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Abstract

In this paper, we introduced a new concept called nonsplit mono-
phonic set and its relative parameter nonsplit monophonic number
Mns(G). Some certain properties of nonsplit monophonic sets are
discussed. The nonsplit monophonic number of standard graphs are
investigated. Some existence theorems on nonsplit monophonic num-
ber are established.
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1 Introduction

Throughout this paper, we consider the graph G = (V, E) which is simple,
finite, undirected connected graph of order n and size m. For basic nota-

tions, we refer to Harary [4]. The length of a shortest z-y path in G is

JCMCC 112 (2020), pp.253-262



the distance (1] d(z, y) between two vertices z and y in a connected graph

G. An z-y path of length d(z,y) is called an z-y geodesic. "The distance

between v and a vertex farthest from v is the eccentricity e(v) of v”. It

is defined that radius as rad G = min(e(v)) and diameter as diam G =

maz(e(v)) of G. "The set N (v) consisting of all vertices which are adjacent
with v is the neighborhood of a vertex v”. "The vertex v is said to be an
extreme vertez of G if the subgraph induced by its neighbors is complete” .
"For a cutvertex z in a connected graph G and a component H of G—z, the
subgraph H and the vertex z together with all edges joining z and V(H) is
called a branch of G at z. A geodetic set of G is a set S C V(G) such that
every vertex of G is contained in a geodesic joining some pair of vertices in
S. The geodetic number g(G) of G is the cardinality of a minimum geodetic
set. The geodetic number of a graph was introduced and studied in [2, 3, 5].
A set of vertices S of G is a nonsplit geodetic set if S is a geodetic set and
the subgraph induced by V — S is connected. The minimum cardinality
of a nonsplit geodetic set is called a nonsplit geodetic number of G. The
concept of nonsplit geodetic number studied in [8]. A vertex z is said to lie
on a u-v geodesic P if z is a vertex of P and z is called an internal vertez
of P if £ # u,v. A chord of a path uj,us,...,u, in G is an edge u;u;
with j > 4 4 2. For two vertices u and v in a connected graph G, a u-v
path is called a monophonic path if it contains no chords. A monophonic
set of G is a set S C V(G) such that every vertex of G is contained in
a monophonic path joining some pair of vertices in S. The monophonic
number m(G) of G is the cardinality of a minimum monophonic set. The

concept of monophonic set was introduced in [6, 7]".

The following theorem is referred in this paper.

Theorem 1.1  ”Every extreme vertex of a connected graph G belongs to

each monophonic set of G. In particular, if the set S of all extreme vertices
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of G is a monophonic set of G, then S is the unique minimum monophonic
set of G”.

2 Nonsplit monophonic number

Definition 2.1 A set S of vertices in a connected graph G is a nonsplit
monophonic set if S is a monophonic set and the subgraph induced by
V — S is connected. A nonsplit monophonic set of minimum cardinality
is a minimum nonsplit monophonic set and this cardinality is the nonsplit

monophonic number mny(G) of G.

Figure 2.1: G

It is clear that the set $ = {v2,v5} is a monophonic set and so m(G) = 2.
It is noticed that the subgraph induced by V' — S is disconnected. It is
checked that no 3-element subsets of vertices is a nonsplit monophonic set.
It is easily verified that the sets Sy = {vq,vs,v5,98}, Sa = {vy,vs,v6,v7}

are the minimum nonsplit monophonic set and myu,(G) = 4.

For the graph G shown in Figure 2.1, it is observed that the monophonic

number of a graph is different from nonsplit monophonic number of a graph.

It clear that an monophonic set needs at least two vertices and so
m(G) > 2. Also the nonsplit monophonic set of G is a monophonic set
of G and the set of all vertices of G is a nonsplit monophonic set, so that

M, (G) < n. Hence we have the following theorem.
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Theorom 2.2 For any connected graph & of order n, 2 < m(@) <

Mpa(G) = 0.

Romark 2.8 We observe that the bounds in 2.2 are sharp. For the
complete graph Ky, (n > 2), mya(K,,) = n. The set of two end vertices of
a path Py(n > 2) is its unique minimum monophonie sel so that m(P,) =
2. Thus the complete graph I, has largest possible nonsplit monophonic
number n and that non-trivial paths have the smallest monophonic number
2. Tor the graph G shown in Figure 2.1, m(G) = 2 and my,(G) = 4 and

hence the Theorem 2.2 is strict.

Since every nonsplit monophonic set of a graph G is also a monophonic

set of a graph G, the next theorem follows from Theorem 1.1.

Theorem 2.4  Every nonsplit monophonic set of a graph G contains its

extreme vertices.
Corollary 2.5  For the complete graph K, (n > 2), my(K,) = n.

Theorem 2.6 For a connected graph G of order n, m,(G) = n if and

only if G = K,,.

Proof. If G = K, then by Theorem 2.4, m,,(G) = n. Conversely, if
Mps(G) = n, then either G = K, or there exists a graph G for which the
set of all vertices forms minimum nonsplit monophonic set. If G = Ky, then
there is nothing to prove. Suppose if there exists a graph G for which the
set |S| of all vertices forms minimum nonsplit monophonic set, then each
vertex in |S| must be either extreme or not lies on any = — y monophonic
path for z,y € S. With out loss of generality, let u be only one vertex

which is not lies on any  — y monophonic path for z,3 € S. Then it
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must be adjacent to all other vertices in S. It is clear that u is an extreme

vertex. This implies that the set S contains only extreme vertices. Hence

G = Kn- D
Theorem 2.7 For any cycle G = Cp(n > 4), mp,(G) =3

Proof. Let the cycle G = Cp(n > 6) be Cy, : v1,v2,...,vn,v1. It is clear
that S = {v,v3} is a minimum monophonic set of G so that m(G) = 2.
It is noticed that the subgraph induced by V — S is not connected. Let
Sy = {v1,v2,v3}. It is easily verified that the set S; is a minimum nonsplit

monophonic set and so mns(G) = 3. a
Theorem 2.8  For any path Pp(n > 3), mny(G) = 2.

Proof. Consider the Path P, = vjvovs...Up_1¥s. It is clear that set S =

{v1,v,} forms minimum nonsplit monophonic set and so m,,(G) =2. 0O

Now, we discuss that the connected monophonic number of a graph G
is different from nonsplit monophonic number of a graph G. For the Path

P,., connected monophonic number is n varies as the nonsplit monophonic

number is 2.

Theorem 2.9  For the complete bipartite graph G = K, ,(2<r < s),

{

3 if 2=r=s

Mns(G) =<4 if 2=r<s-

4 if 3<r<s.

Proof. Let U = {uy,uz,...,ur} and W = {wy,w2,...,w,} be the pé.rtite

sets of G.
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For r = s = 2, we have G = K, = Cj, the set S = {u;,u2, w1} form a

minimum nonsplit monophonic set and m,,,(G) = 3.

For 2 =r < s, the set S = {uy,up, wy, wy,...,w,_1} forms a minimum

nonsplit monophonic set. Hence mp(G) = s+1.

For 3 < r < s, it is clear that no 3-element subset of vertices of G
is a nonsplit monophonic set of G so that m,,(G) > 4. Let S be any
set of four vertices formed by taking two vertices from each of U and W.
Then it is easily verified that S is a nonsplit monophonic set of G so that

Mns(G) = 4. O
Theorem 2.10 For any wheel W, = Kj + Cr_1(n > 5), mns(Wn) =2

Proof. Let W,, = K 4+ Cp_1(n > 5). Since the set S = {vi,v;}(j = i+1)
is a nonsplit monophonic set of Wy, it follows that m,s(Wn) = 2. O

Problem 2.11 Characterize the graph G for which mn,(G) = 2.

Theorem 2.12 If G is a connected graph with a cutvertex v, then ev-
ery nonsplit monophonic set of G contains at least one vertex from each

component of G — v.

Proof. Let v be a cutvertex of G. Let Gy,Gz,...,Gk(k > 2) be the
components of G —v. Let S be an nonsplit monophonic set of G. Suppose
that S contains no vertex from a component, say G;(1 < i < k). Let u
be a vertex of G;. Then by Theorem 2.4 u is not an extreme vertex of G.
Since S is an open monophonic set of G, there exist vertices z,y € S such
that u lies on a z-y monophonic path P : z = ug,uy,u2,...,4,...,u =¥
with u # z,y.Then the z - « subpath of P and the u - y subpath of P both
contain v. Hence it follows that P is not a path, which is a contradiction.

Thus every nonsplit monophonic set of G contains at least one vertex from
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the component of G —v. O

Corollary 2.13  For any tree T', the nonsplit monophonic number m,,(T)
equals the number of end vertices of T. In fact, the set of all end vertices

of T is the unique minimum nonsplit monophonic set of T'.

Proof. This follows from Theorem 2.4 and 2.12. O

Theorem 2.14  For any integer n > 4, there exists a connected graph G

of order n such that m(G) =n—2 and mps =n—1.

Proof. Let us take the cycle Cy : vjvovsvs. Now, join the new set of
vertices {wy,w2,...,Wn—4 with the vertex v2 and also join the same set
of vertices with v3. Hence the graph G of order n shown in Figure 2.2 is

obtained.

Wpn—4

Figure 2.2: @
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The set S = {vy,v4, w1, w2, ...,Wn_4} forms a minimum monophonic

set and m(G) = n — 2. It is easily verified the subgraph induced by V' — 8§

is not connected. S is not nonsplit monophonic set. Now, the sets Sy
SU {v;} and S; = SU {v3} are the minimum nonsplit monophonic sets of
G and my,(G) =n—1.

O

Theorem 2.15 For any integer n,a > 3 and n — a > 2, there exists a

graph G of order n with m(G) = a and m,,(G) = a + 2.

Proof. Let Cp_g42 : v1v9,93...,VUn—qa+2v1 be the cycle of order n — a +
2. Join a each vertex z to the vertices v; and v3 and add the vertices

wy, Wy, ..., We—2 t0 z. Thus the graph G of order n shown in Figure 2.3 is

obtained.
Vit2 o Vn—ai2 WY wy
w2
Cn—a+2 .
Vi1 .
Waq_2
Vi V4 3
Figure 23: G
The set S = {v1,v3,w1,ws,...,wa—2} forms a minimum monophonic

set and m(G) = a. It is clear that the S is not nonsplit monophonic set

of G. Let Sy = SU {z,v2}. It is easily verified that the set S; is nonsplit

monophonic set. Hence mys(G) = a+2.

We leave the following problem as an open question.
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Problem 2.16  Characterize the class of graphs G for which mn,(G) =

n.
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