Dominator Chromatic Number of Certain Graph

T.Manjula', Dr.R Rajeswari’
1. Research Scholar,
Department of Mathematics,
Sathyabama Institute of Science and Technology — (Deemed to be University),
Chennai.
tmanjju@yahoo.co.in
2. Professor,
Department of Mathematics,
Sathyabama Institute of Science and Technology — (Deemed to be University),
Chennai.
rajeswarivel1998@gmail.com

Abstract: A proper vertex coloring of a graph where every node
of the graph dominates all nodes of some color class is called the
dominator coloring of the graph. The least number of colors used
in the dominator coloring of a graph is called the dominator
coloring number denoted by y34G). The dominator coloring
number and domination number of central, middle, total and line
graph of quadrilateral snake graph are derived and the relation
between them are expressed in this paper.

1. Introduction

A dominating set is a subset D, of the vertex or node set of graph G which
is such that each node in the graph either belongs to D or has a neighbour in
D,[9]. The domination number y(G) is the cardinality of a smallest dominating
set of G[9]. A proper coloring of a graph G is a function f:V — Z_such that for
u,v €V, f(u) # f(v) whenever v and v adjacent nodes in G.

A dominator coloring of a graph G is a proper coloring of graph such that
every node or vertex of G dominates all nodes of at least on¢ color class. The
minimum cardinality of colors used in the graph for dominator coloring is called
the dominator coloring number denoted by x4 (G)[4].

Gera in 2006 introduced the concept dominator coloring [4].The
relationship between domination number, chromatic number and dominator
chromatic number of various graphs were shown in [3], [5], [6]. The dominator
coloring of prism graph, m-splitting graph and m-shadow graph of path graph,
‘central graph, middle and total graphs, etc. were also studied in various
papers(8], [7], [2], [1].

A quadrilateral snake Q, consists of 7 blocks of quadrilateral with 3n+1

vertices and 4n edges. It is obtained by replacing each edge of P, by a cycle C,.

The dominator coloring number of middle, central, total, and line graph of
quadrilateral snake graph Q, is obtained and a relationship between them is
expressed in this paper.
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2. Dominator Coloring number of Quadrilateral Snake graph
Theorem 2.1: If @, is a quadrilateral snake graph, then the dominator coloring

number of @ is x4 (Q,) = ["2';3 wwhhe:nz i:;
Proof:

The node sct and the edge set of @, is given by
V() ={vvl/2<i<4,1<j<n)
EQ,) = wivi,viviu{vyvi ™ wjvl /1< j<n—1)
u{vv,/25i<3,1<j<n)
For dominator coloring of @y, the nodes are assigned colors as explained below
Case 1: Whenn =2
The neighbouring nodes of v}, viare painted with color 1 and color 2
respectively. The uncoloured neighbouring nodes of v, v are painted with
color 3 and 4 respectively. o
The node v} dominates color class 2. For 1 < j < n the nodes v}, vj are
dominated by color class 2j — 1 and the nodes v§ are dominated by color class
2j respectively.
Every neighbouring node is given different color and also it is observed that
every node of the graph dominates all the nodes of atleast one color class. Hence
it is a dominator coloring of nodes and the dominator coloring number of

Q,is x ;@) = 2n.
Case 2: Whenn > 2

The node v} is painted with color 1 and for1 < j < n the nodes v}, v},
v,{, are painted with colors #+2, n+3 and j+1 respectively.

The nodes v, v} are dominated by color class 1.Then for 1 <j <n the
nodes v,{ are dominated by color class j + 1. And for 1 < j < n —1 the nodes
vé, v;’;“ are dominated by color class j+ 1 respectively. The node v is

dominated by color class n + 1.

Every neighbouring node is given different color and also it is observed that
every node of the graph dominates all the nodes of atleast one color class. Hence
it is a dominator coloring of nodes and the dominator coloring number

of @ is ¥ ;(Q,) =n+3.

_ n+3 when n >3
Thus ¥4(Qn) = { 2n whenn =2

3. Dominator Coloring number of Middle, Central, Total and Line
graph of Quadrilateral Snake graph
Theorem 3.1: If M@, is the middle graph of quadrilateral snake graph @ then its

n+1

dominator coloring number is x;(MQ,,) = —|tn+3



Proof:
The middle graph MQ, of a quadrilatcral snake graph Q, is obtained by the

subdivision of each edge of @, exactly once and connecting by an cdge of all
the newly added nodes of adjacent edges of Q. Let the new nodes obtained by
the subdivision of edgesbe e/ /1< i< 4, 1<) <n).
The node set and edge set of the middle graph of the quadrilateral snake graph
MQ, arc
V(MQ,) =wilu{vl/2<i<4,1<jsnjufel/1<i<4, 1<j<n)
E(MQ,) = {viel,elvi,viel efviyu{v/el,elv],, 2<i<41<j<n}u
{elvl, viel* elel* /1< j<n—1}ufelel, . efef/1<i<3,1<j<n)
For dominator coloring of MQ,, the nodecs are assigned colors as explained
below
The nodes v%,vé',v_,’; forlt<j<nand v}; for 1 €j <n-—1 are painted with
color 1. The node v} is painted with color 1 when j (mod 2) =1 and color
n+ [’—;—1] + 3 when j(mod 2) = 0.
For 1 < j < n, the nodes e/, e} are painted with color 2 when j (mod 2) = 1
and color 3 when j(mod 2) = 0 and the nodes e/ are painted with color j +
3 respectively. For 1 < j < n the nodes e,{ are painted with colorn + [’—;—1-] +
3 when j(mod 2) = 1 and color 2 when j (mod 2) = 0 respectively.

The node v} is dominated by color classn + 4. Then for 1 <j <n the
nodes vi, e,{ are dominated by color class n + [’%1] + 3 and the nodes vé : vé

e{, e{;, e{; are dominated by color class j + 3 respectively.
Every neighbouring node is given different color and also it is observed that
every node of the graph dominates all the nodes of atleast one color class. Thus

it is a dominator coloring of nodes and the dominator coloring number of middle
n+1

graphof Q, is x ,(MQ,) = - | tn+3.
Theorem 3.2: If TQ, is the total graph of quadrilateral snake graph Q, then its
dominator coloring number is

+1
n+ [nT] +3 whenn(mod2) =1
n+ [T] +2 whenn(mod2)=0
Proof:
The total graph TQ, of quadrilateral snake graph @, is obtained by the
subdivision of each edge of @, exactly once and connecting by an edge of all
the newly added nodes of adjacent edges of @, and all the neighbouring edges
of @,. Let the new nodes obtained by the subdivision of edges of E(Q,)be
el/1<i<4,1<j<n)
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The total graph of the quadrilateral snake graph TQ, has its node set and edge
sct given by

V(TQ,) = (vu{v/2<i<4, 1<j<njufd/1<i<4, 1<j<n)
E(TQn) = E(Qn) VE(MQ,)

ie., E(TQ,) = {vivi,vivi} U {v]e],elv},viej, efvi} U

w1 <j<n-1jufy, v{H/z <i<3,1<j<nju
{v‘e{,e'v}H/z <i<4,1<j<njufevivie det’/1<j<n-1}u
{elelelel/1<i<3,1<j< n}

For dominator coloring of TQ,, the nodes are assigned colors as explained
below .

The node v} is painted with color 1. For1 < j < n, the nodes v, are painted
with color 3 when j(mod 4) =10r2 and color 1 when j(mod 4) = 0 or 3,
the nodes v)are painted with color 1when j(mod4) =1, color3
when j(mod4) =3 and color 2when j(mod 4) =0or2 and the nodes
v’ are painted with color n + [ ] +3 when j(mod 4) =1or3, color
3 when j(mod 4) = 2 and color 1 when j(mod 4) = 0 respectively.

Forl £j <n, the nodes e{,eg are painted with color 2 when j(mod 4) =
1or3, color 1 when j(mod 4) =2 and color 3 when j(mod 4) =0, the
nodes ei are painted with color 2 when j(mod 4) = 0or 2, color 1when
j(mod 4) = 3 and color 3when j(mod 4) =1 and the nodes €/, are painted
with color j + 3 respectively.

The nodev1 is dominated by color class n + 4. For 1 < j < n the nodes 172' vl
el, e}, ] are dominated by color class j+3 and the nodesv) , e} are

dominated by color class n + [’ “] +3 when jis odd and by color class

n+ [’ +1] + 2 when is even respectively.

Every neighbouring node is given different color and also it is observed that
every node of the graph dominates all the nodes of atleast one color class. Hence

it is a dominator coloring of nodes and the dominator coloring number of total

n+ "+1] +3 whenn(mod2) =1

graphof Qr is xa(TQn) = )
1 [ +1l +2 whenn(mod2) =0

Theorem 3.3: If CQ, is the central graph of quadrilateral snake graph Q, then its
dominator coloring number is x;(CQ,) =3n+1

Proof:

The central graph CQ, of quadrilateral snake graph @, is obtained by the

subdivision of each edge of @, exactly once and connecting by an edge all the
non-adjacent nodes of @, inCQ,. Let the new nodes obtained by the

A&



subdivision of edges E(Q,) be {e{/ 1<i<4, 1<j<n)}. The node sct and
edge set of the central graph of the quadrilateral snake graph CQ,, are
V(CQ) ={v}ufvl/2<i<a,1 <j<n]U{e‘/1<1<4 1<j<n)
E(CQ,) = {vie],eiv},vies,efvi}u {v n n+1/2 <i<4,1<j<n}u
{eilfi. 4€ ’+1,e3e{+1/ 1<jsn-1}u E(Gc)
For dominator coloring of CQ,,, the nodes are assigned colors as explained
below
The node v} is painted with color 1. For1 < j < n, the nodes vé, v:{, v) are

painted with color 3j — 1, 3j, 3j + 1 respectively. The nodes e for1 <i < 4
are painted with color 5. For1 <i <4, 2 <j < n, the nodes e{ are painted
color 1.

The node v} is dominated by color class 2. For 1 < j < n the nodes v, el
e} are dominated by color class 3j —1 and the nodes vé ;v e3, ei are
dominated by color class 3j + 1 respectively.

Every neighbouring node is given different color and also it is observed that
every node of the graph dominates all the nodes of atleast one color class. Hence
it is a dominator coloring of nodes and the dominator coloring mumber of central

graphof @, is x;(CQ,) =3n+1.

Theorem 3.4: If LQ,, is the line graph of @, then its dominator coloring number
is

2n when 2<n<3

xa(LQn) = { n+3 whenn >3

Proof:
The line graph LQ, of a quadrilateral snake graph @, is a graph obtained by
taking the edges of @, as the nodes of L@, and connecting two nodes of LQ, by
an edge whenever the corresponding edges of @,, are adjacent.
Let the new nodes obtained by the replacing the edges E(Q,) be {e{ 1<
4, 1<j< n}. The node set and edge set of the line graph of the quadrilateral
snake graph L@, are given by
VLQ) =fe//1<i<4, 1<j<n}
E(LQ,) = {efel/1<j<n}ulelel,/1<i <3,1<j<n}u
{egel™/1<j<n-1}
For dominator coloring of LQ,, the nodes are assigned colors as explained
below
Case 1: When2 <n <3

For1<j <mn, the e/, e} are painted with color 2j and the nodes e}, e} are
painted with color 2j — 1 respectively. For 1 <j <n the nodese], ejare
dominated by color class 2j — 1 and the nodes eé, e,{ are dominated by color
class 2 respectively.
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Every neighbouring node is given different color. Also it is observed that
every node of the graph dominates all the nodes of atleast one color class. Hence
it is a dominator coloring of nodes and the dominator coloring number of line
graphof Q, is ¥ ;(LQ@;) = 2n when 2<n<3 .

Case 2: Whenn >3

For 1 <j < n, let the nodes e{ be painted with color j + 2, the nodes eé and
the nodes ei are painted with color 1 when j(mod 2) =1 and color 2 when
j(mod 2) = 0 respectively. For 1 <j <n—1 the nodes eé are painted with
color 2 when j (mod 2) = 1 and color 1 when j (mod 2) = 0. The node e} is
painted with color n + 3.

For 1 <j<n the nodese! e},e} are dominated by color classj + 2 and the

nodes eg are dominated by color class j + 3 respectively.

Every neighbouring node is given different color and also it is observed that
every node of the graph dominates all the nodes of atleast one color class. Thus
it is a dominator coloring of nodes and the dominator coloring number of line
graphof Q, is ¥ ; (L@,) = n+3 when n > 3.

Hence the dominator coloring number of line graph of quadrilateral snake graph
Gis x,(LQ,) = 2n when 2 <n<3
g & n+3 whenn > 3°

4. Relationship between Dominator Coloring number and
Domination Number
Lemma 4.1: If MQ,, is the middle graph of quadrilateral snake graph @, then its

n+ E] whenn(mod2) = 1

domination mumber is y (MQ,) = e
n+ [T] whenn(mod2) =0

Proof:

Case 1: whenn(mod 2) = 1

Let D, = {e%""l,ef“l,e%i/ 1=i< I%]} U {e7,e}}. Clearly each node in V- D
has atleast a neighbour in D; and the dominating set D; has the minimum
cardinality.

Hence the domination number of M(Q,)is given by y(M (Q,,)) =n+ Fz']
when n(mod2) = 1.

Case 2: whenn(mod 2) =0

Let D, = {e', e, ef/ 1< i< [3|}u {ef} . Clearly cach node in V- D,
has atleast a neighbour in Dy and the dominating set D; has the minimum
cardinality. Hence the domination number of M(Q,) is given by y(M(Q) =
n+ [-"zil when n(mod2) = 0.

Hence the domination number of MQ,, is
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n
n+ [f] when n(mod2) = 1
Y(MQn) = n+1
n+ IT] when n(mod2) = 0

Comollary 4.2: If MQ, is the middle graph of quadrilateral snake graph Q, then
it satisfies the relation x4(MQ,) = y(MQ,) + 3

Proof is obtained using theorem 3.1 and lemma 4.1

Lemma 4.3: If CQpis the central graph of quadrilateral snake graph Q, then its
domination number is y(CQ,) = 2n

Proof:

Let D, = {v},vi, v}, v3/1<i<n-1}.

Clearly each node in V-Dj has atleast a neighbour in D and the dominating set
DS has the minimum cardinality.

Hence the domination number of CQ,, is given by y(CQ,) = 2n.

Corollary 4.4: If CQ, is the central graph of quadrilateral snake graph then it
satisfies the relation y4(CQ,) = y(CQ,) + 3

Proof is obtained using theorem 3.3 and lemma 4.3

Lemma 4.5: If LQ, is the line graph of quadrilateral snake graph @, then its
domination number is y(LQ,) =n + 1

Proof:

Let D, = {e{ /1< i <n}U {e}}. Clearly each node in V-D, has atleast a
neighbour in D and the dominating set D, has the minimum cardinality.

Hence the domination number of line graph of quadrilateral snake graph @, is
y(LQ,) =n+1.

Corollary 4.6: If L@, is the line graph of quadrilateral snake graph @, then it
satisfies the relation y;(LQ,) = y(LQ,) + E]

Proof is obtained using theorem 3.4 and lemma 4.5.

5. Relation between Dominator coloring number of quadrilateral
snake graph with Middle graph, Total graph, Central graph and
Line graph
Theorem 5.1: If MQ, is the middle graph of a quadrilateral snake graph @, then
the dominator coloring number satisfies the relation

Xa(Q) +3 whenn =2

Xd(Qn) + In ; :

Proof: This theorem is obtained using theorem 2.1 and 3.1.

Theorem 5.2: If TQ, is the total graph of quadrilateral snake graph Q, then the
dominator coloring number satisfies the relation

Q) +2 whenn=2

xa(Q,) + E] when n > 2

Ad (MQn) =

] when n > 2

Xd (TQn) =
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Proof: This theorem is obtained using theorem 2.1 and 3.2.
Theorem 5.3: If CQp, is the central graph of quadrilateral snake graph @, then
the dominator coloring number satisfies the relation
_(xa(@Q)+ 3 whenn =2
Xa(CQn) = {Xd ©Q,)+2n—-2 whenn>2
Proof: This theorem is obtained using theorem 2.1 and 3.3.
Theorem 5.4: If L@, is the line graph of quadrilateral snake graph Q,, then the
dominator coloring number satisfies the relation x4 (LQ,) = x4(Q,)
Proof: This theorem is obtained using theorem 2.1 and 3.4.
Theorem 5.5: If MQ,and TQ, are the middle graph and the total graph of
quadrilateral snake graph @, then the dominator coloring number satisfies the
relation
(x4(TQ,) whenn(mod 2) =1
Xa(MQr) = [Xd (TQ,)+1 whenn(mod2)=0
Proof: This theorem is obtained using theorem 3.1 and 3.2.
Theorem 5.6: If MQ, and CQ, are the middle graph and the central graph of
quadrilateral snake graph @, then the dominator coloring number satisfies the
relation

n
xa(MQ,) +3 (IE = 1) + 2 whenn(mod 2) =1
Xa (C(Qn)) = n
xaMQ@,) +3 (li — 1) whenn(mod 2) =0
Proof: This theorem is obtained using theorem 3.1 and 3.3.

Theorem 5.7: If MQ, and LQ, are the middle graph and the line graph of
quadrilateral snake graph @, then the dominator coloring number satisfies the
relation

n+1
Xa(LQn)+[———2 ] whenn > 3

Xa(MQn) = xa(LQ,) +3 whenn =2
Xa(LQ,) +2 whenn =3
Proof: This theorem is obtained using theorem 3.1 and 3.4.
Theorem 5.8: If TQ, and CQ, are the total graph and the central graph of
quadrilateral snake graph @, then the dominator coloring number satisfies the
relation

Xa(TQy) +3 [1—11 —1 whenn(mod2) =1
Xa(CQy) = N

Xa(TQy) +3 [ 7 l -2 whenn(mod2) =0

Proof: This theorem is obtained using theorem 3.2 and 3.3.

Theorem 5.9: If TQ,and and LQ,are the total graph and the line graph of
quadrilateral snake graph @, then the dominator coloring number satisfies the

relation
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(T0.) = Xa(LQn)+2 when2<n<3
ol Xd(LQn)"'"FZl‘I whenn > 3

Proof: This theorem is obtained using theorem 3.2 and 3.4.
Theorem 5.10: If CQ, and LQ, are the central graph and the line graph of
quadrilateral snake graph Q, then the dominator coloring number satisfies the
relation
L) +n+1 <ns<
1,(CQ.) = {xd( Q.)+n+1 when2<n<3

Xa(LQy) +2n-2 when n> 3
Proof: This theorem is obtained using theorem 3.3 and 3.4.
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