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ABSTRACT. Motivated by the existing 3-equitable labeling of graphs,
in this paper we introduce a new graph labeling called 3-equitable
total labeling and we investigate the 3-equitable total labeling of
several families of graphs such as Cn, Wn, SLn, S (K4,n) and Kg”).
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1. INTRODUCTION

In general, a labeling of a graph is a map that carries some set of graph el-
ements to numbers, most often to the positive or non negative integer. The
most common choices of domain are the set of all vertices and edges (such
labelings are called total labelings), the vertex-set alone (vertex-labelings)
or the edge-set alone (edge-labelings). Other domains are possible. Sev-
eral variations of graph labeling such as Graceful, Harmonious, Sequential,
Magic, Antimagic, Consecutive, Strongly Consecutive etc., have been in-
troduced by various authors (see Gallian [8]).

For graph theoretic terminology we follow [11]. Throughout this paper,
all graphs are finite, simple and undirected. Let G be a graph with vertex
set V and edge set E. A vertex labeling f : V' — {0,1,2,...,k — 1}, where
k > 1, induces an edge labeling f : E — {0,1,2,...,k — 1}, defined by
f(uv) = |f(u) — f(v)|. By vs(i), we mean the number of vertices labeled i
under f. Similarly, by ez(i), we mean the number of edges labeled ¢ under

f.
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In 1990, Cahit [6] proposed the idea of distributing the vertex and edge
labels among {0, 1, ..., k — 1} as evenly as possible to obtain a gener-
alization of graceful labelings as follows. For any graph G(V, E) and any
positive integer k, assign vertex labels from {0, 1, ..., k — 1} so that
when the edge labels induced by the absolute value of the difference of
the vertex labels, the number of vertices labeled with ¢ and the number of
vertices labeled with j differ by at most one-and the number of edges la-
beled with ¢ and the number of edges labeled*with j differ by at most one.
Cahit has called a graph with such an assignment of labels k-equitable.
That is, a graph G is said to be k-equitable, if there exits a vertex label-
ing f:V — {0,1,2,...,k—1} of G such that |vs(i) —vs(j)| < 1 and
e7(i) - e—f(j)l <1,foralli+#j,i,j=0,1,2,...k—1. Note that G(V, E) is
graceful if and only if it is |E|+ 1-equitable and G is cordial if and only if it
is 2-equitable. Cahit [4] has shown the following: C,, is 3-equitable if and
only if n # 3 (mod 6); the triangular snake with n blocks is 3-equitable if
and only if n is even; the friendship graph Cg") is 3-equitable if and only if
n is even; an Eulerian graph with ¢ = 3 (mod 6) edges is not 3-equitable;
and all caterpillars are 3-equitable [4]. Youssef [12] proved that if G is a
k-equitable Eulerian graph with ¢ edges and k = 2 or 3 (mod 4) then q # k
(mod 2k). Cahit conjectures [4] that a triangular cactus with n blocks is
3-equitable if and only if n is even. In [6] Cahit proves that every tree
with fewer than five end vertices has a 3-equitab1é labeling. He conjec-
tures that all trees are k-equitable [5]. In 1999, Speyer and Szaniszlo [9]
proved Cahit’s conjecture for ¥ = 3. Coles, Huszar, Miller, and Szaniszlo
[7] proved that caterpillars, symmetric generalized n-stars (or symmetric
spiders), and complete n-ary trees are 4-equitable.

Vaidya and Vihol [10] prove that any graph G can be embedded as an in-
duced subgraph of a 3-equitable graph thereby ruling out any possibility of
obtaining any forbidden subgraph characterization for 3-equitable graphs.

Bhut-Nayak and Telang have shown that crowns C, ©® K are k-equitable
for k =n,...,2n — 1 [2] and C, ® K, is k-equitable for all n when k =
2,3,4,5 and 6 [1]. For further result on k-equitable labeling of a graph, the
readers are advised to refer the survey article on graph labeling by Gallian

8].
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Motivated by the 3-equitable labeling of graphs we introduce the follow-
ing 3-equitable total labeling of graphs.

Definition 1.1. Let G be a graph with vertex set V and edge set E. Define a
total labeling f : VUE — {0, 1,2} in such a way that |vs(i) — vs ()| < 1 and
leg(i) —es(5)| <1, for all i # j, 1,5 =0,1,2. This induces an edge labeling
f defined by f(uv) = (f(u) + f(v) + f(uv)) (mod 8), for all uv € E(G). A
graph G is said to be 3-equitable total labeled if there is a total labeling f
such that 16?(2') we-f—(j)l <1, for alli # j, 4,5 = 0,1,2. In this case f is
called a 3-equitable total labeling of the graph G.

The following example shows a 3-equitable total labeling of the graph
G.

Example 1.2.

0 (0) 2
A 3-equitable total labeling of G

In this example vf(0) = vf(1) = v§(2) = 2; e5(0) = e5(2) = 2,¢e4(1) = 3;
e}-(O) = 6}:(2) = 2,e7(1) = 3 and hence G is 3-equitable total labeled.

Remark 1.3. Not every assignment of numbers from the set {0,1,2} to a
graph is a 3-equitable total labeling. For example the following assignment
is not a 3-equitable total labeling of (s
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0 1 2

However C3 has the following 3-equitable total labeling.

2. MAIN RESULTS

The next theorem shows that all cycles have 3-equitable total labeling.

Theorem 2.1. The cycle C,, on n vertices, n > 3, is a 3-equitable total
labeled graph.

Proof. Let vy, vz,. .., vy be the vertices of Cy,. Define f: VUE — {0, 1,2}
by

0, if 1=1 (mod 3)
1, if i=2 (mod 3)
2, if 1=0 (mod 3)

fvi)

Il

158



where vp41 = V1.

if i=0 (mod3)
if i=2(mod 3)
if i=1 (mod 3)

The following table shows that C, is a 3-equitable total labeled graph

n [ v(0) [ vp(1) | vp(2) | ef(0) | es(1) | ef(2) | e5(0) | ef(1) | eF(2)
3m m m m m m m m m m
3m-+1 | m+1 m m m m m+1 m m m-+1
3m+2 | m+1 | m+1 m m m-+1 | m+1 | m+1 m m+1

O

Theorem 2.2. The wheel W, , n > 3, on n spokes is a 3-equitable total

labeled graph.

Proof. Let V (W,) = {u} U{v; | 1 <i<n}, where u is the centre of the

wheel.
Define f : VUE — {0,1,2} by

0,

f('Uz) 1,
25

0,

f(vivigr) 1;

where v,41 = V1,

f(uv;)

1
1
s
1

if i=1 (mod 3)
if 1=2(mod 3)
if 1=0 (mod 3)

if i =0 (mod 3)
if 1=2 (mod 3)
if 1=1 (mod 3)

if i=1(mod 3)
if i=2 (mod 3)
if i=0 (mod 3)

if n=0 (mod 3)
if n=1 (mod 3)
if n=2(mod3)
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The following table shows that W, is a 3-equitable total labeled graph

n vf(O) ’Uf(].) 'Uf(?) €f(0) ef(l) ef(2) ET(O) ef(l) 6}7(2)
3m m+1 m m 2m 2m 2m 2m 2m 2m
3m+1 | m+1 | m+1 m 2m-—+1 2m | 2m+1 2m | 2m+1 | 2m+1
3m+2 | m+1 | m+1 | m+1 | 2m+1 | 2m+2 | 2m+1 | 2m+1 | 2m+1 | 2m+2

* O

Definition 2.3. A Shell graph SL, on n vertices vy, va,---

Fii1.

yUn 1S @ graph
with edge set E(SL,) = {vv; |3<i<n—-1}UJ{viviz1 |1 <3< n},
where vp41 = vi. Thus SL, has n vertices and 2n — 3 edges. The graph
defined as Shell graph SL, is commonly known in the literature as the fan

In the next theorem we shall show that the shell graph SL,, n > 5, is a

3-equitable total labeled graph.

Theorem 2.4. The shell graph SL, , n > 5, is a 3-equitable total labeled

graph.

Proof. Define f: VUE — {0,1,2} by
0, if t=1 (mod 3)
f(v;) = 1, if i=2(mod 3)
2, if i=0 (mod 3)
foralli=1,2,---,n
2, if i=1(mod 3)
fluivipr) = 1, if 1=2(mod 3)
0, if 1=0 (mod 3)
where v,y 1 = vy, forall1 =1,2,--- ,n
0, if 1=0 (mod 3)
f(’Ul’U;‘) = iy 'I,f =1 (mod 3)
2, if 1=2 (mod 3)

foralli=3,4,---,n—1.
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The following table shows that SL,, is a 3-equitable total labeled graph

n vg(0) [ vp(1) | v

=~

~~
[\e]

~

ef(0) | er(1) | er(2) | ex(0) | ef(1) | e5(2)

2m-1 | 2m-1 | 2m-1 { 2m-1 | 2m-1 | 2m-1
2m 2m | 2m-1 | 2m-1 { 2m 2m
2m | 2m+1| 2m 2m 2m | 2m+1

J3m m m
3m-+1 | m+1 m
3m-+2 | m+1 | m+1

8 B B

O

Definition 2.5. A K4-star, denoted by K §”), is a graph whose vertez set s
V(Kin)) = {voU{vik | 1 €1<3, 1 <k <n} and edge set is E(Kﬁ"))
= {vovik |1<1<3, 1<k <n}U{vikvipir | 1£4<3, 1<k <n},
where V4, = V1 k-

Theorem 2.6. K,-star is a 3-equitable total labeled graph.

Proof. Define f: VUE (K§“>) 5 {0,1,2} as follows f(vo) =0, f(vig) =
i—1, 6=1.2.8; k=1,2;.5; 8id

0, if i=1 (mod 3)
I (vovi k) = i 1, if i=2 (mod 3)
2, if 1=0 (mod 3)

1, if i=1 (mod 3)
fikvipr) = § 0, i¢f i=2 (mod 3)
2, if 1=0 (mod 3)

fori=1,2,8:4or k=12,...,m

It is easy to find that vs(0) = n + 1, vf(1) = v4(2) = n, €f(0) = ef(1) =
es(2) = 2n.

The induced labeling f is given by

4

0, if i=1 (mod3)
Floovix) = ¢ 2, if i=2 (mod3)
1, if i=0 (mod 3)

2, if i=1 (mod 3)
foigvipre) = ¢ 0, if i =2 (mod 3)
1, if 1=0 (mod 3)
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Therefore, ez(0) = 67(1) = e7(2) = 2n.
Thus K4-star K én) is a 3-equitable total labeled graph for all n. 0O

Definition 2.7. A K4-snake on n-blocks, denoted by S(K4,n), is a graph
whose vertex set s {v1,v2,...,vpp1}U{ai, bi | 1 <@ < n} and edge set 45
{Uivi+1 l 1 < 1 < TL} U {aw,—,aiviﬂ,aibi,bivi,biviﬂ | 1 < 1 S n}

Theorem 2.8. K, — snake on n-blocks is a 3-equitable total labeled graph,
n>2.

Proof. Define f : VUE(S(K4,n)) = {0,1,2} as follows f(v;) =0, f(a;) =
L f(bi) =2, flaibs) = f(vivig1) =0, faws) = flawisr) =1, fbiv;) =
f(b.,"l)i+1) = 2, 1 < 1 < T Then ‘Uf(O) =n-+ 1, 'Uf(].) = Uf(?) = n,
ef(0) = ef(1) = ef(2) = 2n. We can show that e7(0) = ez(1) = e7(2) = 2n,
where f is the induced labeling. Then S(K4,n) is a 3-equitable total labeled
graph. 0

We feel that it is very hard to find an example of a graph which is not
3-equitable total labeled. So we conclude this paper with the following
conjecture.

Conjecture: All graphs are 3-equitable total labeled.
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