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Abstract

Let G = (V, E) be a graph. A total dominating set of G which in-
tersects every minimum total dominating set in G is called a transver-
sal total dominating set. The minimum cardinality of a transversal
total dominating set is called the transversal total domination num-
ber of G, denoted by 7:(G). In this paper, we begin to study this
parameter. We calculate +;¢(G) for some families of graphs. Further
some bounds and relations with other domination parameters are ob-

tained for 7:¢(G).
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1 Introduction

Let G = (V,E) be any graph with n vertices and m edges. For any
graph theoretic terminologies not defined here, refer to the book by Bondy
and Murthy [1]. One of the fastest growing areas in graph theory is the
study of domination and related subset problems such as independence,
covering and matching. In fact, there are scores of graph theoretic con-
cepts involving domination, covering and independence. The bibliography
in domination maintained by Haynes et al. [2]| currently has over 1200
entries; Hedetniemi and Laskar [4] edited a recent issue of Discrete Mathe-
matics devoted entirely to domination, and a survey of advanced topics in
domination is given in the book by Haynes et al. [3]. In spite of all possible
variations, so we may find only a limited number of basic domination pa-
rameters means that the domination parameter defined for all non-trivial
connected graphs. For instance, we have the domination parameters like
total domination, independent domination, connected domination, isolated
domination and paired domination are some basic domination parameters.
Recently, one more basic domination parameter was introduced by Ismail
Sahul Hamid [5] namely independent transversal domination. This param-
eter is a combination of two graph invariants namely independence and
domination.

In this paper by a graph G, we mean a non-trivial, finite, undirected
graph with neither loops nor multiple edges.
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2 Basic definitions and Notations

Let G be any graph and v be any vertex in G. Then, the open neigh-
borhood of a vertex v is denoted by N(v) and is defined by N(v) = {u €
V|uv € E}, the set of all vertices adjacent to v. The closed neighborhood
of v is denoted N[v] and defined by N[v] = N(v) U {v}. For any sub-
set S of G, the open and closed neighborhoods of S in G is defined by
N(S) = UpesN(v) and N(S) = UyesN[v]. A graph H is called the sub-
graph of G if G contains all the vertices and edges of H. For any subset S
of V(G), the sub-graph induced by the set S is denoted (S). For a graph
G, § = §(G) denotes the minimum degree of a vertex in G and A = A(G)
denotes maximum degree of a vertex in G.

A subset S of vertices is called a dominating set if every vertex in V (G)
is either belongs to S or adjacent to some vertex in S. The least cardinality
of a minimal dominating set is called the domination number, denoted
by 7(G). A dominating set S in G is called an independent transversal
dominating set if it intersects every maximum independent set in G. The
minimum cardinality of an independent transversal dominating set of G is
called the independent transversal domination number in G, denoted by
7it(G). The Line Graph H of a graph G is a graph with V(H) = E(G) and
any two vertices in H are adjacent if the corresponding edges are incident
in G.

Definition 2.1. The multi-star graph K,(a1,a2,...,8m) is a graph of

order ay +as + - - - + a;, + m formed by joining a1, as, ..., a, end-edges to
m vertices of K. For ezample, Ko(a1,a2) is a double star.

Definition 2.2. The join G = GV G2 of graphs Gy and Gy with disjoint
vertez sets V; and V5 and edge sets Ey and Es is the graph union G; U G»
together with all the edges joining Vi and V.

Definition 2.1. The corona G1 0 G2 s defined as the graph G obtained by
taking one copy of Gy of order ny and ny copies of Ga, and then joining
the i’th node of Gy to every node in the i'th copy of Gs.

As usual given a real number z, |z| denotes the greatest integer less
than z and [z] denotes the smallest integer greater than z.

3 Transversal Total Domination Number

Here, we define the transversal total domination number of a graph and
also we determine the transversal total domination number for some stan-

dard families of graphs
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Definition 3.1. A total dominating set S intersecting every minimum to-
tal dominating set in G is called a transversal total dominating set. The
minimum cardinality of a transversal total dominating set in G 1s called the
transversal total domination number of G and is denoted by v, (G). Any
transversal total dominating set S of G with |S| = ~,,(G) is called a ~y;-set.

Observation 3.1. Let G be a complete graph with n vertices. Then
’)’“(G) =n—1.

Observation 3.2. Let G = K ,_1 be a star with n > 2 vertices. Then
7ee(G) = 2.

Observation 3.3. Let G be any graph having unique vertez of degree n—1.
Then 74(G) = 1(G) = 7(G) + 1.

Proposition 3.1. Let G = K, , be a complete bipartite graph. Then
Yit (Km,n) = mzn{m, n} + 1

Proof. Let G = Ky, n, be a complete bipartite graph and let {V;, V2} be the
partition of vertex set of G such that [Vj| = m and |V2| = n. Assumem < n.
For any vertex v € Vs, take S = V; U {v}. Then S is a total dominating
set intersecting every minimum total dominating set in G. Hence 7, (G) <
m + 1. On the other hand, for any two vertices u and v taken from V; and
V> respectively, the set {u,v} will be the minimum total dominating set in
G and so G contains exactly mn minimum total dominating sets. Thus,
every vertex in V] corresponds to a distinct minimum total dominating set
in G. Further, V] is not a total dominating set as it contains an isolated
vertex, so we must have v,(G) > m + 1. Therefore 7.(G) = m + 1. i.e.,
7:¢(G) = min{m,n} + 1. O

Proposition 3.2. Let G = K m,,...m, be a multipartite graph with my <
ma, ..., <M. Then 74(G) =mi+mo+...+mp_y.

Proof. Let G = Kp,m,,.,m, be a multi-partite graph and let
{W1,V2,...,V;} be the partition of vertex set of G with |V;| = m;,1 <i < r.
Then, for each 7, every vertex of V; corresponds to a minimum total domi-
nating set in G. Let S be any transversal total dominating set of G. Sup-
pose 1 # 7 and let u, v be the vertices of V; and V; respectively, then either
u or v must be in S. For otherwise {, v} will be the minimum total dom-
inating set in G not intersected by .S, a contradiction. This contradiction
shows that no two sets V;, V; can lie outside S. Therefore, by the minimal-
ity we have v,(G) > m; +mg+---+m,_;. On the other hand U:.';IIV,- isa
transversal total dominating set in G of cardinality my + mo+---+my_1.
This proves that 7., (G) =m1 + mo+--- + mp—1. O
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Theorem 3.1. Let G be path with n > 2 vertices. Then

2, ifn=2,3;
Ye(Pn) =1: 3 ifn=0(mod §);
3+ %54, otherwise.

Proof. Let G = P, be a path with n > 2 vertices and let V(P,) =
{v1,v2,...,02}. If n € {2,3} then clearly 7,(G) = 2. Assume n ¢ {2, 3}.
We first note that any minimum total dominating set in G contains the ver-
tices {vp,v3}. First, suppose n = 0(mod 4). Then § = {v4i_2,v4-1|1 <
i < 2} is a unique total dominating set in G. Hence 7(G) = 1(G) = 2.
For otherwise, since any minimum total dominating set in G contains the
vertices from the set {vo,v3}, it follows that 7,(G) = 2+ 7:(G’) where G’
is the graph obtained by removing the vertices v1, v and its neighbors from
G. Then G’ = P,,_4 and 50 ¢ (G) = 2+ 4(Pn-4) =3+ [%’—4] 0

The Line graph of a Path P, with n vertices is the path graph P,_,
with n — 1 vertices. So we have the following corollary.

Corollary 3.1. For a path P, with n > 3 vertices, we have

2, ifn=34;
Tu(L(Pa)) = { 7 ifn=1 (mod 4);
3+ |252), otherwise.

—

+!O

Theorem 3.2. For any cycle Cn with n > 3, we have
n—1, ifn=23,4;
Y1t (Cn) = 2 if n > 5 and n = 0(mod4);

2
3+ 2%5] otherwise.

2

Proof. Let G = C, be a cycle with n vertices and let V(C,) =
{v1,v9,...,v,}. First, if » = 3, then G is a complete graph and so
74(G) = 2. Next, suppose n = 4. Then every pair of vertices will be
a total dominating set and so for any vertices u,v of G at least one ver-
tex must in a transversal total dominating set. Therefore v, (G) = n — 1.
Finally, assume that n > 5. Consider a sequence {v,vo} of two con-
secutive vertices in C,. Then, any minimum total dominating set in
C, should contain at least one of the vertex v;(1 < ¢ < 2). Therefore
Y(G) = 2+~,(H) where H is the graph obtained by removing the vertices
of the sequence and its neighbors from G. Clearly H = P,,_4. Therefore,

Y2t(Cr) = 24 Yt(Pn-4) =3+ [n_2—_4] O

Proposition 3.3. Let G be a firefly graph having t pendant paths. Then
’Yu (G) =t + 1.

234



Proof. Lot G be a firefly graph with the vertex set V(G) = {vy,va,...,v,}.
Suppase v, fs the vertex of G that Is common to the trinngles, pendent
edges and pendent paths in G. Then, clearly, the vertex vy dominates the
graph except the pendant paths, Let S he the set of support, vertices of the
pendant paths. Then | S| = ¢ and SU {v} Is a unique total dominating set

in G. Therefore, ¢ (G) = y(G) = t4- 1. 0
Proposition 3.4, Let G = K, (ay,ay,...,a,,) be a multi-star graph. Then
M (G) =m.

Proof. Let G = K,y(ay, az,...,a,) be a multi-star graph as shown in the
Figure 1. Then G contains a unique minimum total dominating set con-
sisting of all support vertices of G. Hence 4, (G) = y(G) = m.

Q| ¢ ¢ ay

a4 ajy

Figure 1:
O

Theorem 3.3. Let Gy and Gy be two connected graphs with ny and nq
vertices respectively. Then (G V Gp) = min{ny,na} if and only if
7¢(Gy), 7:(Ga) > 3. Further, for i,j € {1,2}, if ni < nj and G; contains
an isolated vertex, then (G V Ga) = n; + 1.

Proof. Let G| and G be two connected graphs with ny and no vertices
respectively. Suppose 4:(G1),7:(G2) 2 3. Then by the definition of join
of two graphs each vertex of Gy is adjacent to every vertex in G and vice
versa. Hence 7(Gy V Gg) = 2 and the y,—set is obtained by choosing one
vertex from V(G|) and another vertex from V(Gs). Clearly G contains at
least nyny minimum total dominating sets. By our assumption Gy V Gy
cannot have any other choices for y,—set. Moreover, each vertex in G; (i =
1,2) corresponds to a minimum total dominating set. As Gy and G2 are
connected graphs, it follows that 4, (G V Go) = min{ny,na}.

Conversely, on contradiction, we assume that 7,(Gy) = 7.(G2) = 2.
Any y,—set of G; (i = 1,2) is also a y,—set of Gy V G2. Therefore ~—set
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of Gy V Gy contains at least one vertex from each graph and so 4,(G, v
Gq) 2 min{ny,ng} + 1, a contradiction. This contradiction shows that
Y(G1), 7e(Ga) 2 3.

Next, Suppose ny < ng and G contains an isolated vertex, then V(G,)
will be a minimum dominating set but not a total dominating set as G,
contains isolated vertex. Thus for any vertex v € V(Gy), theset V(Gy)U{v}
will be a y¢—set in Gy V Gy. Therefore, 7 (Gy V Gp) = ny + 1. 0O

Proposition 3.5. Let G be any graph order n such that G = P,+H, where
H 1s any graph and 2 < p < n—2. Then

P+2, ifH'EC.h'
Ww(G)={ p+1, ify(H)=2and H%Cy;
P otherwise.

Proof. Suppose G = P, + H. Let § = {u,v} be a y,—set of H. Then
from theorem *** S’ = V(P,) U {u} will be the minimum transversal total
dominating set in G and so 4,(G) =p+ 1. If y(H) > 2, then V(B,) itself
a transversal total dominating set in G and so 4 (G) = p. O

Converse of the above Theorem is not true as the graph G = Cy has
the transversal total domination value 3 but there is no graph H and an
integer p such that G = K, + H.

Proposition 3.6. Let G = W,, be a wheel on n > 4 vertices. Then

Stiafn=495
e (Wn) = { 2 :{thenviie.

Proof. Let G = W,, be a wheel with n vertices. Then W,, = K; Vv Cr,_;
where C,,_y is a cycle with n — 1 vertices and K, is a complete graph of
order one. If n = 4, then Wy is a complete graph and so v, (W,,) = 3.
Suppose n = 5, then from the above Proposition 4., (W,) = 3. Suppose
n > 6. Then 4;(Cy—1) > 3 and hence from Theorem 3.3 it follows that

’Y“("Vn) = 2. O

Theorem 3.4. Let Gy and Gy be two connected graphs with ny and nq
vertices respectively. Then

_ | 41, ifny <ng and 44 (Go) = 2;
’)’u(Gl \Y GQ) “ { ng + 1, ifng < ny and ’Yu(Gl) =2.

Proof. Let Gy and Gy be two connected graphs with n; and ns vertices
respectively. We first assume that ny < no and 7.(Gg) = 2. For any ., —set
S of Gy, we have the set V(G) U {v} where v € S will be a transversal
total dominating in G; V Go. But V(G),) itself is not a transversal total
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dominating set in Gy VGy since S'is a y,—set in Gy VG disjoint from V(G)).
Therefore, V(Gy)U{v} will be a minimum transversal total dominating sct
in Gy V Gy proving that v, (G V Ga) = ny + 1. 0

Proposition 3.7, Let G be a connected graph of ordern. Theny, (GoH) =
n, for any graph H.

Proof. Let G be a graph of order n. Since V(G) itself a dominating sect
and G is connected it follows that V(G) is a minimum transversal total
dominating set in G o H. Therefore, 4:(G) = 1.(G) = n. O

Proposition 3.8. For any graph G, yu(G) = v.(G) holds if N}_,.Si # ¢
for any sequence {S;}5_, of yi—sets in G.

Proof. Let G be any graph. If N_,.S; # ¢ then any minimum transversal
total dominating set intersects every y,—set in G and so v, (G) = %(G).
Conversely, suppose 4,(G) = 4 (G). Then there exists a vertex u that lies
in every y.—set in G. Hence u € N¥_,.S; proving that N¥_,.S; # ¢. 0

Corollary 38.2. Let G be any graph with unique y,—set. Then v,(G) =
7(G).

Proposition 3.9. Let G be any graph. Then 74(G) < 7u(G). Equality
holds if G is claw-free.

Proof. Let S be any 7, —set in G. Then S is a dominating sct in G inter-
secting every y,—set. Since every total dominating sct is also dominating
set, it follows that S intersects every y—set in G. Therefore 14(G) < ||,
proving that 4;:(G) = %(G). Suppose G is a claw-freec graph and S’ be a
1ta—set in G. Since any dominating set in G is same as the total dominating
set it follows that S’ is a transversal total dominating set in G. Therefore

Yt (G) < 74(G) and 50 14(G) = Yut(G). a

Theorem 3.5. If G is a disconnected graph with components Gy, Gy, ..., Gy,
then 1(G) = mini<i<m {7u(Gi) + Ei2y j,:7(Gj) }-

Proof. We prove this result by using mathematical induction. The result
is trivially true for m = 1. Suppose m = 2. Then G = G; U Ga. Let
Dy, D be the vy, —sets of Gy and Gj respectively. Then, clearly Dy U S»
and Do U S; are transversal total dominating sets in G, where S; and S;
are y,—sets of G| and Gy respectively. Therefore v, (G) < min{y.(G1) +
7(G2), %1 (G2) + 1(G1)}.

Let S be any transversal total dominating set in G. Then S should
intersect the vertex set of both Gy and G, and also S contains the total
dominating set of G; and G,. Moreover, S must contain the transver-
sal dominating set of Gy or Gp. For otherwise, there exists minimum
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total dominating sets S; and S of Gy and Gy respectively such that
Sy U S, will be the minimum total dominating set of G which is not in-
tersected by S, a contradiction. This contradiction shows that |S| >
min{y(Gy) + 7.(G2),%¢(G2) + 7.(Gy)}. Therefore the result holds for

m=2.

Next,assume that m > 2 and the result for m = k — 1. Suppose G
is a graph with components Gy, Gy, ...,Gk—1,G. Let G’ be the graph
whose components are Gy, G, ..., Gx_1. By induction hypothesis we have
’}'u(G') = min15i5k_1{’yu(G,') + E.’;;ll‘j#’n(Gj)}. NOW, we have G = G’ ]
Gm. That is, G is a graph having two components G’ and Gyn. Then,
by the case m = 2, we may conclude that 7,(G) = mini<i<k{7ee(G:) +
T7,,;2:7(Gj)}. Therefore the result is true for m = k and hence true for
any positive integer m. ]

4 Some Bounds for

Proposition 4.1. Let G be any connected graph of order n. Then 2 <
Y(G) < n. PFurther for n > 2, 4(G) = n if and only if G = P2 and
7:¢(G) = 2 if and only if G = K; + H, for some graph H.

Proof. The inequalities are trivial. Now, suppose n > 2 and 7,(G) = n.
Assume that n > 3. Then, there exists a vertex v € V(G) such that
the set V(G) — {v} is itself a transversal total dominating set. Therefore,
(G) < n — 1 which is a contradiction. This contradiction shows that
n=2andso G P,.

Finally, suppose ;:(G) = 2. Then there exists a vertex v in G that
lies in every total dominating set in G. Taking H = G — {v}, we get
G = K, + H. Conversely, if V(K;) = {u} then for any vertex v € V(H),
the set {u,v} will be a y;—set in G and so 4, (G) = 2. O

Corollary 4.1. Let G be any disconnected graph of order n = 2k. Then
7(G) = n if and only if G = U5, P,.

Corollary 4.2. Let G be any disconnected graph of order n =2k+1. Then
1:(G) < n— 1. Equality holds if G = US= PyU P,

Let G be the collection of complete graph K,,, Cycle Cy4, path P; and
Cy +e.

Proposition 4.2. Let G be any graph of order n. Then 4u:(G) =n — 1 if
and only if G € G.

Proof. Let G be any graph and assume that v,(G) = n — 1. Let u,v
be any two vertices in G. Assume, u and v are non-adjacent. Suppose
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n > 5. Then V — {u, v} itsclf a transversal total dominating set in G and so
1tt(G) < n—2, a contradiction. This contradiction shows that G is either a
complete graph K, or G is a graph of order at most 4. Assume G is not a
complete graph. If n = 3, then clearly G 2 Py, Finally suppose n = 4, then
S = G —{u,v} is cither Ky or K3. Suppose V —{u,v} = K,. If at least one
vertex has only one neighbor in S, then 4,,(G) = 2, a contradiction. Thus,
both u, v have two neighbors in S and so G = Cy. Further, if the neighbors
of u and v are adjacent then G = Cy4 + e. Converse is obvious. O

For any graph G, as the dominating set is contained in a total dominat-
ing set, every transversal dominating set in G intersects all the minimum
total dominating set.

Observation 4.1. For any graph G, we have 7(G) < 7(G) but it is not
true that 14(G) < 1:(G) always. For instance, if G is a complete graph,
then 11:(G) < 11d(G). Further, 414(G) = 7t(G) holds if G is a claw-free
graph.

Proposition 4.3. Let G be a cycle or a path of ordern > 3. Then v, (G) =
274(G) if and only if n = 0(mod 3).

Proposition 4.4. For any graph G, v4(G) < 1:a(G) if one of the following
conditions holds.

1. Every pair of vertices gives a dominating set in G.

2. §(G) > 255 and N(u) N N(v) = 2 —k for every edge e = uv € E(G),
where k € {1,2}.

Proof. Let G be any graph of order n. Suppose every pair of vertices gives
a dominating set in G. Then 7;4(G) > n—1. Suppose every pair of vertices
are adjacent in G. Then G is a complete graph and hence v, (G) =n — 1,
we are dome. Suppose (u,v) be a non-adjacent pair of vertices in G. Then
V(G) — {u,v} will be a transversal total dominating set in G. Therefore

Y1t(G) < n — 2, proving that 7:(G) < %d(G). O

Proposition 4.5. If every pair of vertices is a dominating set in G, then
Y2t(G) < 1a(G).

Proposition 4.6. Let G be a complete graphofordern. Then for any edge
e € E(G), we have 7,(G — €) = 7:(G — 2¢) =n - 2.

Theorem 4.1. Let G be any graph without isolated vertices and having no
vertez of degree n — 1. Then 4 < 4u(G) + 1(G) < 2n — 2.
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5 Conclusion

In recent year the theory of domination is a very important area in graph
theory in which tremendous research is going on. Many researchers are
working in this area and number of new domination parameters have been
introduced. In this direction, we have introduced a new domination invari-
ant called minimum transversal domination. In this paper we have just
initiated the study of this parameter. We have calculated the exact values
for some standard graphs also we have established some important proper-
ties of this parameter. Some bounds for this parameter are established and
we have attempted to find the relation with other domination invariants.
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