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Abstract

Split domination number of a graph is the cardinality of 2 min-
imum dominating set whose removal disconnects the graph. In this
paper, we define a special family of Halin graphs and determine the
split domination number of those graphs. We show that the construc-
tion yield non-isomorphic families of Halin graphs but with same split
domination numbers.

1 Introduction

All the graphs, which are dealt with this paper, are connected, finite, sim-
ple and undirected [1]. Domination theory in graphs is an important field
which helps in optimization of the number of vertices and edges involved
in a graph. This parameter is hence found to be applied in interconnection
networks and communication theory. For a detailed survey on domination
theory, the reader is referred to (2, 3, 8. Many different domination param-
eters [2] have been defined and these are found to have various applications
such as Locating Radio Stations Problem, Modeling Social Networks, Fa-
cility Location Problems and Modeling Biological Networks [7].

Kulli and Janakiram [5], in 1997, defined the parameter split domination
number of a graph. Let G = (V, E) be a graph with V as its vertex set and E

1~MOCC 112 (2020). pp.153-159



as [t edge set. Let |V| =n and |E|=m. Then § C V is a split dominating
et of G if each vertex in V =S is adjacent to at least one vertex of S and
the induced graph < V =S > is a disconnected graph. The number of
vertices in a minimum split dominating set is the split domination number,
15(G), of G [5). This number does not exist for all families of graphs. If
diam(G) = 1 for a graph G, then there will exist no split dominating set
for G. Therefore this parameter can be determined only for graphs with
diameter at least two when the graphs are connected.

Split domination number for certain families of graphs have been deter-
mined by Tamizh Chelvam and R. Chellathurai [8], V. R. Kulli and Janaki-
ram [5), Stephen T.Hedetnimi [7] and others [6]. Bounds for split domina-
tion number have been determined based on diameter, degree, chromatic
number, independence number, etc [3]. For basic definitions and proper-
ties of the above mentioned parameters, the readers are referred to [1].
Throughout this paper, n,m denote respectively the order and size of a

graph.

Halin graphs were introduced by the German Mathematician, Rudolf
Halin in 1971. Prior to him, these graphs were also studied independently
by Thomas Kirkman [4] in 1856 and by Hans Rademacher in 1965. Let T
be a tree. Then clearly, T' contains at least two vertices of degree one. Now
construct a graph H from T by joining all degree 1 vertices into a cycle.
This graph H is called the Halin graph. The order in which the degree 1
vertices are joined is subjective, hence for any tree with more than three
pendant vertices, many Halin graphs can be constructed. Halin graphs are

3-connected, hamiltonian and planar.
Consider a graph G. Let S C V(G) satisfy the following two conditions:

1. Each vertex in S has a private neighbor with respect to V'(S) and
2. If [V -S| > 1, then < V — S > is a disconnected graph.

Then S is called a split irredundant set. The minimum cardinality of a
maximal split irredundant set is called the split irredundant number of G

and is denoted by irs(G).
We now define two special subfamilies of Halin graphs. Let Ty denote a
tree with a root vertex with degree 1 whose adjacent vertex is degree 2 and

each of these two vertices have degree 3 and so on. The branches extend
till we have £! vertices of degree 1. An example of T} is given in Figure 1.

k k
Clearly the order of a Ty treeisn= ), jlandm=n—-1= 3 jl.

j=0 j=1

Let T(p, £) denote a tree with a central path with p+ 2 vertices (p > 1)
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Figure 1: T4

and each internal vertex of the central path is the root vertex of a tree T},
The tree T'(3,3) is given in Figure 2. Now the pendant vertices of this tree
T (p, £) can be joined in many ways to form Halin graphs. Two such ways
are defined here for p > 2 and shown that they are non-isomorphic.

Figure 2: T'(3,3)

Given T(p,¢), p > 2, make the branches lie in the same side of the
central path and join all their pendant vertices as the order of their root
vertices in the central path and finally form the cycle by joining with the
initial and terminal vertices of the central path. The resulting graph is
denoted by Hi(p, ¢). The Halin graph H;(3,3) is given in Figure 3.

Figure 3: Hy(3,3)

In the tree T'(p, £), let vy, v2,v3,. .. vp42 denote the vertices in the central
path. Let the branches of those internal vertices with even suffices be kept
to one side of the central path and the remaining branches to the other
side. Now form the Halin graph by joining the pendant vertices at each
side separately and then these two paths are joined through vertices v, and
vpy2. This graph is denoted by Hz(p,£), p > 2. The Halin graph Hy(3,3)
is given in Figure 5. '
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Figure 4: Hy(3,3)

2 Main Results

Proposition 2.1. The order and size of the Halin graphs Hy(p,£) and
¢

Hi(p,0) are as follows: n = |V(Hy)| = |V(H)| = p+2 +pkz k! and
=0

m = [E(H\)| = |B(H))| = p(€!) +n - 1.

4

Proof. To determine n, we use the fact that order of a Ty tree is ) k! and
k=0

each of the p internal vertices represents a T tree. Further the central path
has p + 2 vertices. The number of pendant vertices in each T} is £!. Hence
there are p(£!) + 2 pendant vertices in T(p, ) which form a cycle. These
p(€)) + 2 edges constitute the outer cycle. The remaining edges form the

tree T(p, £). This proves that m=p({!) +n —1. a

“ A vo’

Figure 5: H(3,3) and H,(3,3)

Consider the graphs Hj(3,3) and H>(3,3). If they are isomorphic, then
the number of cycles of fixed length will be the same in both of them.
Consider the number of cycles of length 5 in both the graphs. The cycles

are shown by dotted edges in Figure (5). Clearly there are six such cycles
in Hy and only five such cyclesin Ha. This shows that H(3,3) 2 H2(3, 3).
This argument can be extended in general when p > 2 and hence the
theorem follows.

Theorem 2.2. Given p > 2, the Halin graphs Hy(p,¢) and Ha(p, ) are
non-isomorphic. .
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We now determine the split domination number for the Halin graphs in
both the families Hi(p, ) and Ha(p,{) and show that they are same. We
first need the following preliminaries.

.emma 2.3. [3/ For any graph G, v,(F,) = [n/3], n > 2 where P, ia a
path of length n-1. 0

Lemma 2.4. [7/ For any graph G, ir,(G) < 7,(G). 0

Theorem 2.5. The split domination number of the Halin graph H, which
belongs to the family Hy(p, £), is given by

L(e=1)/3)
f(P +2)/3] +p Z - Gi+1))!, if £=0(mod3)
t(t-l)/sj
Vs(H) = ﬂ p 2;0 —(3i+1)] if €= 1(mod3)
L(e=1)/3]
2+p '2%) [€—(3i+ 1)), if £ = 2(mod3).

Proof. The proof is by finding a split dominating set and showing that
this set is minimum. Let v be an internal vertex of the central path of H.
Consider the vertices that lie in the £, £ —1 and ¢ — 2 stages of the tree
T, that is adjacent to v. These vertices are dominated by the vertices in
(£ — 1)-stage. There are totally (¢~ 1)! vertices at this stage in T. For the
vertices that lie in (¢—3), ({—4) and (£-5) stages, the ({—4)! vertices that
lies in the (£ — 4)-stage act as dominating vertices. In this same way, we
can show that the dominating vertices dissect the stages of T} into groups
of three. It now remains to determine whether these vertices also dominate
the vertices of the central path.

When £ = 0(mod3), these groups end among themselves and hence the
central path vertices are dominated by themselves. Combining Lemma 2.3,
and the above mentioned facts, we get |S| = p[(£— 1)1+ ({—4)! +... + (-
(3i+ 1)) +...] 4+ [(p +2)/3] and hence

L(e-1)/3)
w(H) =[e+2)/31+p Y, -G+

i=0
When ¢ = 1(mod3), there is no need for any vertex from the central
path to be included in the dominating set. Hence

L(e-1)/3]
nH)=p Y, -G+

i=0
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When ¢ = 2(mod3), all the internal vertices of the central path are
dominated and the origin and terminal vertices of the central path are to
be included in the dominating set. We thereby prove that

L(e-1)/3)
v(H)y=2+p Y, [(-@i+1))

i=0

This set of dominating vertices also behaves as a minimum split irre-
dundant set due to the arrangement of the vertices in stages. Any two
vertices in 1, j stages, where ¢ # j, will have private neighbors in ¢ &+ 1 and
J %1 stages. Applying Lemma 2.4, we hence conclude that this set S is a
minimum split dominating set. The split property is satisfied due to the
fact that when the stages of the tree T, are put in groups of 3, they are
isolated when the set |S| is deleted from H. Hence the theorem follows. O

Theorem 2.6. Both the families of graphs Hy(p,€) and Ha(p,£) have the
same split domination number.

Proof. In the course of the proof of Theorem 2.5, the position of the
branches does not play a role while determining the split dominating set.
Hence the family of graphs Ha(p,£) also have the same split domination

numbers as that of Hi(p, ¢). a

3 Conclusion

In this paper we have constructed a pair of non-isomorphic Halin graph
families whose are split-domination number is an invariant. This concept
can be extended to other families of graphs.
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