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Abstract

Consider the multigraph obtained by adding a double edge to
K4 —e. Now, let D be a directed graph obtained by orientat-
ing the edges of that multigraph. We establish necessary and
sufficient conditions on n for the existence of a (K}, D)-design
for four such orientations.

1 Introduction

Let Z,, denote the set of integers modulo m. For a graph H, let
V(H) and E(H) denote the vertex set of H and the edge set of H,
respectively. Similarly, for a digraph D, let V(D) and A(D) denote
the vertex set of D and the arc set of D, respectively. The order
and the size of a graph H (or digraph D) are |V(H)| and |E(H))| (or
|V(D)| and |A(D)|), respectively.

We denote the complete multipartite graph with parts of sizes
a; for 1 < i < m by Kaay. an Ha;=aforalic {1y},
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then we use the notation K,,x,. Furthermore, let V(K onxa) = Zona
with vertex partition {Vo, Vi,...,Vin—1} where V; = {j € Zno : j =
(mod m)}. Then E(Kpmxq) consists of all edges {3, j} such that i % j
(mod m).

The complete graph of order n with a hole of size t, denoteq
K \ Ky, is the graph with vertex set V and edge set {{a,b} : a €
V,beV\Ua#b} where [V| =n, U £ V, and |U| = t. The
vertices in U are said to be the vertices in ¢he hole.

Let tG denote the graph consisting of ¢ vertex-disjoint copies
of G. The join of two vertex-disjoint graphs G and H, denoted
G V H, is the graph with vertex set V(G) U V(H ) and edge set
E(G)UE(H) U {{a,b} : a € V(G),b € V(H)}. For example, K5,
could be described as (zK5 Vv K1) U K, x5. Note that, by convention,
the union of two graphs implies the graphs are edge-disjoint, but not
necessarily vertex-disjoint.

Let H be a graph and let G be a set of subgraphs of H. We
will refer to a graph G € G as a G-block. A G-decomposition of H
is a set A = {G1,Gs,...,G,} of pairwise edge-disjoint subgraphs
of H such that for every i € [1,7], G; & G for some G € G and
such that E(H) = |J;_; E(G;). Of particular importance is when
G = {G}, in which case we write “G-decomposition of H” instead
of “{G}-decomposition of H” A G-decomposition of K,, is also
known as a (K, G)-design. The set of all n for which K,, admits
a G-decomposition is called the spectrum of G. The spectrum has
been determined for many classes of graphs, including all graphs
on at most 4 vertices [4] and all graphs on 5 vertices (see [3] and

[12]). We direct the reader to [2] and [5] for recent surveys on graph
decompositions.

1.1 Definitions for Digraphs

Similar concepts to those defined above for undirected graphs can be
defined for digraphs. First, we introduce additional notation. For
an undirected graph G, let G* denote the digraph obtained from G
by replacing each edge {u,v} € E(G) with the arcs (u, v) and (v, ).
Thus K, the complete digraph of order n, is the digraph on n vertices

with the arcs (u,v) and (v, u) between every pair of distinct vertices
u and v.
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Let H and D be digraphs such that D is a subgraph of H. A
)-decomposition of H is a set A = {Dq,Ds,...,D,} of pairwise
re-disjoint subgraphs of H each of which is isomorphic to D and
uch that A(H) = UJ;—; A(D;). As with the undirected case, a D-
ecomposition of K} is also known as a (K};, D)-design, and the set of
1l n for which K} admits a D-decomposition is called the spectrum
f D.

The spectra for several digraphs of small order at most 4 have
een determined. This includes the spectra for all digraphs on at
nost 3 vertices [14], all bipartite digraphs on 4 vertices (see [9]), the
rientations of a triangle with a pendent edge (see [6] and 8]), and
everal of the orientations of Ky — e (see [7}).

In this paper, we extend the known results on the spectra of
ligraphs of order 4 by determining the spectra for the four digraphs
ound in Figure 1. We use the naming convention found in An Atlas
»f Graphs [15] by Read and Wilson. For example, D113]a, b, ¢, d]
efers to the digraph with vertex set {a,b,c,d} and arc set {(a,b),
a, d): (ba a’)7 (Cy a)a (CJ b)u (C, d)}

a b a b a b a b
d c d c d é d ©

D113[a,b,c,d] D119]a,b,c,d] D121[a,b,c,d] D147[a,b,c,d]

Rigure 1: The 4 digraphs for which we settle the spectrum. Note
-hat these are 4 possible orientations of a multigraph obtained from
wdding a double edge to K4 — e.

1.2 Some Basic Results

The obvious necessary conditions for a digraph D to decompose K
are
(A) V(D) <n, -
(B) |A(D)| divides |A(K})| =n(n — 1), and
(C) both ged{outdegree(v) : v € V(D)} and ged{indegree(v) : v €
V(D)} divide n — 1.
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Applying these necessary conditions to the 4 digraphs under consid-
eration, we obtain the following necessary conditions:

Lemma 1. For D € {D113,D119, D121, D147}, a (K}, D)-design
ezists only ifn > 7 andn =1 or 3 (mod 6).

Given a digraph D, the reverse orientation of D, denoted Rev(D),
is the digraph with vertex set V(D) and arc set {(v,u) : (u,v) €
A(D)}. We make use of the following fact that was first noted in [9]:

Observation 2 ([9]). Let D and H be digraphs. A D-decomposition
of H exists if and only if a (Rev(D))-decomposition of Rev(H) exists.

The fact that K, = Rev(K};) leads to the following corollary:

Corollary 3. Let D be a digraph. A (K, D)-design exists if and
only if a (K}, Rev(D))-design ezists.

Note that the 4 digraphs of interest in this paper occur in pairs
with respect to their reverse orientations. Namely, D113 = Rev(D121)
and D119 = Rev(D147).

The following theorems on decompositions of complete graphs
and complete multipartite graphs are crucial for proving our main
results. Note that these background results concern graphs, as op-
posed to digraphs. All of these results can be found in the Handbook
of Combinatorial Designs [10] (see for example [1] and [11]).

Theorem 4 ([10]). Ifn is an odd positive integer, then there ezists
a {K3, Ks}-decomposition of K,,.

Theorem 5 ([10]). Let t > 3. There exists a K3-decomposition of
Kix2 if t=0 or 1 (mod 3) and of Ky, (t—2)x2 if t =2 (mod 3).

Theorem 6 ([10]). Let t > 4. There exzists a K4-decomposition of
Kixs if t=0 or 1 (mod 4) and of K¢, (t-2)x3 if t =2 or 3 (mod 4)
and t # 6.

The following is a well-known result that is a special case of Wil-
son’s Fundamental Construction (see [13]).

Theorem 7 ([13]). Let m, n, r, s, and t be positive integers. If
there exists a (Kixm, Kn)-design, then there ezists a (Kiscms, Knxs)-
design. Similarly, if there exists a (Kr, txm, Kn)-design, then there
ezists a (Krs, txms, Knxs)-design.
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Examples of Small Designs

Ve now turn our attention to the designs of small order which will
e used for the general constructions.

Given a digraph represented by the notation Dla, b, ¢, d] and some
€ Z,, we define Dia,b,¢,d] +i = Dla +i,b+1,c+i,d +1] where
1l addition is performed in Z,. By convention, define co +1 = oo.
sxample 1. There ezists a (K7, D)-design for D € {D113,D119,
)121, D147}

Let V(K—’;) = Z7.

. (K3,D113)-design is given by {D113[0,1,4,2] +i:i € Z7}.
\ (K%,D119)-design is given by {D119[0,1,5,3] +i:i € Z7}.
\pplying Corollary 3, we obtain the remaining designs.
sxample 2. There ezists a (K¢, D)-design for D € {D113,D119,
121, D147}
Let V(K3) = Zg x Zg U {0}
\ (KJ,D113)-design is given by
{D113[(1,1+ 1), (1,0 +14), (0,0 +1), (0,1 +19)] : § € Zg}
U {D113[(0,3 +4), (1,2 + 1), (1,0 +1%),(0,2 +9)] : 1 € Zq}
U {D113[oo, (1,2 +4), (0,0 +14), (0,2 +1)] : i € Za}.
\ (K3,D119)-design is given by
{D119[(0,3 + i), (0,0 +1), (1,1 + 1), (1,241)] : i € Za}
U {D119[(0,3 + 1), (1,3 + ), (1,2 +14), (0, L +9)] : i € Za}
U {D119[00, (0,3 + 1), (1,1 +1), (1,3 +19)] : ¢ € Za}.
Applying Corollary 3, we obtain the remaining designs.
Example 3. There ezists a (K{3, D)-design for D € {D113,D119,
D121, D147}
Let V(Kf:;) = Zlg.
A (K};,D113)-design is given by

(D113[0,4,6,8] +i : i € Zy3} U{D113[1,0,8,11] +i: i € Z13}.
A (K315, D119)-design is given by

(D119]0,4,5,7) +1 : i € Z13} U {D119[9,12,10,2] +2: i € Zu3}.
Applying Corollary 3, we obtain the remaining designs.
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Example 4. There exists a (K5, D)-design for D € {D113,D119,
D121, D147}.

Let V(K{s) = Za x Z7 U {o0}.
A (K35, D113)-design is given by
{D113[(0,4 + 1), (0,1 +14),(1,0+14),(1,14+14)] : i € Z7}
U {D113[(0,6 + 1), (0,0 + 1), (1,4 +4); (1,1 +1)] : i € Z7}
U{D113[(1,1+14),(1,6+14),(0,1 +1),(0,6+1)] : i € Z7}
U {D113[(1,2 + 1), (0,1 +1),(0,6 + 1), (1,5 +1)] : i € Z7}
U {D113[c0, (0,0 + ), (1,0 + 1), (1,6 +i)] : i € Z7}.
A (K75, D119)-design is given by
{D119[(1,5 +1), (1,2 + i), (0,0 4+14), (0,2 +9)] : i € Z7}
U {D119[(1,2 +1%), (1,1 +1), (0,0 + 1), (0,5 +9)] : i € Z7}
U {D119[(0,0 + 1), (0,1 +14),(1,5 +14),(1,0+ 1)) : i € Z7}
U {D119[(1,1 + 1), (0,2 +1), (0,5 + 1), (1,6 +14)] : i € Z7}
U {D119[o0, (1,6 + 1), (0,6 + 1), (0,3 +14)] : i € Z7}.
Applying Corollary 3, we obtain the remaining designs.

Example 5. There exists a (K3;, D)-design for D € {D113,D119,
D121, D147}

Let V(K3,) = Z3 x Z7.
A (K3;,D113)-design is given by

{D113[(0,0 + 1), (0,1 +1),(0,34+1),(1,0414)] : i € Z7}

U {D113[(0,0 + 1), (1,1 +14),(0,5 + ), (2,0 4+ 9)] : i € Z7}
U {D113[(0,0 + 1), (1,2 + 1), (0,4 + ), (2,1 +1)] : i € Z7}
U {D113[(0,0 + ), (2,3 + 1), (1,0 + 1), (1,6 + )] : i € Z7)}
U {D113[(0,0 + 1), (2,5 + 1), (1,4 +14),(2,6 +1)] : 1 € Z7}
U{D113[(1,0 + i), (1,2 + 1), (2,1 +14), (0,4 + 1)) : i € Z7}
U{D113[(1,0 + 1), (2,0 +1),(2,2 4+14),(0,2 + )] : i € Z7}
U{D113[(1,0 +1), (2,4 +1),(2,3 +14), (0,1 +9)] : i € Z7}
U{D113[(1,0 +1),(2,5 +1),(1,6 +1),(1,3 +14)] : i € Z7}
U {D113[(2,0 +1), (2,4 + i), (2,5 + 1), (0,6 + )] : i € Z7}.
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A (K3, D119)-design is given by

{D119[(1,2 + 1), (0,5 +14), (0,6 + 7), (2,1 +14)] : ¢ € Z7}

U {D119[(2,0 +14), (1,5 +1),(0,0 +14),(1,1 +14)] : i € Z7}
U {D119[(1, 1 +4), (0,1 4 4), (0,6 +14), (1,4 +1)] : ¢ € Z7}
U {D119[(0,0 +4), (0,3 + ), (1,2 +1), (0,6 + 1)) : i € Z7}
U {D119[(0,0 + 1), (2,1 +9), (1,1 +14),(2,4 + 1)] : i € Z7}
U {D119[(0,0 + i), (2,3 + ), (1,6 +1),(2,6 +9)] : i € Z7}
U {D119](0,0 +4), (2,5 + 1),(2,2 + 1), (0,2 + 7)] 1€ Zq}
U {D119[(1,0 4 ), (1,1 +14),(2,5 +1), (L, 4+ 9)] : i € Z7}
U {D119[(1,0 +14),(1,2+4),(2,3+1),(2,5+ 9] : i € Z7}
U {D119[(2,0 + 1), (2,6 +14),(2,2 +1),(0,3 +9)] : 1 € Z7}.

Applying Corollary 3, we obtain the remaining designs.

Example 6. There ezists a (K35, D)-design for D € {D113,D119,
D121, D147}.

Let V(K25) Zios.
A (K3, D113)-design is given by

(D113[0,1,13,19] + 4 : § € Zos} U {D113[0,3,17,21] + 4 : i € Zas}
U {D113[0,5,15,17) + i : i € Zps} U {D113[0,7,16,14] + i : i € Zas}.

A (K35, D119)-design is given by

{D119[0, 12, 2, 8] +1:1€ Z25} U {D119[0, 24, 6, 10] +1:2€ Z25}
U {D119[0, 22, 14, 16] + i : i € Zas} U {D119[0,20,4,18] + 4 : i € Zas}.

Applying Corollary 3, we obtain the remaining designs.
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Example 7. There exists a (K34, D)-design for D € {D113,D119,
D121, D147}.

Let V(Kgg) = Z3 X Z13. &
A (K34, D113)-design is given by »

{D113[(1,8 + 1), (0,8 +14),(1,6 + 1), (2,3 +19)] : i € Z13}

U {D113[(1,4 + 1), (1,8 +1),(2,7 + 1), (0,12 4+14)] : i € Z13}
U {D113[(2,8 + 1), (2,6 +1), (0,14 1), (2,14 9)] : i € Z13}
U{D113[(2,5 + 1), (0,3 + 1), (1,11 + 1), (0,9 + )] : i € Z13}
U{D113[(1,11 + ), (1,4 +1),(0,7 + %), (2,11 +14)] : i € Z13}
U {D113[(0,6 +1), (0,2 + 1), (2,9 + 1), (1,2 4 4)] : i € Z13}

U {D113[(0,0 + 1), (1,3 + i), (2,5 + 1), (2,1 + 1)] : i € Z13}
U{D113[(1,1 +1),(0,2 + i), (2,1 +1), (0,0 + i)] : i € Zy3}

U {D113[(0,0 + 1), (0,1 + 1), (0,3 + i), (0,5 4+ 1)] : i € Z13}

U {D113[(0,0 + ), (0,6 + 1), (1,10 + 1), (0,3 +14)] : i € Z13}
U {D113[(0,0 + 1), (1,6 +14),(0,5 + 1), (1,7 +1%)] : i € Z13}

U {D113[(0,0 + ), (2,6 + i), (2,11 +14), (2,3 4+ 1)] : i € Z13}
U {D113[(0,0 + i), (2,10 + 1), (2,0 + 1), (2,12 +4)] : i € Z13}
U{D113[(1,0 +1), (1,8 +1),(2,5 +1),(2,12+19)] : i € Z13}
U{D113[(1,0 +1), (1,10 +1),(0,2 4+ 4), (2,11 + )] : ¢ € Z13}
U{D113[(1,0 +1), (2,1 +14), (2,11 +14),(2,2 + i)] : 1 € Zy13}
U{D113[(1,0 + 1), (2,4 +14), (1,12 4+ ), (1,11 +4)] : i € Z13}
U {D113[(1,0 +9), (2,6 + 3), (0,8 4+ 1), (2,3 + i)] : i € Zy3}.
U{D113[(1,0 +1), (2,9 +4),(2,8 + i), (0,4 +14)] : i € Zy3}
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\ (K34, D119)-design is given by

{D119[(1,8+1),(2,9+ i),(0,4 +1),(1,12+14)] : i € Zy3}
U {D119[(2, 11 + i), (1,11 +9),(2,8 +1),(0,5 +9)] : ¢ € Z13}
U {D119[(2,1+14), (1,8 +1), (0,8 +1),(0,12 + )] : i € Z13}
U {D119[(2,7 + i), (2,5 +1),(1,9+ i),(1,4 +1)] : i € Z3}
U {D119{(2,1 + i), (0,6 +1), (0,12 + 1),(2,241)] 1 1 € Zy3}
U {D119[(1, 1 + 1), (2,0 +1),(1,2 + 1), (0,11 + )] : 4 € Zua}
U {D119[(0,0 + %), (0,1 +1), (0,3 +19),(0,8 + i) : i € Z13}
U {D119](0, 0 +4), (1,1 +1), (0,2 +1),(0,9 +8)] : ¢ € Za}
U {D119[(0, 0+ ), (1,2 +1%),(0,10 + 1),(1,10 +14)] : i € Za3}
U {D119[(0,0 + 1), (1,6 +1), (1,7 + D), (1,5 +14)] : i € Z13}
U {D119[(0, 0 + 1), (1,9 +14), (1,11 + 1),(2,0+1)] : © € Z13}
U {D119[(0,0 + i), (1,0 +1),(2,0 +1),(2,9+ i)] : 1 € Zia}
U {D119[(0,0 +1),(2,7 +1),(2,4 + ),(2,11 +19)] : ¢ € Z13}
U {D119[(0,0 + %), (2,10 + 1), (2,1 + 1), (1, 7+ i)] : 1 € Zy3}
U {D119((0,0 + i), (2,12 + ), (2,11 + 0),(2,4+1)] : 1 € Zy3}
U {D119[(1, 0 + 1), (1,6 + ), (2,10 +9), (1,5+1)] : i € Z13}
U {D119[(1,0 + ), (1,10 + ), (0,2 + ),(2,7+1)] : i € Z13}
U {D119[(1, 0+ 1), (2,8 +1), (1,4 +4),(2,9 +19)] : ¢ € Z13}
U {D119[(2,0 + ), (2,8 +1), (0,12 + 3), (1,11 +9)] : i € Z3}.

Applying Corollary 3, we obtain the remaining designs.

Example 8. There exists a (K}, D)-design D € {D113,D119,
D121, D147}.

Let V(K] ,) = Zg with partition {{0,4},{1,5},{2,6},{3, 7}}.
A (K},,,D113)-design is given by
{D113[0, 1,2, 5], D113[0, 6, 3, 9]),D113[0,7,5,3],D113[4, 1,3, 5],
D113[4,2,5,6], D113[4,7,6,3],D113[2,7,1,3], D113[6, 1,7, 5]}.
A (K}, o,D119)-design is given by
{D119[0,3,1,2] +i:i € Zs}.
Applying Corollary 3, we obtain the remaining designs.
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Example 9. There exists a (K3, D)-design for D € {D113,D119,
D121, D147}.

Let V(K3,6) = Z1s with partition { {j € Z1s : j =i (mod 3)} :
1 E Z3}.
A (K3,6,D113)-design is given by
{D113(2,12,13,15] +i:% € Z1g} U {D113[% 15,14,12] + i : i € Zys}.
A (K36, D119)-design is given by )
{D119[2,12,13,15] +i: i € Z1g} U{D119[1,15,14,12] + i : i € Zys).
Applying Corollary 3, we obtain the remaining designs.

Example 10. There exists a (K2, 4, D)-design for D € {D113, D119,
D121, D147},

Let V(Kgxe) = Z3o with partition {{] € Zao : 1=1 (IIlOd 5)} :

(NS Zs}
A (Ki, g, D113)-design is given by

{D113[0,2,21,7] +¢: 1 € Zo} U {D113[1,7,8,22] +4 : i € Zag}
U {D113(3,16,15,11] +4 : i € Z3o} U {D113[2,29,10,14] + i : i € Zag}.

A (K3, 6, D119)-design is given by

{D119[0,2,21,7] + 4 : i € Zyo} U {D119[1,7,8,22] +i : i € Zao}
U {D119(3,16,15,11] 4+ : 5 € Zso} U {D119[2,29, 10, 14] +4 : i € Zo}.

Applying Corollary 3, we obtain the remaining designs.

Example 11. There ezists o (K§ \ K}, D)-design for D € {D113,
D119, D121, D147}.

Let V((K; \ K;) = Ze U {001,002, 003} where 001, 009, and oQ03
are the vertices in the hole.

A (K§\ K3,D113)-design is given by
{D113(0, 2,5, 003}, D113[5, 001, 0, 009], D113[o01, 1, 2, 3],
D113[o02, 1,3, 2], D113[003, 2, 1, 3], D113([1, 0, 003, 5],
D113[3,0, 003, 5], D113[4, 002, 2, 5], D113[4, 003, 3, 001],

D1134, 0, c01,2],D113[4, 1, 5, 3]}
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A (K \ K3,D119)-design is given by
{D119[0, 4, 001, 1], D119[c01, 5, 1, 2], D119[O 3,2, 001,
D119[3, 001, 4, 1], D119002, 0, 2, 3], D119(c02, 5, 3, 4],
D119[o0g, 1,4, 2],D119[5, 2, 4, 0cz], D119[5, 0, co3, 4],
D119{003,2,1,0],D119(3, 003, 1, 5] }.
Applying Corollary 3, we obtain the remaining designs.

3 Main Results

We finally address the general constructions needed to piece together
the small designs mentioned previously to prove sufficiency of the
necessary conditions.

Theorem 8. Ifn =1 (mod 6) and n > 7, then a (K, D)-design
ezists for D € {D113,D119,D121,D147}.

Proof. Let D € {D113,D119,D121,D147} and let n = 6z + 1 for
some positive integer z. When z is 1, 2, or 4, the result follows
from Examples 1, 3, and 6, respectively. The remainder of the proof
breaks into two cases.

CASE 1: z is odd with > 3.

By Theorem 4 there exists a {3, K5 }-decomposition of K. Thus,
by Theorem 7, there exists a {Ks3x6, Ksxs}-decomposition of Kzxe.
Note that Kez+1 = (zKe V K1) UKzxe = Kyxe U Uf:l K;. Thus,
K: = K} s UU>, K?. Since there exists a (K3, D)-design (by
Example 9) and there exists a (K¢, D)-design (by Example 10),
there exists a (K34, D)-design. Since there also exists a (K7, D)-
design (by Example 1), there exists a (K;, D)-design.

CASE 2: z is even with 2 > 6.

Let £ = 2y for some integer y > 3. Hence, n = 6(2y) +1 =12y + 1.

SUBCASE 2.1: y=0or 1 (mod 3).

By Theorem 5 there exists a K3z-decomposition of Kyx2. Thus,
by Theorem 7, there exists a K3xe-decomposition of Kyx12. Note
that K12y+1 = (yKlg VvV Kp) U Kyx12 = ny12 U Uz— Ki3. Thus,
K} = KoY \UY_, K3;. Since there exists a (K3,g, D)-design (by
Example 9), there ex1sts a (K}, 15, D)-design. Since there also exists

y
a (K?;, D)-design (by Example 3), there exists a (K, D)-design.
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SUBCASE 2.2: y =2 (mod 3).

By Theorem 5 there exists a K3-decomposition of Ky (y_2)x2- Thus,
by Theorem 7, there exists a K3xg-decomposition of K4, (y—2)x12-
Note that Kioyt1 = ((K2a U (y — 2)K12) V K1) U Koa (y-2)x12 =
Ko4, (y—2)x12 U Kos U Ui:f Kys. Thus, K, = Ky (, 9y,12 Y Ko U
U;?;f Ki;. Since there exists a (K3.q, D)-design (by Example 9),
there exists a (K3, (y—2)x 12> D)-design. Since{ there also exist (K3, D)-
and (K73, D)-designs (by Examples 6 and 3), there exists a (K, D)-
design. |

Theorem 9. If n = 3 (mod 6) and n > 9, then a (K}, D)-design
ezists for D € {D113,D119,D121,D147}.

Proof. Let D € {D113,D119,D121,D147} and let n = 6z + 3 for
some positive integer z. When z is 1, 2, 3, or 6, the result follows
from Examples 2, 4, 5, and 7, respectively. The remainder of the
proof breaks into two cases.

CASE 1: z =0o0r 1 (mod 4) with z > 4.

By Theorem 6 there exists a K4-decomposition of K;x3. Thus, by
Theorem 7, there exists a Kyyo-decomposition of K;«s. Note that
Kozt+3 = (£Ke V K3) U Kzx6 = Koxe U Ko U UL (Ko \ K3). Thus,
K= K}.sUK;UUL (K& \ K3). Since there exists a (K7, o, D)-
design (by Example 8), there exists a (K, 4, D)-design. Since there
also exists a (K3, D)-design (by Example 2) and a (K3 \ K3, D)-
design (by Example 11), there exists a (K, D)-design.

CASE 2: £ =2 or 3 (mod 4) with z > 7.

By Theorem 6 there exists a K4-decomposition of K, (z—2)x3- Thus,
by Theorem 7, there exists a Kyx2-decomposition of K12, (z—2)x6-
Note that Kesis = ((Ki2 U (z — 2)Ke) V K3) U K13 (s—2)x6 =
Klg, (z—2)x6 Y K5 U ;?;12(}(9 \ Kg)‘ Thus, K} = Ki*z, (2—2)x6 U
Kis U U‘;-':l?(Kg \ K3). Since there exists a (K}, ,, D)-design (by
Example 8), there exists a (K;‘Q’ (2—2)x6 D)-design. Since there also
exists a (K{y, D)-design (by Example 4) and a (K¢ \ K3, D)-design
(by Example 11), there exists a (K, D)-design. a8

Hence, our main result can be summarized as Theorem 10.
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Cheorem 10. For D € {D113, D119, D121, D147}, there ezists a
K}, D)-design if and only ifn =1 or 3 (mod 6) andn > 7.
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