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Abstract

Frank Harary and Allen J. Schwenk have given a formula for
counting the number of non-isomorphic caterpillars on n vertices
with n > 3. Inspired by the formula of Frank Harary and Allen
J. Schwenk, in this paper, we give a formula for counting the number
of non-isomorphic caterpillars with the same degree sequence.
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1 Introduction

For any tree T of order n > 3, the derived tree 7" is formed by deleting
all the pendant vertices of T. The tree T is called caterpillar if it’s derived

tree T” is a path.

In 1973, Frank Harary and Allen Schwenk [2] provided an elegant
formula for counting the number of non-isomorphic caterpillars on n ver-
tices with n > 3, to be C, = 2"~ + 9l*7*). Inspired by the formula of
Frank Harary and Allen J. Schwenk, in this paper, we provide a formula
for enumerating the number of non-isomorphic caterpillars with the given
degree sequence.
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2 Main Result

To prove our main result, we prove the following basic lemma which estab-
lishes the necessary and sufficient condition for given two caterpillars with
their respective degree sequences to be isomorphic or not.

For the convenience, we call the derived tree T” of a caterpillar tree
T as the base of T and the vertices that lie in 7" are called the base vertices
of the caterpillar tree T. The caterpillar tree T' and its base T" : upuju2u3
are shown in Figure 1 and 2 respectively.
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Figure 1: The caterpillar tree T

Figure 2: The derived tree(base) T” of the caterpillar tree T

Basic Lemma. Two caterpillars Ty and Ty with the degree sequemnces
(005 €1 - Ok 15820 5=2€) and (f, 1 o fies 1500 5=2) respectively (c and
fi,0 < i< k are the degree of the base vertices of the caterpillars Ty and T3,
taken in the left to the right order respectively) are isomorphic if and only
if either ¢; = f;, for eachi, 0 <1< k or ¢; = fx—i, for eachi, 0 <i < k.

Proof. Let Ty and T; be two caterpillars having the degree sequence
(Coy C1y +vvy City 1 Z4=0 %=2%Y and (fo, f1y - fiey 126=05=2%) respectively. Here
c; and f;,0 < ¢ < k are the degree of the base vertices of the cater-
pillars T} and T3, taken in the left to the right order respectively. Let
(ug,uq,u2, ..., ux) and (vo,v1,v2,...,vx) be the ordered base vertices of T}
and T3 respectively, where the path T : upujus....uy is the base of T} and
the path T} : vyvvs....v is the base of T,. Here the vertices uy and vg are
the left penultimate vertices of T and T, respectively while u and vy, are
the right penultimate vertices of T} and T respectively, also u; and v;, for
1 <i <k —1 are the internal vertices T} and T, respectively.

Suppose Ty and T, are isomorphic. Then there exists a bijection
h: V(T1) = V(T>) such that uv € E(T}) if and only if h(u)h(v) € E(T3).
Consequently, the number of vertices and the number of edges are equal as
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well as the degree sequence of T and T; are the same. In any isomorphism
h : V(T;) = V(T3), the penultimate vertices of T} are mapped only to the
penultimate vertices of T2. Thus, either h(up) = vy and A(ux) = v or
h(ug) = v and h(ux) = vy.

Case 1. When h(ug) = v and h(ug) = v
Then, as h being an isomorphism, h(u;) = v, for 1 <t < k-1,
hence ¢; = fi, for each 1,0 <1 < k.

Case 2. When h(up) = v and h(ux) = v
Then, as h being an isomorphism, h(u;) = vg_, for 1 <t < k-1,
hence ¢; = fx_;, for each 4,0 <1 < k.

Thus it follows from the above two cases, either ¢; = f;, for each,0 <i <k
or ¢; = fk—i, for each 7,0 <z < k.

Conversely, suppose either ¢; = f;, for each 7,0 <i < k or ¢; = fi—i,
for each 1,0 <1 < k, where ¢; and f;,0 <1 < k are the degree of the base
vertices of the caterpillars T and T3, taken in the left to the right order
respectively. Then, in either case, the number of pendant vertices in T,
> t—o ¢i — 2k is equal to the number of pendant vertices in T2, Zf:o fi—2k.
This obviously implies that, the number of vertices of Tj and that of 77 are
equal. Since ¢; = f;, for each 7,0 < i < k or ¢; = fx—4, foreach 1,0 <7 <k,
it is clear from The Handshaking Theorem [1] the number of edges of T} and
that of T, are equal. Let ug,uy, ..., ux and v, vy, ..., Uk are the base vertices
of Ty and T, respectively with d(u;) = ¢; and d(v;) = f; for 0 < i < k.
For each 4,1 < ¢ < k—1, let ujy,usy, .y i, _, and v, v4,...,0;, _, be
pendant vertices which are adjacent to the vertex u; of T} and v; of Tp
respectively. Also let w;,uiy, ..., u;,,_, and vi, Vi, .., Viy,_, be the pendant
vertices which are adjacent to the vertex u; of T and v; of T5 respectively,
for i =0 and k.

Case 1. When ¢; = f;, for each 7, 0 < i < k.

Define amapr : V(T1) — V(T3) by r(u;) = v;, foreach,0 < i < k.
Also for each 7,0 < i < k, define r(u;;) = v;;, for each 5,1 < j < ¢ — ¢,
where

1 ifi=0andk
T2 if1<i<k-1

It is clear that the mapping r preserves the adjacency between T and T3,
Hence T} = T5.

Case 2. When ¢; = fi_;, for each ¢, 0 <i < k.
Define a map g : V(T}) — V(T3) by g(ui) = vk—i, for each 3,0 <1 < k.
Also for each 7,0 <17 < k, define g(us;) = v(k—i),» foreach7,1<j<c¢—a
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where

S 1 ift=0andk
w2 f1<i<k =1

It is clear that the mapping g preserves the adjacency between T; and Ts,
Hence T = Ts. 0O

To obtain the formula for counting the number non-isomorphic cater-
pillars with the same degree sequence we also use the following lemmas.

Lemma 1. Let A = {dy, dy,...,di} be finite multi-set contains k + 1 non-
negative integers then the number of multi-set permutations of A is ﬁ-’;iigi—“
where Sp, 81, ..., Sp, for some p,0 < p < k are the multiplicities of the ele-

ments of A taken in some order.

The Lemma 1 is a well-known result, refer [3]. A permutation ¢
generated from the multi-set A = {dy, dy,...,dx} is called palindromic if

(i) = ¢(k —14), 0<i < |3).

Lemma 2. The number of palindromic permutations from the set of all
permutations generated from the multi-set A = {dy, dy, ..., dx} is

L
_2__’—1'1*’[0 ]Ll_} i i k is even and exactly one s; is odd
L= or if k is odd and each s; is even
0 otherwise

where sg, 81, ...,5p, for some p,0 < p < k are the multiplicities of the ele-
ments of A taken in some order.

Proof. Let S denote the set of all permutations generated from the multi-
set A = {do,dy,...,dx} having the multiplicities sg, sy, ...,sp, for some p,
0 < p < k of the elements of A taken in some order. Let I denote the
number of palindromic permutations of the set S. We determine the L, in
two cases depending on whether k is odd or even.

Case 1: k is odd

Then |A| = k+1 is even. By definition, any palindromic permutation
¢ € S can be considered as a permutation of the form ¢(0)¢(1)- - - ¢(k—‘2’l)
$(EEL) - - ¢(k) with ¢(3) = ¢(k—1),0 < i < 551, The part ¢(0)p(1) - - - $(E5L)
of ¢ is referred as the left of ¢ and the part q‘>(%ﬂ) (k) of ¢ is referred
as the right of ¢. As k 4+ 1 is even, for each distinct element 2 € A with
multiplicity s(z) = s;, for some 7,0 < 7 < p, then exactly -“5231 times x
should lie on the left of ¢ and the remaining %Z times z lie on the right of
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¢. Therefore, ﬂ2£l should be an integer. This implies that the multiplicity
s(z) = s; is even for every 1,0 < 7 < p. Hence, when k is odd, the set
S contains palindromic permutation only when every s; is even for each
1,0 <4 < p. Thus, under the case of k being odd, the set S does not have
any palindromic permutation if any of the multiplicity of the elements of A
is odd.

Define the multi-set B C A in the following way. For each distinct
element z € A with the multiplicity s(z), then the set B contains the

element z with the multiplicity 2(221 Thus [B| = 1%1 = 5;21"_1

Then it is clear that each permutation o generated from the multi-
set B induces a unique palindromic permutation ¢ € S which is defined
as ¢(i) = ¢(k —i) = o(i), 0 < i < 5L, Conversely, each palindromic
permutation ¢ € S induces a unique permutation ¢ on the multi-set B
which is defined as o(i) = ¢(i), 0 < i < 5%, Therefore the number of
permutations generated from the multi-set B is equal to the number of
palindromic permutation belonging to the set S. By Lemma 1, the number

k41
of permutations generated from the set B is —‘7,4;-2}, Hence the number of

=0 2
. : : . (B !
palindromic permutations of the set S is HZ 7 = H"fzi’t e L. Thus,

it follows that if any one of the elements of A has odd multiplicity then
L=0.

Case 2: k is even

Then |A| = k 4+ 1 is odd. By the definition of palindromic permuta-
tion, any palindromic permutation ¢ € S can be considered a permutation
of the form ¢(0)¢(1) - -- #(552)(5)d(XE2) - - - $(k), with ¢(3) = ¢(k — i),
0<i< % The part ¢(0)¢(1)- - d)(%g) of ¢ is referred as the left of ¢;
the part ¢(52)--- (k) of ¢ is referred as the right of ¢ and ¢(%) of ¢ is
the middle of ¢. As k+ 1 is odd, alteast one distinct element z € A should
have an odd multiplicity.

Claim: Exactly one distinct element of the set A has odd multi-
plicity

Let z € A having odd multiplicity s(z), in any palindromic permu-
tation ¢ € S, exactly ’—(5%:1 times of z lying on the left of ¢, f%tl— times

of z lying on the right of ¢ and the middle of ¢, ¢(£) = z. Suppose that
if there exist another distinct element y € A, ¥ # z which also has odd
multiplicity s(y), in any palindromic permutation ¢ € S, there are exactly
’;(3%—‘—1 times of y lying on the left of ¢, 1(92),'—1 times of y lying on the right
of ¢ and the middle of ¢, ¢(£) = y. This would imply that y = «, which
is a contradiction to our assumption that = # y. Hence there is exactly
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one distinct clement say z* € A having odd multiplicity while all the other
distinct element of A have even multiplicity.

Hence, when k is even, the set S contains a palindromic permutation
only when all the multiplicity s;,0 < i < p are even with the exception of
exactly one multiplicity s; being odd. It is clear that for all the other cases
which are based on the nature of the multiplicity of s}s the set S does not
have any palindromic permutation.

Define the multi-set C C A in the following way. For each distinct
clement z # z* € A with the multiplicity s(z), the set C contains the

clement z with multiplicity %’l and C also contains the element z* € A
with multiplicity ’—(5—22———1 Thus |C| = lﬁ{u = £,

It is clear that each permutation o generated from the multi-set
C induces a unique palindromic permutation ¢ € S which is defined as
o(i) = é(k —1i) = o(i), 0 < i < 52 and ¢(§) = z*. Conversely,
each palindromic permutation ¢ € S induces a unique permutation o on
the multi-set C which is defined as o(i) = ¢(¢), 0 < i < % There-
fore, the number of permutations generated on the multi-set C is equal
to the number of palindromic permutations that belong to the set S. By
Lemma 1, the number of permutations generated from the set multi-set C

: (N

is Hence the number of palindromic permutations from the set

7., L(—;* D :
: AN | ) LISt . . .
Sis T (2]~ 5T = L. Thus, it follows that either if A has two

or more distinct elements with odd multiplicity or all the distinct elements
of A have even multiplicities, then L = 0. ()

The following theorem provides a formula for counting the number
of non-isomorphic caterpillars with the same degree sequence.

Theorem 1. The number of non-isomorphic caterpillars onn > 3 vertices
having the degree sequence dy,dy,...,dg, 1" %=1 d; > 2, for 0 < 7 < k 1is

% (ﬁ’;*’—l)—lf + L), where

i=0 9
(51 el :
ANET] if k 1is even and ezactly one s; is odd
L= or if k is odd and each s; is even
0 otherunse

and s;, for1,0 < i < p are the multiplicities of the elements of the multi-set
A= {dy,dy,...,dx}.

Proof. Let (do, d1, ..., dk, 1*7F=1),d; > 2, for 0 < i < k be the degree se-
quence of a caterpillar with n > 3 vertices. By the definition of caterpillar,
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a vertex v has degree > 2 if and only if v should be a base vertex. This im-
plies that the terms dp, dy, ..., di. of the degree sequence dy, dj, ..., dk, n—k-1
are the degree of the k 4+ 1 base vertices of the caterpillar.

Let uguqusg....ur be the base of such caterpillar having the degree
sequence do,dy, .., dk, 1n=k=1 4. > 2 for 0 < i < k. Then the degrees
d(ug), d(u1), - - - ,d(uk) should satisfy d(uo) = day,d(u1) = da,, ... d(ux) =
day, Where {das,da,, - .. da, } = {do, d1, .., di}. Therefore (d(uo), d(vy), ...,
d(u)) is nothing but some arrangement of the elements of the multi-set
A = {dp,dy,...,dx}. Conversely, for each arrangement (do,,da;,...da,)
on the elements of the multi-set A induces a caterpillar having the de-
gree sequence (dg, d1, ..., dk, 1"~¥~1) with the base uoujus....ug, such that
d(u;) = da,0 < 1 < k. Therefore the number of all possible caterpillar
with (do, di, ..., dk, 1"~%~1) as the degree sequence is equal to the number
of all possible arrangements on the elements of the multi-set A.

It is clear that an arrangement (dy,, dy,, - - - da, ) of the multi-set A
is essentially a permutation ¢, generated on the multi-set A such ¢(i) =
do,,for 0 < i < k. By Lemma 1, the number of all possible permutations

generated on the multi-set A is k+ol 1, = R, where sg, 51, - - 5, denotes the

multiplicities of the elements of the set A taken in some order. Hence there
are R caterpillars each having the degree sequence (dy, dy, ..., di, 1" ~%~1).
As non-isomorphic caterpillars can also have the same degree sequence, all
the R caterpillars generated here need not be non-isomorphic.

Let S denote the set of all permutation ¢, generated on the multi-set

A. Note that for a member ¢ = ( ¢?0);(1)'_:'_ ¢(’L)) € S the reverse permutation

of ¢ denoted ¢ = ( ¢((,)c) ¢(lk_i')'_._ ¢lZ0)) also belongs to S.

Define a subset Sy of the set S by S; = {¢€ 5:¢F =¢}. Let
Sy, = § — 8;. Then it is clear that § = S; U S and S; NSz = ¢. Thus

S| = |51] + |S2].
The number of non-isomorphic caterpillars defined from all permu-
tations belonging to S is nothing but the number of non-isomorphic cater-

pillars defined from all permutations belonging to S} plus the number of
non-isomorphic caterpillars defined from all permutations belonging to Ss.

Claim.1 : The set of all caterpillars, which are defined from the
permutations belonging to S; are mutually non-isomorphic

Observe that any two members ¢, u € S; with ¢ # u then ¢ # uF
and ¢f # u, then by Basic Lemma, the caterpillars Ty, defined from the
permutation ¢ and the caterpillar T}, defined from the permutation u are
non-isomorphic. This implies that all the caterpillars that are generated
from the permutations belonging to S; are mutually non-isomorphic.
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In order to determine all the non-isomorphic caterpillar that are gen-
crated from the permutations belonging to S; we define two subsets .53 and
Sy of the set Sy in the following way. Take a member ¢ € S,, then assign ¢
in S and assign its unique reverse ¢ in S4. It is clear that S, = S5 U S5
and SN Sy = ¢, thus |S2| = |S5| + |55 | By the definition of the sets, S,
and Sy, |S5| = |54| = 2L,

Observation.1 : By Basic Lemma, for each ¢ € S; the caterpillar defined
from ¢, Ty is isomorphic to the caterpillar Tyr defined from the corre-
sponding permutation ¢ € SY and conversely. Thus the set of caterpillars
defined from the permutations of the set S} and that of S are identical.

Claim.2: The set of all caterpillars, which are defined from the
permutations belonging to S, are mutually non-isomorphic

By the definition of S}, any two members ¢, i € S}, with ¢ # p then
¢ # u® or R # p. By Basic Lemma, the caterpillars T}, defined from
the permutation ¢ and the caterpillar T),, defined from the permutation
p are non-isomorphic. This implies that all caterpillars defined from the
permutations belonging to S5 are mutually non-isomorphic.

By Claim 1, Observation 1, Claim 2 and from the fact that S1 NS5 =
¢ and $;NSY = ¢, [since S and SY are the subsets of 5, and S;NS, = @], it
follows that the number of non-isomorphic caterpillars defined from all per-
mutations belonging to S is nothing but the number of caterpillars defined
from all the permutations belonging to Sy plus the number of caterpillars
defined from all the permutations contained exclusively in 55 [or exclusively
in S7]. Thus, the number of non-isomorphic caterpillars having the degree
sequence (do, d1, ..., dk, 1"~5~1) is equal to |Sy|+|Sj|. Since the set Sy con-
tains all the palindromic permutations generated on the set A, By Lemma
1, the number of palindromic permutation,

% if k& is even and exactly one s; is odd
i=0

151l =L= or if k is odd and each s; is even
0 otherwise

Hence the total number of caterpillars on n > 3 vertices having the degree
sequence dg, dy, ..., d, 1"~%=1 is = |Sy| + || = L+ Bl = 4 BIZL

(k+1)1
l§l2+_b = % (H‘:ols.-l + L) =
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