i # 5) and | Outp(u;)
A Outp(v;)| < p for 4,5 = 1,2,...,m. Thus {us,u;} ¢ E(Cp(D)), {vi,v;}
¢ E(Cy(D)) and {u;,v;} ¢ E(Cy(D)) for t,j =1,2,...,m.

Therefore Cp(D) = DS,,. O

4 Trees and p-competition graphs of loopless
digraphs without symmetric arcs

We already knew the following result.

Theorem 4.1 (Kidokoro et al. [1]) Let p be a positive integer and p <
1"2;1. Then K1 m is a p-competition graph of a loopless digraph without
symmetric arcs.

In (1] Kidokoro et al. gave the digraph Dr,,; whose p-competition graph

is K1 m. The digraph D, ; is the following loopless digraph without sym-
metric arcs, all subscript arithmetic is taken modulo m.
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1. V(Dm,l) == {UO)vly-"svm—l} U {‘U.},

2. A(Dmja) = {vi2vi45;i=0,1,..,m=1 and j=1,2, .., p}lu
{u->vi;i=0,1,..,m-1}

u
Vo g v3 Vo v3
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Figure 4: The digraph Ds; and C3(Ds,1) = K15

—ae : ;
Let Trn» be a full regular m-ary tree with height n, that is, every non-
leaf has exactly m children and the leaves being equidistance n from the

root. Let u be the root of m and vg,v1,...,Um—1 be children of the
root u and Vi, i,,... ix,0 Vig ig,...,ik,1s -+ Vig ig,....ix,m—1 b€ children of a non-
leaf vi, iy,... i, Let Ty n be the graph from T, , without direction. Then
Tm,n is a tree.

The graph K ,, is a full regular m-ary tree with height 1, Tp;. And
each subtree of T}, ,, induced by a non-leaf and its children is also a full
regular m-ary tree with height 1.

For graphs G and H, the union of G and H is the graph GUH such that

u

V0,0 V0,1 V0o,m-1 V1,0 V1,1 V1,m—1 VUm-1,0Vm-1,1Vm—-1,m—1

Figure 5: A regular m-ary T,, ; and Tpn 2
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V(GUH) = V(G)UV(H) and E(GU H) = E(G)U E(H). For digraphs
D and F, the union of D and F is the graph DU F such that V(DU F) =
V(D)UV(F) and A(DU F) = A(D) U A(F).

We obtain the following result from Theorem 4.1.

m—1

Proposition 4.2 Let p be a positive integer and p < 252, Then T p is
a p-competition graph of a loopless digraph without symmetric arcs.

Proof. For a non-leaf v in T, n, let V(v) = {v} U {uju is_a_cl:ild of v}.
For & Trm.n, let NI(Tinn) = {v € V(Tm,n);v is a non-leaf of Trnn}. Let Ty
be the subgraph induced by V(v). Then T, & K, Cp(Dm,1) & Kim
and UueNl(T,,.,,.) Ty = Tinjn- Thus Cp(D) = T;, p, where D = UveNl(T,,.,,.)

Dm,l- D
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