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Abstract

Let G be a k - connected (k > 2) graph of order n. If x(G) > n—k,
then G is Hamiltonian or Ki V (K U Kn_2x) with n > 2k 41, where
x(G) is the chromatic number of the graph G.
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1. Introduction

We consider only finite undirected graphs without loops or multiple
edges. Notation and terminology not defined here follow those in [2]. Let
G be a graph. We use G° to denote the complement of G. We also use
x(G), w(G), and a(G) to denote the chromatic number, the clique number,
and the independent (or stability) number of G, respectively. We use GV H
to denote the the join of two disjoint graphs G and H. If C is a cycle of G,
we use C to denote the cycle C with a given direction. For two vertices z,
y in C, we use 6[.’13, y] to denote the consecutive vertices on C from z to
y in the direction specified by . The same vertices, in reverse order, are
given by Cly,z]. We use z* and z~ to denote respectively the successor
and predecessor of a vertex z on C along the direction of C. We also use
z*+ to denote (zT7)*. A cycle C in a graph G is called a Hamiltonian cycle
of G if C contains all the vertices of G. A graph G is called Hamiltonian if
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G has a Hamiltonian cycle.

In this note, we will present a sufficient condition based on the chro.
matic number for the Hamiltonicity of graphs. The main result is as follows,

Theorem 1. Let G be a k - connected (k > 2) graph of order n. If
X(G) > n—k, then G is Hamiltonian or KV (KfUK, o) withn > 2k+1.

2. The Lemmas s

We will use the following results as our lemmas. The first one is an
inequality established by Nordhaus and Gaddum in [3].

Lemma 1. Let G be a graph of order n. Then x(G) + x(G°) < n + 1.
The second one is the main result in [1].

Lemma 2. Let G be a k - connected (k > 2) graph with independent
number o = k+ 1. Let C be the longest cycle in G. Then G[V(G)-V(0O)]
is complete.

3. Proofs

Proof of Theorem 1. Let G be a k - connected (k > 2) graph satisfying
the conditions in Theorem 1. Assume that G is not Hamiltonian. Then
n 2 2k +1 (otherwise § > k > 2 and G is Hamiltonian). Since k > 2, G
contains a cycle. Choose a longest cycle C' in G and give a direction on
C. Since G is not Hamiltonian, there exists a vertex o € V(G) - V(C).
By Menger’s theorem, we can find s (s = k) pairwise disjoint (except for
xo) paths Py, P, ..., P, between zp and V(C). Let u; be the end vertex
of P; on C, where 1 < i < s. We assume that the appearance of u, us,
.-y Us agrees with the given direction on C. We use u] to denote the
successor of u; along the direction of C, where 1 < ¢ < s. Then a standard
proof in Hamiltonian graph theory yields that T := {xo,uf",uj ey ud }
is independent (otherwise G would have cycles which are longer than ).
Since s > k, we have an independent set S := {20, uf,uf, ..., wf} of size
k+1in G and a clique S of size k + 1 in G°. From Lemma, 1, we have that

nt+l=n—k+k+1<x(G)+a(G)

=Xx(G) +w(G) < x(G) + x(G°) < n+ 1.

Then x(G) = n — k and o(G) = w(G°) = x{G®) = k + 1. Next we will
present a claim and its proofs.
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Claim 1. G[V(G) — S] is a complete.

Proof of Claim 1. Suppose, to the contrary, that G[V(G) — §] is not
complete. Then there exist vertices z, y € V(G) — S such that zy € E(G).
Notice that S is independent in G. We can have a proper coloring for G
in the following way. Use n — |S| — 1 = n — k — 2 different colors to color
the vertices in V(G) — S and another color to color all the vertices in S.
Therefore n — k = x(G) < |V(G) — S| —1+1=n—k— 1, a contradiction.
o

Set T; := 6[u2’+, u;41], where 1 < i < k and the index k+1 is regarded
as 1. Obviously, |T;| > 1 for each ¢ with 1 <¢ < k. Set T := {i: |T;| > 2}.
Next we, according to the different sizes of |T'|, divide the remainder of the
proofs into three cases.

Case 0 |T| =0.

Since |T| = 0, we have C' = wjuusuf ... ugu uy. We first consider the
case of |V(G) —V(C)| > 2. Since a(G) = k+1, we have, by Lemma 2, that
G[V(G) — V(C))] is complete. Let z be a vertex in V(G) — V(C) — {zo }.
Then zoz € E(G). Since z € V(G) — S and uy € V(G) — S, we, by Claim
1, have that zus € E(G). Thus G has a cycle xoza[ug,ui]leg which is
longer than C, a contradiction.

Next we consider the case V(G)—V(C) = { z¢ }. Since S is independent
and d(w) > § > k for each vertex w in S, we must have that for any vertex
x € S and any vertex y € V(G) — S, zy € E(G). Thus G is Ky V K{ ;.
Namely, G is K V (KU Kj_ox) with n =2k + 1

Case 1 |T|=1.

Without loss of generality, we assume that |T}| > 2, |T;.| = 1 for each
r with 2 < r < k. We first consider the case of |V(G) — V(C)| > 2. Since
a(G) = k+1, we have, by Lemma 2, that G[V(G)~V(C)] is complete. Let 2
be a vertex in V(G) -V (C)—{zp }. Then zyz € E(G). Since z € V(G)—- S
and u3 € V(G) — S, we, by Lemma 1, have that zuz € E(G). Notice that
us is regarded as uy; when k = 2. Thus G has a cycle zozC'[ug, us)Poxq
which is longer than C, a contradiction.

Next we consider the case V(G) — V(C) = {zo}. Obviously, we now
have that n > 2k + 2. Let T} = y1¥yo..-Yrug, Where r > 1. We first no-
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tice that y,zo & E(G) and y,ul € E(G), where 2 < s < k otherwise
G would have cycles which are longer than C. We further notice that
uiyr € E(G) otherwise {zo,u],us, ., u},y.} would be an independent
set of size k + 2. We claim that zoy,_1 € E(G) otherwise G would have
a cycle 570%[3/7'—1, uf]ﬁ[yr,ul]leo which is longer than C. We further
claim that uy,_; & E(G) for each | with 2 < | < k otherwise G would
have a cycle moﬁff’-[ut,yr]ﬁ[uf,yr_l]?j[uf,u.l]Pla:g which is longer than
C. Since {zo,uf,uf,...,u},y-_1} is not independent, we must have that
ufy-_1 € E(G). Repeating this process, we can prove that yul € E(G)
for each 7 with 1 < 5 < 7, zoy; ¢ E for each j with 1 < j < r, and
yju;rgéE(G) foreach j and I with1<j<rand 2<i<k.

Notice that d(w) > & > & for each vertex w € S — {u] } = {zg, 4], ...,
uf}. We must have that wu, € E(G) for each vertex w € S — {uf} and
each s with 1 < s < k. Next we will prove that uju, € E(G) for each ¢
with 1 <t < k. Obviously, uful € E(G). Without loss of generality, we
assume that ujus ¢ E(G). In this case, we can have a proper coloring for
G in the following way. Firstly, use n — |S| = n — k — 1 different colors to
color the vertices in V(G) — S= {y1,y2, -, Yr, U1, s, ..., ug }; secondly, use
the color assigned to the vertex us in the first step of coloring to color u];
finally, use the color assigned to y; in the first step of coloring to color the

vertices zo, u3, ug, ... ,u}. Thusn—k = X(G) < n—k—1, a contradiction.

Now G[V(G) 5] is complete, ufw € E(G) for each w € V(G)—S, zy €
E(G) for each vertex = € {zo,u7, ..., u}} and each y. € {u1,ug,...,ux}, and
zy & E(G) for each vertex z € {xp, u], ., uy } and each y € {yy, y, - A
we have that G is K, Vv (KU K,,_gr) with n > 2k + 2.

Case 2 |T| > 2.

Notice that T; C V(G) — S for each ¢ with 1 < 4 < k. We, by Claim
1, have that G[Ty UTL U --- U Ty] is complete. Since |T| > 2, there exist

two different indexes : and j such that u; € T, u; € T; and therefore

u;u; € E(G), where 1 <4, j < k. Then we can easily find a cycle in G
which is longer than C, a contradiction. '

So the proof of Theorem 1 is completed. o
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