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Abstract

A hypergraph H with vertex set V and edge set E is called bipartite if
V can be partitioned into two subsets Vi and V, such that eNV; # ¢
and eNV, # ¢ for any e € E. A bipartite self-complementary 3-uniform
hypergraph H with partition (V;, V) of a vertex set V such that [Vi| =m
and |Va| = n exists if and only if either (i) m = n or (ii) m # n and either
m or n is congruent to 0 modulo 4 or (iii) m # n and both m and n are
congruent to 1 or 2 modulo 4.

In this paper we prove that, there exists a regular bipartite self-complementary
3-uniform hypergraph H(V;,V;) with |Vj| = m,|Va| =n,m +n > 3 if and
only if m = n and n is congruent to 0 or 1 modulo 4. Further we prove
that, there exists a quasi-regular bipartite self-complementary 3-uniform
hypergraph H(V;, V2) with |Vi| = m, |Vo| = n, m + n > 3 if and only if
either m = 3,n =4 or m = n and n is congruent to 2 or 3 modulo 4.

Keywords: bipartite hypergraph, bipartite self-complementary 3-uniform
hypergraph, regular hypergraph, quasi-regular hypergraph

1. Introduction

A. Symanski, A. P. Wojda ([7],[8],[9]) and S. Gosselin [2], independently
characterized n and k for which there exist k-uniform self-complementary
hypergraphs of order n and gave the structure of corresponding comple-
menting permutations. P. Potoénik and M. Sajana [6] proved the existence
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of regular self-complementary 3-uniform hypergraphs. S. Gosselin [3] has
characterized all n and k for which there exists a regular k-uniform self-
complementary hypergraph of order n. T. Gangopadhyay and S. P. Rao
Hebbare [1) studied bipartite self-complementary graphs. They character-
ized structural properties of r-partite complementing permutations.

In [5] a bipartite self-complementary 3-uniform hypergraph H with par-
tition (V4, V2) of a vertex set V such that |Vi| =m and |V2| = n is defined.
And characterized m and n for a bipartite 3-uniform hypergraph H3(V;, V,)
to be self-complementary. Structure of complementing permutation of bi-
partite self-complementary 3-uniform hypergraphs is also analyzed.

In this paper we find conditions on m and = for a bipartite self-complementary
3-uniform hypergraph H3(Vj, V2) to be regular and quasi-regular.

2. Preliminary definitions and results

Definition 2.1. (Bipartite Hypergraph) A hypergraph H with vertez
set V and edge set E is called bipartite if V can be partitioned into two
subsets Vi and V5 such that eNV) # ¢ and eNV, # ¢ for anye € E.

Furthermore if |e| = k for every e € E then we call H, a bipartite k-uniform
hypergraph, and denote it as H*¥(Vi, V3). If |[V;] = m and |V2| = n then
HY (W, Vo) = H(km,n).

If H3(V4, V3) is a bipartite 3-uniform hypergraph then every edge of H3(V7, V2)
contains one vertex from one part and two vertices from the other part of
the partition V; and V5 of V. Thus any triple of vertices {z,y, 2} such
that z, v, z belong to a single part of the partition of V is not an edge of

H3(W1, Va).

Definition 2.2. (Complete Bipartite 3-uniform Hypergraph) A 3-
uniform hypergraph H with the vertez set V = ViUV, V1NV, = ¢ and
the edge set E={e:eCV, |e]=3 and enV; # ¢, for i =1,2} is called
the complete bipartite 3-uniform hypergraph. It is denoted as K 3(Vi, Vo) or
K3

(m,n)’

Clearly, the total number of edges in K¢, ., ism(3)+n (%) = ma(min=2)

m,n)

Definition 2.3. (Complement of bipartite 3-uniform hypergraph)
Given a bipartite 3-uniform hypergraph H = H3(Vy,Va), we define its bi-
partite complement to be the 3-uniform hypergraph H = H3(V,V2) where
V(H) = V(H) and E(H) = E(K3(V;,V2)) — E(H).

Definition 2.4. (Bipartite self-complementary 3-uniform hypergraph)
A bipartite 3-uniform hypergraph H = H3(V;, V) is said to be self-complementary
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if it is isomorphic to its bipartite complement H = H3(Vy,V,), that is there
ezists a bijection o : V = V such that e is an edge in H if and only if o(e)
is an edge in H.

That is there exists a bijection o : V — V such that e = {z,y, z} is an
edge in H if and only if o(e) = {o(z),0(y),0(2)} is an edge of H. Such a
o is called as a complementing permutation.

Definition 2.5. (Regular hypergraph) A hypergraph H is said to be
regular if all vertices have the same degree.

Definition 2.6. (Quasi-regular hypergraph) A hypergraph H is said
to be quasi-regular if the degree of each vertex is either r or r —1 for some
positive integer r.

Following theorem gives necessary and sufficient condition on the order
of bipartite 3-uniform hypergraph H(3m'n) to be self-complementary which

is proved in [5].

Theorem 2.7. There ezists a bipartite self-complementary 3-uniform hy-
pergraph H(3m,n) if and only if

either (i) m=n

or (i) m # n and either m or n is congruent to 0 modulo 4

or (iit) m # n and both m and n are congruent to 1 or 2 modulo 4.

3. Existence of regular bipartite self-complementary 3-uniform
hypergraphs

It is known that[6] a regular self-complementary 3-uniform hypergraph
exists if and only if n is congruent to 1 or 2 modulo 4. In this section we find
necessary and sufficient condition on order of bipartite self-complementary
3-uniform hypergraph to be regular.

Observe that for any u € V; and v € V3, in K3(V;, Vo) = K¢, 1y, the degree
of uis n(m — 1) + () and the degree of v is m(n — 1) + (7).

Following theorem gives necessary and sufficient condition on order of bi-
partite self-complementary 3-uniform hypergraph to be regular.

Theorem 3.1. There ezists a reqular bipartite self-complementary 3-uniform
hypergraph H(V1,V3) with |V1| = m,|Va| = n,m +n > 3 if and only if
m =n and n is congruent to 0 or 1 modulo 4.

Proof. Suppose there exists a regular bipartite self-complementary 3-uniform
hypergraph H(V;, V,) such that |V;| = m,|Va| = n,m +n > 3 with com-
Plementing permutation o. Let r be its regular degree.
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For any vertex u € Vj,

dy(u) + dp(o(u)) =n(m —1) + (3). Thatis r+r=n(m—1)+(3). That
g Op = 2n(m—1)+n(n-1)

is 2

Similarly, for v € V5,

dy(v) +dp(o(v)) = m(n—1) + (7). Thatis r+r=m(n—1)+ (7). That
2m(n—-1)4+m(m-1)

is 2r =
Hence, 2n(m —21) +n(n—1) =2m(n - 1)+ m(m - 1). That is m?* —n? =
3(m —n). That is (m —n)(m +n - 3) = 0. That is either m —n =0 or
m 4 n — 3 = 0 which is not possible as m + n > 3. Hence m = n. Further,
o = ﬂ%ﬁ that is r = ﬂ';—_ﬂ.

Since r is an integer we must have either 4 divides n or 4 divides n — 1.
Hence n is congruent to 0 or 1 modulo 4.

Conversely, suppose m = n is congruent to 0 or 1 modulo 4. We prove
there exists a regular bipartite self-complementary 3-uniform hypergraph
H(V1, V2) such that |Vj| = |V5| = n. To prove this we construct a regu-
lar self-complementary bipartite 3-uniform hypergraph H(V1, V3) such that

Vil = |V2| = n.

Case i) Suppose n is congruent to 0 modulo 4. Therefore n = 4k for some
positive integer k.
Let V] = AgU A; U Ay U Az where A; = {uj-lj € Zyi} for all i € Z4 and
Vo = By U By U By U Bg where B; = {v;|j € Z} for all i € Z4.
We construct the quasi-regular self-complementary graphs G; and G, with
vertex sets V; and V; respectively as follows.
For pairwise distinct 7,4’ € Z4 define the following subsets of V1(2) where
Vl(z) denotes the set of all 2-subsets of V;.

E; = AP

By = {{u},, u,} : 1,72 € Zi}

Eg, = U (E;)UE@3) U E@a3) U Eg 9

1=0,1
Let G; be a graph with vertex set V; and edge set Eg, as defined above

having n = 4k vertices.
First we show that G, is quasi-regular. Take any vertex u}. Then, for fixed

1, the vertex uj- lies in k — 1 subsets of E; and k subsets of E; ). Hence,
for every vertex u} in Gy with i € {0,1}, we have
deg(uj-) =k-1+k=2k-1,
and for every vertex u} in G, with 1 € {2,3}, we have
deg(u}) = k + k = 2k.
Therefore there are 2k vertices having degree 2k — 1 and 2k vertices of
degree 2k. We conclude that G, is quasi-regular.
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To prove G is self-complementary we define a buectlon o:V 5V by
0(“?)—“,3,0(%1)—14]2,0( 2)—u and 0’( J) for a”]GZk
Similarly, we construct a quasr-regular self- complementary graph G, with

vertex set V5 wth complementing permutation o2 = I'[k 1(v v u! UJ?),
Observe that, dc,( 9) = dc,( ) = dg, () = dc,( vj) = 2k — 1 and
dg, (u?) = dg, (u}) = dGn( 7) = dGa( }) = 9% for j € Zi.

Con51der a brpartlte 3- umform hypergraph Hi(V1, V) with edge set

= {eU {v }|z € Zy, j € L, and e is an edge in Gy}

U{e'u {u i € Zy, j € Ly, and €’ is an edge in G,}.
Clearly, H; is self-complementary with complementing permutation o =
0109.
Observe that, for ¢ = 0,1 and for j € Z;,
dn, (uJ‘) = 4k(2k — 1) + k(4k — 1) = 8k? — 4k + 4k? — k = 12k% — 5k
dp, (v}) = 4k(2k—1)+k(4k—1) = 8k? — 4k +4k® - k = 12k% - 5k. Similarly,
forz—2 3 and for j € Z,
dp, (ul) = 4k(2k) + k(4k — 1) = 8k2 4+ 4k? — k = 12k? — k
dy, (u;'.) = 4k(2k) + k(dk — 1) = 8k2 + 4k2 — k = 12k? — k.

To obtain a regular bipartite self-complementary 3-uniform hypergraph
we reduce the degrees of u} and v; for i = 2,3 and j € Z by 2k and
increase degrees of u; and v for i = 0,1 and j € Zx by 2k by using the
process of edge exchange as explalned below.

We have, for each j € Zi, {v), vj} is not an edge in G, and hence
{v},v],u).} is not an edge in H1 for each j' € Z. Therefore o{v}, v ; v}, ul}
is an edge in Hy, 0{v},v},u)} is not an edge in H; and o*{v?, v}, u?, } is
an edge in H;.

We exchange the edges o‘{v v}, ud} and 0®{v?,v},ud,} by the nonedges

50 Y50
2{v vJ,u] ,} and 04{11 v} uo} = {v],vJ,uJ } respectrvely That is we

el
exchange the edge {7, J, ] } with the edge {v},v3,u},} and the edge
{ u? %} with the edge {vJ : vJ : uJ '} for j, 7' € Z. Similarly, we exchange
the edge {vJ ,UJ,uJ ,} with { J, Ujr 1} and exchange the edge {vJ,vJ,u '}
with {v v],uJ /} for 3,5 € Zk Call this new hypergraph as H.

In this process of edge exchange, for fixed j and j’, the degrees of v
v]l, uJ, and uJ, are increased by 2 while the degrees of v vJ, u 5 and u
are decreased by 2.

Thus after & such exchanges, degrees of v? v}, J, u -, and u are increased
by 2k and the degrees of v] ; vj, uj, and uj, are decreased by 2k for j, 3! € Zy.

Thus, for 1 =0,1,2,3 and for j € Z,
dy (u ) dp (v ) = 12k% - 3k = 3k(4k - 1).

Clearly H is bipartite self—complementary 3- umform hypergraph w1th
complementing permutation o = 0109 = ['[J =1 (09 uf u) ud) (o) o3 v} o}

and is 3k(4k — 1) regular.



Case ii) Suppose n is congruent to 1 modulo 4. That is n = 4k 41 for some
positive integer k.

Let V1 = {ul,u2,...,u4k+1} and V2 = {vl,vg,...,v4k+1}. Let G1 and
G2 be any regular self-complementary graphs with vertex set V; and V5
respectively. Let o7 and o9 be complementing permutation of G; and G2
respectively. Observe further that degree of every vertex in G; and G is
2k.

Let H be the 3-uniform hypergraph with the vertex set V and the edge
set E={eU{v;},i=1,2,..,n | eis an edge in G}

U {¢U{wi},i=1,2,..,n| ¢ is an edge in G2}

For any u; € V}. The degree of u; in graph G, is 2k, since G is a regular
self-complementary graph on 4k+1 vertices having k(4k +1) edges. There-
fore the degree of u; in H is 2k(4k + 1) + k(4k + 1) = 12k2 + 3k. Similarly,
for any v; € V3 the degree of v; in H is 2k(4k + 1) + k(4k + 1) = 12k2 + 3k.
Hence H is a regular bipartite 3-uniform hypergraph.

It can be easily checked that H is self-complementary with comple-
menting permutation ¢ = gy09. Therefore H is a regular bipartite self-
complementary 3-uniform hypergraph. O

4. Existence of a quasi-regular bipartite self-complementary 3-
uniform hypergraph

In [4] following result about existence of quasi-regular self-complementary
3-uniform hypergraph is proved.

Theorem 4.1. There erists a quasi-regular self-complementary 3-uniform
hypergraph of order n if and only ifn >4 andn =0 (mod 4).

The following theorem gives necessary and sufficient conditions on the
order of a bipartite self-complementary 3-uniform hypergraph to be quasi-
regular.

Theorem 4.2. There exists a quasi-regular bipartite self-comple- mentary
3-uniform hypergraph H(V1,V2) with |V1| =m, |Vo| =n, m+n > 3 if and
only if either m = 3,n =4 or m = n and n is congruent to 2 or 3 modulo
4.

Proof. Suppose that there exists a quasi-regular bipartite self-complementary
3-uniform hypergraph H(V;,V;) with |Vi| =m, |Vo| =n. Let r and 7 — 1
be degrees of vertices of H. Let o be a complementing permutation of
H(V1, V,).

For any u € V; and for any v € V,, we have

da(u) +dp(o(u)) =n(m-1)+ (;) (1)
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du(v) +di(0(v)) = m(n - 1) + (’;‘) @)

As H is quasi-regular, there exist u,v € V = V1 UV, such that dy(u) = r
and dy(v)=r-1

Note that dy(o(u)) and dy(o(v)) is either 7 or 7 — 1. As u is in either V;
or V2, dy(u) and dy(o(u)) satisfy either equation 1 or 2. Similarly, dy(v)
and dy(o(v)) satisfy either equation 1 or 2. That is

dy(v) + dr (o)) = nfm — 1) + (Z) or m(n — 1) + (’;) (3)

dy (v) + dg (0(v)) = n(m — 1) + <’2‘> or m(n —1) + (’;‘) (4)

By considering all possible values of dg(c(u)) and dg(o(v)) we have the
following cases.

Case i) If dg(o(u)) =r — 1 and dg(o(v)) = r. From equations 3 and 4 we
get that

r+r—1=n(m-1)+(3) orm(n-1)+(7) and
r—14+r=n(m +(5) or m(n 1+()
This implies that n( — 1)+ (3) =m(n—1) + (7). Solving this equation

we get, (m—n)(m+n—-3)=0. Asm+n > 3, we get, m = n. Hence
2r—1=n(n-1)+ ()that1S1‘—2’—n("—41-i

Since 7 is an integer we must have, 3n(n —1) +2 =0 (mod 4). That is
3n(n—1)= -2 (mod4). Thatisn(n—1)=2 (mod 4). That isn?-n—2
is a multiple of 4. That is (n — 2)(n + 1) is a multiple of 4. Since both
(n—2) and (n+1) cannot be even simultaneously, either (n—2) or (n+1)
must be a multiple of 4. That is eithern=2 (mod4)orn=3 (mod 4).

Case ii) If dgy(o(u)) = r and dy(o(v)) = r then from equations 3 and 4 we
get that

r+r=n(m-1)+(3) or m(n—1)+ (7) and

r—1+r=n( - 1)+ (3) or m(n —1)+()

That is, |(n(m-1)+ (3)) = (m(n - 1)+ (%))| = 1. Solving this abso-
lute value equa.tlon we get that either m = 3 n = 1 (or vice versa) or
m = 3,n = 2 (or vice versa). For both these pairs of values of m and n
there clearly does not exist a hipartite self-complementary 3-uniform hy-
pergraph 3-uniform hypergraph.

Case iii) If dy(0(u)) = r and dy (o (v)) = r — 1, then from equations 3 and
4 we get that,



r+r=n(m-1)+(3) or m(n—-1)+(3) and
r—1+r—1=n(m-1)+(3) or m(n-1)+ (3).

That is, |(n(m — 1) + (3)) = (m(n — 1) + (3))| = 2. Solving this absolute
value equation we get that m = 4,n = 3.

Case iv) If dg(o(u)) = r -1 and dy(o(v)) = r — 1. Then this case is same
as Case ii).
From all the above cases we conclude the following.
If there exists a quasi-regular bipartite self-complementary 3-uniform hy-
pergraph H(V4,V;) with |Vi| = m,|V2| = n,m + n > 3 then either m =
3,n=4 or m =n and n is congruent to 2 or 3 modulo 4.

We prove the converse by constructing a quasi-regular bipartite self-
complementary 3-uniform hypergraph 3-uniform hypergraph for each pos-
sible pair (m,n).

Case i) Let m = 3 and n = 4. Consider a hypergraph H with vertex set
V =V, UV, where Vi = {uy,uz,u3}, Vo = {v1,v2,v3,v4} and edge set
E= {{vls V2, Ul}, {Ula V2, U2}, {vla V2, 'LL3}, {vla Vg, UI}, {’Ul, U3, UQ},

{'Ul, V3, 'U,3}, {'Ug, U4, Ul}, {’03, Uy, Ug}, {1)3, U4, ’U.3}, {U], Uz, UZ},

{U1, U2, 1)4}’ {UI,U3, U?}’ {UI,U3, U4}a {u2a us, UZ}) {‘UQ, us, 1)4}}
Observe that, dy(vi) = du(v2) = dy(vs) = dy(vs) = 6 and dy(uy) =
dy(u2) = du(us) = 7. Hence H is quasi-regular. To prove that H is self-
complementary, define a bijectiono : V(H) —» V(H) as 0 = (u; us u3)(v; v v3 1 1
o is a complementing permutation of H. Hence H is quasi-regular bipartite
self-complementary 3-uniform hypergraph.

Case ii) Suppose m = n and n is congruent to 2 modulo 4, that isn = 4k+2
for some positive integer k.

Let Vi = {u1,up, ..., uak+1,2}. Let G be a regular self-complementary
graph with vertex set {u1,us, ..., usk41}. Let G be its complement. Denote
the vertices uy,ug, ..., Uak+1 of G by v1,va, ..., Ugk+1 Tespectively. Observe
that both G and G have k(4k + 1) edges such that degree of each vertex is
2k and {u;,u;} is an edge in G if and only if {v;,v;} is not an edge in G.

Let Vo = {v1,v2, ..., vak+1,¥}. For [,s = 1,2,...4k + 1, consider the fol-
lowing partition of the edge set of K 3 s
El = {eU{v},v €V, | eis an edge i m G}

={eU{v},v €V, | eis not an edge in G}
Ez—{e U{u},ue V; | ¢ is an edge in G}
Ez = {e'U{u},ue V1 | ¢ is not an edge in G}

= {{z, w1, vs}| both [ and s are either odd or even }

= {{z, w1, vs}| exactly one of [ and s is odd }
Ey = {{y, w,vs}| exactly one of | and s is odd }
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Ey = {{v, w,vs}| both [ and s are either odd or even }
Ezy) = {{z,y,w}| lis even } U {{z,y,vs}| s is odd }
E(zy) = ({z, ¥, w}| Lis odd } U{{z,y,v,}| 5 is even }.

Let H be a 3-uniform hypergraph with vertex set V = V; U V; and
edge set E = Ey UE, UE; UE, UE( ) so that H will have the edge set
E=E UFEUE,UE,UE,). Clearly, H is a bipartite 3-uniform hyper-
graph.

To prove that H is self-complementary, we define a bijection o : V/(H) —

dk+1
V(H)aso = ( H (ui vi))(z y). o is clearly a complementing permutation.

=1
Finally, we show that H is quasi-regular by counting the degree of each
vertex of H.

For any u; € V; where i = 1,3,...,4k + 1, u; is in 2k(4k + 2) triples of
E, k(4k+1) triples of Ey, 2k +1 triples of E; and 2k triples of E,. Hence,
dy(us) = 2k(4k +2) + k(4k + 1) + 2k + 2k + 1 = 12k% + 9k + 1.

For any u; € V; where i = 2,4, ...,4k+2, u; is in 2k(4k+2) triples of E),
k(4k +1) triples of Eg, 2k triples of E; and 2k triples of E, and 1 triple of
E(;y)- Hence, dy(u;) = 2k(4k+2)+k(4k+1)+2k+1+2k+1 = 12k2+9k+2.

For any v; € V, wherei=1,3,...,4k+1, v; is in k(4k + 1) triples of Ej,
2k(4k + 2) triples of Ey, 2k + 1 triples of E; and 2k + 1 triples of E, and
1 triple of Ey; ). Hence,
dy(vi) =2k(4k +2) + k(4k +1) + 2k + 1+ 2k + 1 = 12k% 4+ 9k + 2.

For any v; € V, where i = 2,4, ...,4k +2, v; is in k(4k + 1) triples of Ej,
2k(4k + 2) triples of Ey, 2k triples of E; and 2k + 1 triples of E,. Hence,
dy(v;) = k(4k +1) + 2k(dk +2) + 2k + 2k + 1 = 12k2 + 9k + 1.

Lastly, dy(z) = k(4k + 1) + (2k + 1)(2k + 1) + 2k(2k) + 2k + 2k + 1 =
12k% + 9k + 2
and dy (y) = k(4k+1)+2k(2k+1) +2k(2k +1) +2k+2k+1 = 12k + 9k +1.

Case (iii) Suppose m = n and n is congruent to 3 modulo 4, that is
n = 4k + 3 for some positive integer k.

Let Vi = {uy,uy, ..., k41,1, Z2}. Let G be a regular self-complementary
graph with vertex set {uy,us, ..., usk41}. Let G be its complement. Denote
the vertices uy,ug, ..., usks1 of G as vy, vo, ..., Var41 respectively. Observe
that both G and G have k(4k + 1) edges such that degree of each vertex is
2k and {u;,u;} is an edge in G if and only if {v;,v;} is not an edge in G.
Let Vo = {v1,v9, ..., vak+1, 91, Y2}

For l,s = 1,2,...4k + 1, consider the following partition of the edge set of
K(sm,n)'

Ey, = {eU{v},v € V, | e is an edge in G}
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E; = {eU {v},v € V5 | e is not an edge in G}

E; ={e'U{u},u € V; | ¢ is an edge in G}

E; ={¢/U{u},u€ V;|¢€ is not an edge in G}

=, = {{z1, w,vs}| both | and s are either odd or even },
=, = {{Z1,w,v,}| exactly one of | and s is odd }

1

Er, = {{z2,u,vs}| both | and s are either odd or even },
E., = {{z2,u, vs}| exactly one of | and s is odd }
Ey, = {{y1,w, vs}| exactly one of [ and s is odd },
Ey, = {{v1,u1,vs}| both | and s are either odd or even }
Ey, = {{y2, w1, vs}| exactly one of | and s is odd },
Ey, = {{y2,w,vs}| both ! and s are either odd or even }

E(z, ) = {{z1,y1,w}| L iseven } U {{z1,41,v,}| s is odd }
E(z, ) = {{z1,¥1,vs}| s is even } U {{z1,y1,w}| | is odd }
E(z, 52) = {{z1,y2,w}| is odd } U {{z1,92,vs}| s is odd }
E(z,,y5) = {{z2,y1,vs}| sisodd } U {{z2,y1,w}| ! is odd }
E(zy4) = {{z2,y1, w}| l is even } U {{z2,¥1,vs}| 5 is even }
E(zy ) = {{z1,Y2,vs}| s is even } U {{z1,¥2, w}| | is even }
E(z,,9,) = {{z2,¥2, w}| lis odd } U {{z2, y2,vs}| s is even }
E(zy,y2) = {{z2,¥2,vs}| sis odd } U {{z2,y2,w}| | is odd }
E(z,,z,) = {{{z1, %2, vs}| s is even } U {z1, 22,11}
E(zy 25) = {{v1,y2, w}| L is even } U {y1, 2,71}
E(ylny) = {{y1, y2, w}| lis odd } U {y1, y2, 22}
E(y, ) = {z1, 22,05} sis even } U{z1, 22,72}
Let H be a 3-uniform hypergraph whose vertex set is V = V; U V5 and
edge set is
E=E UEUE; UE;, UE, UEy, UE;, y) Y Ez,,4,) Y E(z, )
U E(z;,50) Y E(z1,22) Y Ey1,30)
so that H have the edge set

E = El U E2 U;Ezl U E—xz_U Eyl U Ey2 U E(I1,y1) U E(xx.yz) U E(x2,y1)
U E(z,,y,) U E(Ihxz) U E(yx,yz)
Clearly, H is bipartite 3-uniform hypergraph. To prove that H is self-

complementary, we define a bijection o : V(H) — V(H) as
4k+1

o= H (wi vi))(z1 y1)(z2 ¥2). |

i=1
Finally we show that H is quasi-regular by counting the degree of each
vertex of H.
For any u; € V; where i = 1,3, ...,4k + 1, u; is in 2k(4k + 3) triples of E;,
k(4k+1) triples of Ey, 2k +1 triples of E;,, 2k +1 triples of E,, 2k triples
of Ey, and 2k triples of Ey,, 1 triple of E(z, y,) 1 triple of E(z;,y,), and 1
triple of Ey, 4,). Hence,

266



dp(u;) = 2k(dk + 3) + k(4k +1) +2(2k + 1) + 4k + 3 = 12k2 + 15k + 5.

For any u; € V; where i = 2,4,...,4k, u; is in 2k(4k + 3) triples of Ej,
k(4k + 1) triples of Ey, 2k triples of E;,, 2k triples of E;,, 2k + 1 triples
of Ey, and 2k + 1 triples of Ey,, 1 triple of E(z,,y,), 1 triple of E(zs 1)

Hence,
dp(w;) = 2k(4k +3) + k(4k + 1) +2(2k) + 2(2k + 1) + 2 = 12k2 + 15k +4.

Similarly, it can be checked that,

dy(v;) = 12k2 + 15k +4 for i =1,3,...,4k + 1.

dp(v;) = 12k* + 15k +5 for i = 2,4,..., 4k.

dy(z1) = 12k + 15k + 5.

dy(zg) = 12k% + 15k + 4.

dy(y1) = 12k? + 15k + 4.

du (y2) = 12k + 15k + 5.

Hence H is quasi-regular. O
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