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Abstract

The maximum rectilinear crossing number of a graph G is the maximum number of crossings in a
good straight-line drawing of G in the plane. In a good drawing any two edges intersect in at most one
point (counting endpoints), no three edges have an interior point in common, and edges do not contain
vertices in their interior. A spider is a subdivision of K1 ;. We provide both upper and lower bounds for
the maximum rectilinear crossing number of spiders. While there are not many results on the maximum
rectilinear crossing numbers of infinite families of graphs, our methods can be used to find the exact
maximum rectilinear crossing number of K; , where each edge is subdivided exactly once. This is a first
step towards calculating the maximum rectilinear crossing number of arbitrary trees.

1 Introduction

Planar graphs, which are graphs that can be embedded in the plane such that no two edges intersect except
at their endpoints, have long been of interest to the mathematical community. Kuratowski’s theorem from
1930 gives us a characterization of which graphs are planar [22]. For graphs that are not planar, it is natural
to wonder which drawings in the plane have the fewest crossings. Turdn did just this during his time in a
labor camp during World War 1T [30].

Definition. The crossing number of a graph G is the minimum number of crossings over all drawings of G.

The crossing number for K, ,, originally investigated by Turan, is still unknown. The conjecture for the
optimal bound is known as the Zarankiewicz conjecture [34]. Similarly, finding the crossing number of K,
is open and the conjecture for the optimal bound is known as Hill’s conjecture [20]. The problem of finding
the crossing number of a given graph is NP-complete [18]. For some recent problems on crossing numbers
see Chapter 13 of [19].

There are many variants of the crossing number parameter; for a detailed survey see [28]. One such
variant is the maximum crossing number which aims at maximizing the number of crossings. For this to
make sense, we must insist that we have a good drawing. In a good drawing, no edge can cross itself, each
pair of edges have at most one point in common (including endpoints), and no more than two edges can
cross at any point.

Definition. The mazimum crossing number of a graph G is the maximum number of crossings in a good
drawing of G in the plane. We denote the maximum crossing number of G as max-cr(G).
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For the remainder of this paper, all drawings will be good drawings in the plane. By definition a graph
G with m edges can have at most (7;) crossings in a good drawing. Since incident edges cannot cross each
other in a good drawing, the actual number of crossings will be even smaller in general. This observation

gives us a natural upper bound to the maximum crossing number of a graph.

Definition. The thrackle bound for a graph G with edge set E(G) and vertex set V(G) is

IG) = (|E(2G)|> -y <deg2(u)>

ueV(QG)

The thrackle bound is an upper bound for the maximum crossing number [25], as it counts the number
of crossings we would have if every pair of non-incident edges crossed. A graph is called thrackleable if it has
a drawing which achieves the thrackle bound.

Among the most difficult problems concerning maximum crossing numbers is Conway’s thrackle conjec-
ture. Conway conjectures that a thrackleable graph on n vertices cannot have more than n edges. As of
2017, Conway is offering $1000 for a proof [I1], which is up from his initial bounty of ten shillings and six
pence offered in 1969 [33]. Much work has been done on this conjecture [16} 23]. At the time of this note’s
writing, the most recent result posted on arXiv shows that any thrackleable graph on n vertices has at most
1.3984n edges [I7]. Conway’s thrackle conjecture is true for the rectilinear drawings [33].

Another interesting open problem concerning maximum crossing numbers is the monotonicity conjecture.
For most variations of crossing numbers, monotonicity holds. That is, if H is a subgraph of G then ¢(H) is
at most ¢(G) where ¢ is the crossing number variant. The most striking exception is the maximum crossing
number, for which monotonicity is an open problem even for induced subgraphs [28]. Monotonicity is known
to hold for rectilinear drawings, a result due to Ringeisen, Stueckle, and Piazza [27].

Definition. A rectilinear drawing of a graph G is a drawing in which all edges are straight line segments.
The mazimum rectilinear crossing number of a graph G, max-cr(G), is the maximum number of crossings
in any rectilinear drawing of G.

The maximum rectilinear crossing number has been rediscovered several times under different names,
including obfuscation complexity [31].

Since max-cr(G) < max-cr(G), the thrackle bound is also an upper bound for the maximum rectilinear
crossing number. Conway raised the problem of classifying all thrackleable graphs. In [33], Woodall gives a
complete classification assuming that the thrackle conjecture is true. He also considers the rectilinear case.
In Woodall’s classification of graphs with rectilinear drawings that obtain the thrackle bound, he finds the
exact maximum rectilinear crossing number for a particular spider. A spider is a subdivision of K; ;. Each
path radiating out from the degree k vertex of the spider is a leg. In general, the legs of the spider may be
of different lengths. For the spider with k legs in which each leg has length 2 we write S7. The graph 53 is
typically called T5.

Theorem 1.1 (Woodall [33]). The graph S3 does not have a rectilinear drawing that obtains the thrackle
bound. In fact, max-cr(S3) = 8 = 9(S3) — 1.

This result contrasts with the maximum crossing number case, since all trees are thrackleable. Our long-
term goal is to better understand the maximum rectilinear crossing numbers of trees, Theorem [Tl shows
that this will require new ideas right from the start. In the current paper we focus on spider graphs, and use
Theorem [[.1] to compute an upper bound on the maximum rectilinear crossing number of spider graphs. In
Section [2] we provide an algorithm that gives a lower bound on the maximum rectilinear crossing number of
spiders with at least 3 legs. We conjecture that this algorithm gives the maximum rectilinear crossing number
for spiders. In Section Bl we use Mantel’s theorem to give an upper bound on max-cr(S) for any spider S.
Letting S? be the spider in which each path is of length two, Woodall proves that max-cr(53) = 9(53) — 1.

In Theorem 2] We extend this result by showing that max-er(S2) = 9(S2) — (5) + {%J

For additional information regarding graph theory definitions and notation, we refer the reader to [32].
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Previous Results

Finding the maximum rectilinear crossing number for a given graph is NP-hard [5], so it is not surprising
that there are only a few exact results for the maximum rectilinear crossing number of infinite families
of graphs; solved cases include complete k-partite graphs [21], cycles [29], and wheels [12], and there is a
lower bound for n-dimensional hypercubes which is conjectured to be exact [4]. The maximum rectilinear
crossing number has also been computed for C5 x C [26], the Petersen graph [13], and Q3, the 3-dimensional
hypercube [4]. For some other lesser known families of graphs, see [I4], [I5]. In another direction, some work
has been done to determine the maximum and minimum values of the maximum rectilinear crossing number
in a given family [8, [7, 9] 11 2].

2 A Lower Bound

Let S be a spider with k& > 3 legs Li,Lo,...,Lg. Let ¢; denote the number of edges in leg L;, with
by >4y > -+ >V, > 2. In this section we give an algorithm for constructing a rectilinear drawing of .S and
use it to find a lower bound on max-cr (.9).

We begin by labeling the vertices of S as follows. Label the degree-k vertex (0,0). Assign the label (i, j)
to the vertex on L; at distance j from (0,0). We place the vertices of S anticlockwise on a circle according
to the cyclic order [V, V1, Va, V3, V4], where the vertices in each subsequence V; are ordered as follows:

e V5: (0,0)

e Vi: vertices with ¢ odd and j even, sorted by decreasing i then increasing j

o Vy: vertices with ¢ even and j odd, sorted by increasing ¢ then decreasing j

e V3: vertices with both ¢ and j odd, sorted by decreasing ¢ then increasing j

e Vy: vertices with both ¢ and j even and positive, sorted by increasing ¢ then decreasing j

After placing all vertices we draw the edges of S as straight-line segments. If necessary, we perturb the
locations of the vertices to ensure our drawing is good.

Example 2.1. In Figure [l we draw a spider with legs of length 4, 3, 2, and 2 according to the algorithm.
Call this graph S. There are 9(S) — 2 = 40 crossings. The two missed crossings are between the edges
(0,0) — (2,1) and (4,1) — (4,2) and between the edges (0,0) — (1,1) and (3,1) — (3,2). Every other pair of
non-incident edges crosses.

This drawing algorithm establishes the following lower bound on all spiders.

Proposition 2.2. Let S be a spider with k > 3 legs of lengths €1 > €y > --- > L. Then

max - (S) > 9 (S) —zkj(ei ) V;J .

=3

Proof. We claim that each pair of nonadjacent edges belonging to the same leg cross each other. We note
that deleting Vo and labeling (0,0) as (4,0) to place it in V; or V4 is consistent with the cyclic ordering of
vertices of L;. Let e; = (4,71)-(¢,71 + 1) and ez = (4, j2)-(4, j2 + 1) be edges of L; with j2 > j; + 1. We note
that both e; and e; have an end-vertex in each of V,, and V,,,12 for m = 1 or m = 2 (depending on the
parity of 7) and e;’s end-vertices follow (or precede, again depending on the parity of ) ea’s in both V,,, and
V42 since j either increases in both or decreases in both. In each case, e; and ey cross. For example, see
Figure

Next we will consider the case where e; and es are nonadjacent edges on different legs. Let e; = (i1, j1)-
(i1,71 + 1) and eq = (ia, j2)-(i2, jo + 1) with i1 # iz . We distinguish three cases:
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(3,2) (1,4)

Figure 1: At left, a spider labeled as described in the algorithm. At right, the same spider drawn as described
in the algorithm.

Case 1. If i; and iy have different parity, then at most one of e; and es may have an end vertex (0,0),
which we may consider without loss of generality to be the first vertex of V; or the last vertex of Vy. In this
case, one of e; or es has end vertices in Vi and V3 and the other has end vertices in V5 and V4. Thus, e; and
eo cross because their end vertices alternate in cyclic order.

Case 2. If i; and i3 have the same parity and both j; and jo are positive, then, without loss of generality,
we assume i1 < ¢2. Then by construction, the cyclic order of the end vertices is (iz, odd)- (i1, even)-(iz, even)-
(i1,0dd), so ey and eg cross.

Case 3. If e; = (0,0)-(i1, 1), 41 and i3 have the same parity, and 45 is positive, then we consider two subcases:
Case 3.1. If i1 > iy then:

e ¢1’s end vertices are in Vj and V5 and eq’s are in V (preceding (i1, 1)) and Vj.

e e;’s end vertices are in Vp and V3 and ez’s are in V3 (following (i1,1)) and V3.
Either way, e; and es cross.

Case 3.2. If i1 < iy then the end vertices of e; and ey do not alternate since 7 increases in V5 and decreases
in V3. This means that e; and es do not cross.

The only time that crossings are missed is in Case In particular, we have ¢;, — 1 missed crossings
between L;, and L;,. As there are L%J such pairs 41,42, each ¢ > 2 contributes (¢; — 1) LEJ missed

2
crossings.

For a spider with at least three legs, we have found a convex drawing, that is, the vertices of the drawing
are in convex position. This gives us a lower bound on the maximum rectilinear crossing number of spiders.
It was conjectured that every graph has a convex rectilinear drawing maximizing the rectilinear crossing
number [3]. While this has been disproven [I0], it is still open for trees.
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Figure 2: Two edges from the same leg cross when ¢ and ja are odd and j; is even.

3 An Upper Bound

Our lower bound on the maximum rectilinear crossing number of a spider was achieved by constructing
a good drawing of the spider. The logic here is reversed from what it is for the crossing number, where a
specific drawing would show an upper bound. This suggests that obtaining an upper bound on the maximum
crossing number (rather like the lower bound on the crossing number) is the tougher problem, since it requires
an argument applying to all good drawings of the graph. We work with an auxillary graph, in which non-
edges correspond to non-thrackled pairs of spider legs guaranteed by Theorem [Tl For each non-edge of the
auxiliary graph we subtract one from the thrackle bound to give our upper bound. Our result is stated in
the following proposition.

Proposition 3.1. Let S be a spider with k > 3 legs and assume each leg has length at least 2. Then

sy <o - ((£) - [£]).

Proof. Begin with a rectilinear drawing D of S. Construct an auxiliary graph Gg(D) on k vertices in which
each vertex corresponds to a particular leg of S and each edge corresponds to a pair of legs which are
thrackled in D. A pair of legs is thrackled if any two nonadjacent edges in the two legs cross.

We claim Gg(D) is triangle-free. If not, we would have three pairwise-thrackled legs of S in D, which
implies that a subgraph of S isomorphic to S3 is thrackled in D. This contradicts Theorem [[11

Since Gg(D) is triangle-free, Mantel’s Theorem [24] implies that Gg(D) contains at most VTZJ edges.
The minimum number of nonedges in Gg(D) is thus (g) - {%J Since nonedges in Gg(D) correspond to

non-thrackled leg pairs, and each non-thrackled leg pair is missing at least one crossing, we get that

max -Cr(S) < 9(S) — <(§) - Vﬂ) :

as desired. O

We can now state an exact value for the maximum rectilinear crossing number of any spider in which all
legs have length two.

Theorem 3.2. Let S? be a spider with k > 3 legs where each leg has length 2. Then

sty = (%) —2(8) -+ | .
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Proof. First observe that S? has n = 2k + 1 vertices and m = 2k edges. Additionally, one vertex of S? has
degree k, k vertices have degree 2, and k vertices have degree 1. Therefore, the thrackle bound for S? is

o= (2)-() -

According to Proposition [3.1]

Further, according to Proposition [2.2]

fi—1
max-cF(S7) > 9(SF) — Z J

2
1=3
_ 19(52) 2 ZEZI2>/2Z for k even
O+ 2% for k odd
k B for k even
(5%) (2> {% for k odd
k k2
(-
2k k k2
(3)-2()-++ %)

Together, these upper and lower bounds give us the desired equality. o

4 Future Work

While the bounds given by our drawing algorithm and Mantel’s theorem agree when each leg of the spider
has length 2, this method does not seem to generalize. In our proof of the upper bound, we may only subtract
one crossing from the thrackle bound for every triple of legs, but in a spider with longer legs our algorithm
misses many more crossings. We believe that these crossings must be missed, and thus we conjecture that
the lower bound given in Proposition is correct.

Conjecture 4.1. If S is a spider with k > 3 legs of lengths {1 > {3 > -+ > {}, then
k

max -eF(S) = 9(S) — ;(@ —1) V - 1J .

Further, if our lower bound is correct, then we have exhibited a convex rectilinear drawing which achieves
the maximum rectilinear crossing number. This would prove a special case of the conjecture in [3]. Though
the conjecture is not true in general [10], we believe that there is a convex drawing obtaining the maximum
rectilinear crossing number for spiders and possibly trees in general.

A difficult problem that is of interest to us is finding the maximum rectilinear crossing number for trees.
To this end, it would be nice to find a proof for Conjecture [£1l If that can be done, some additional tree

ISince the time of acceptance, Bennet, English, and Talanda-Fisher have settled this conjecture in the affirmative. They
also found (and proved) the maximum rectilinear crossing numbers of trees with diameter 4. [€]
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families to study are double spiders, which consist of two spider graphs with a single shared leg, and spiders
whose legs have been replaced by caterpillars.

As mentioned in the introduction, there is some research done on finding extremal values for the maximum
rectilinear crossing number in some graph families. It would be interesting to know which tree was the furthest
from thrackleable. That is, what is the minimum value among the maximum rectilinear crossing numbers of
trees on n vertices?

5 Acknowledgements

This material is based upon work supported by the National Science Foundation under Grant Number DMS
1641020. Soberén’s research is also supported by the National Science Foundation Grant Number DMS
1851420. We would like to thank the American Mathematical Society, Eva Czabarka, Silvia Fernandez-
Merchant, Gelasio Salazar, and Laszl6 A. Székely for organizing the Mathematics Research Communities
workshop “Beyond Planarity”.

References

[1] M. Alpert, J. Bode, E. Feder, and H. Harborth, The minimum of the maximum rectilinear crossing
numbers of small cubic graphs, Proceedings of the Forty-Third Southeastern International Conference
on Combinatorics, Graph Theory and Computing, vol. 214, 2012, pp. 187-197. MR 3024457

[2] M. Alpert, E. Feder, and H. Harborth, The mazimum of the maximum rectilinear crossing numbers of
d-regular graphs of order n, Electron. J. Combin. 16 (2009), no. 1, Research Paper 54, 16. MR 2505096

, The maximum of the maximum rectilinear crossing numbers of d-regular graphs of order n,

Electron. J. Combin. 16 (2009), no. 1, Research Paper 54, 16. MR, 2505096

[4] M. Alpert, E. Feder, H. Harborth, and S. Klein, The mazimum rectilinear crossing number of the n
dimensional cube graph, Proceedings of the Fortieth Southeastern International Conference on Combi-
natorics, Graph Theory and Computing, vol. 195, 2009, pp. 147-158. MR 2584292

[5] S.Bald, M.P. Johnson, and O. Liu, Approzimating the mazimum rectilinear crossing number, Computing
and combinatorics, Lecture Notes in Comput. Sci., vol. 9797, Springer, [Cham], 2016, pp. 455-467. MR
3557698

[6] P. Bennett, S. English, and M. Talanda-Fisher, Weighted Turan Problems with Applications, ArXiv
e-prints (2018).

[7] E.Bode, E. Feder, H. Harborth, D. Horowitz, and T. Lichter, Extremal values of the mazimum rectilinear
crossing number of cycles with diagonals, Congr. Numer. 220 (2014), 33-48. MR 3308551

[8] J. Bode, E. Feder, H. Harborth, D. Horowitz, and T. Lichter, Extremal values of the mazimum rectilinear
crossing number of (p, q)-graphs, Congr. Numer. 223 (2015), 139-149. MR 3468316

[9] J.-P. Bode, E. Feder, and H. Harborth, Eztremal values of the mazimum rectilinear crossing numbers

of 2-regular graphs, Bull. Inst. Combin. Appl. 69 (2013), 95-100. MR 3155876

[10] M. Chimani, S. Felsner, S. Kobourov, T. Ueckerdt, P. Valtr, and A. Wolff, On the mazimum crossing
number, J. Graph Algorithms Appl. 22 (2018), no. 1, 67-87. MR 3757346

[11] J. Conway, Five $1000 problems, oeis.org (2017).

[12] E. Feder, The mazimum rectilinear crossing number of the wheel graph, Proceedings of the Forty-Second
Southeastern International Conference on Combinatorics, Graph Theory and Computing, vol. 210, 2011,
pp. 21-32. MR 2856350

133



[13]

[14]

[15]

[16]

[17]
18]

[19]

[20]

[21]

[22]
[23]

[24]

[25]

[26]

[27]

28]

E. Feder, H. Harborth, S. Herzberg, and S. Klein, The maximum rectilinear crossing number of the
Petersen graph, Proceedings of the Forty-First Southeastern International Conference on Combinatorics,
Graph Theory and Computing, vol. 206, 2010, pp. 31-40. MR 2762477

E. Feder, H. Harborth, and T. Lichter, Mazimum rectilinear crossing numbers for game board graphs,
Congr. Numer. 226 (2016), 87-102. MR 3642792

, Mazimum rectilinear crossing numbers of polynomio graphs, Congr. Numer. 229 (2017), 29-53.
MR 3752202

R. Fulek and J. Pach, A computational approach to Conway’s thrackle conjecture, Comput. Geom. 44
(2011), no. 6-7, 345-355. MR 2785903

R. Fulek and J. Pach, Thrackles: An Improved Upper Bound, ArXiv e-prints (2017).

M. R. Garey and D. S. Johnson, Crossing number is NP-complete, STAM J. Algebraic Discrete Methods
4 (1983), no. 3, 312-316. MR 711340

R. Gera, S. Hedetniemi, and C. Larson (eds.), Graph theory—favorite conjectures and open problems.
1, Problem Books in Mathematics, Springer, [Cham]|, 2016. MR 3560251

F. Harary and A. Hill, On the number of crossings in a complete graph, Proc. Edinburgh Math. Soc.
(2) 13 (1962/1963), 333-338. MR, 0163299

H. Harborth, Parity of numbers of crossings for complete n-partite graphs, Math. Slovaca 26 (1976),
no. 2, 77-95.

K. Kuratowski, Sur le probléme des courbes gauches en topologie, Fund. Math. 15 (1930), 271-283.

L. Lovész, J. Pach, and M. Szegedy, On Conway’s thrackle conjecture, Discrete Comput. Geom. 18
(1997), no. 4, 369-376. MR 1476318

W. Mantel, Problem 28, Wiskundige Opgaven 10 (1907), 60-61.

B. L. Piazza, R. D. Ringeisen, and S. K. Stueckle, Properties of nonminimum crossings for some classes
of graphs, Graph theory, combinatorics, and applications. Vol. 2 (Kalamazoo, MI, 1988), Wiley-Intersci.
Publ., Wiley, New York, 1991, pp. 975-989. MR 1170839

R. B. Richter and C. Thomassen, Intersections of curve systems and the crossing number of Cs X Cs,
Discrete Comput. Geom. 13 (1995), no. 2, 149-159. MR 1314959

R. D. Ringeisen, S. K. Stueckle, and B. L. Piazza, Subgraphs and bounds on mazimum crossings, Bull.
Inst. Combin. Appl. 2 (1991), 33-46. MR 1110001

M. Schaefer, The graph crossing number and its variants: a survey, Electron. J. Comb. Dyn. Surv.
#DS21 (2017).

E. Steinitz, Uber die Mazimalzahl der Doppelpunkte bei ebenen Polygonen von gerader Seitenzahl, Math.
Z.17 (1923), no. 1, 116-129.

P. Turdn, A note of welcome, J. Graph Theory 1 (1977), 7-9.

O. Verbitsky, On the obfuscation complexity of planar graphs, Theoret. Comput. Sci. 396 (2008), no. 1-3,
294-300. MR 2412266

D. B. West, Introduction to graph theory, Prentice Hall, Inc., Upper Saddle River, NJ, 1996. MR 1367739

D. R. Woodall, Thrackles and deadlock, Combinatorial Mathematics and its Applications (Proc. Conf.,
Oxford, 1969), Academic Press, London, 1971, pp. 335-347. MR 0277421

134



[34] K. Zarankiewicz, On a problem of P. Turan concerning graphs, Fund. Math. 41 (1954), 137-145. MR
0063641

135












	1 Introduction
	2 A Lower Bound
	3 An Upper Bound
	4 Future Work
	5 Acknowledgements

