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Abstract

We study homomorphism properties of signed K4-minor-free graphs.

On the one hand we give a necessary and sufficient condition for
a signed graph B to admit a homomorphism from any signed K-
minor-free graph and we determine the smallest of all such signed
graphs. On the other hand, we characterize the minimal cores that
do not belong to the class of signed Kj-minor-free graphs. This, in
particular, gives a classification of odd-K4’s that are cores. Further-
more, we show some applications of our work.
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1 Introduction

The class of K4-minor-free graphs, also known as series-parallel graphs,
is of special importance in the study of the homomorphism properties of
graphs. On the one hand, restriction to closely related subclasses such
as outerplanar graphs reduces the homomorphism relation to the study of
finding odd-girth of graphs; indeed Gerards proved in [7] that the core of
any outerplanar graph is its shortest odd cycle. On the other hand, Hubi¢ka
and Nesetfil proved, in [8], that the homomorphism order on the class of
K4-minor-free graphs is a universal countable order, i.e., it contains an
isomorphic copy of any countable order.

The study of homomorphism properties of Kj4-minor-free graphs be-
comes even more appealing by the observation that this is precisely the
class of graphs of tree-width at most 2.
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Recall that the property of no K4-minor for a graph is equivalent to
the property of no K4-subdivision [5]. This leads to a study of the homo-
morphism properties of minimal graphs that do not belong to the class of
graphs of tree-width at most 2.

A development of homomorphisms of signed graphs has begun recently
in [11] (see also [12]). This is of high interest because it provides a frame-
work for stronger relation between minor theory and homomorphisms of
graphs. Thus in this paper we are interested in the study of homomor-
phism properties for K4-minor-free signed graphs or the minimal graphs
not belonging to this family.

On the one hand, we provide a necessary and sufficient condition for
a signed (simple) graph to admit a homomorphism from any Kj4-minor-
free signed graph and we determine the smallest of such graphs. On the
other hand, we determine which signed subdivisions of K4 are cores. The
latter could be used as a tool in the study of some conjectures such as
Jaeger-Zhang [14] conjecture or its bipartite analogue [11] (see in Section 5).
Characterizing subdivisions of K4 which are cores as graphs (without a
signature) is a special case of our result. Because of an independent interest
of this case, it is considered in Section 4.2.1 without using the notion of
sign or signature.

The paper is organized as follows. In the next section, we settle our
choice of terminology and mention basic tools in the study of homomor-
phisms of signed graphs. We note that there are competing terminologies
as the theory of signed graphs is being developed from different areas. In
Section 3, we prove a necessary and sufficient condition for a signed graph
to bound the class of signed K -minor-free graphs and we find the smallest
of such bounds. This is a notion of chromatic number of signed graphs, not-
ing that there are other interesting notions of chromatic number of signed
graphs. In Section 4, we classify all the signed subdivisions of K, that
are cores. In Section 5, we explain how this could be used as a tool in
other homomorphism problems. Finally in Section 6, we address the future
direction of study and mention a few open problems.

2 Preliminary

We consider simple graphs. Given a graph G, a walk in G is an al-
ternating sequence of vertices and edges which starts and ends at vertices,
where an edge e of the sequence lies in between its two endpoints. A closed
walk is a walk where the start and end vertices are the same. Closed walks
are rather viewed in a cyclic order, thus losing the importance of the start
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point. A path in G is a walk of G where all vertices are distinct (thus all
edges are distinct as well). A thread in G is a path where all the vertices
are of degree 2 except possibly the starting and ending points of the path.
For a graph G on at least 3 vertices, a cycle in G is a closed walk with
distinct edges and vertices in the sequence except the staring and ending
points.

Given an edge uwv € E(G), to subdivide an edge uv of a graph G is to
replace it with a u-v thread P. The length of the subdivision of an edge
uv is the length of P. A subdivision of a graph G is a graph G’ which is
obtained from G by subdividing some or all edges of G. A subdivision of
G sometimes is referred to as a G-subdivision.

Given an edge wv € E(G), to contract an edge uv of a graph G is to
remove it and merge its two endpoints. A minor of G is a graph H obtained
from G by a sequence of operations: deleting vertices, deleting edges and
contracting edges in any order. We say that G has an H-minor if it admits
H as its minor, otherwise G is said to be H-minor free.

It is easily observed that if G is a subdivision of H, then H is a minor
of G. The converse is not always true, but in the following special case it
is.

Lemma 2.1. [5] Let H be a graph with A(H) < 3. A graph G has an
H-minor if and only if G has an H-subdivision as a subgraph.

2.1 signed graph

A signed graph (G, o) is a pair consisting of a graph G and an assignment
o : E(G) = {+,—}. In our figures, we use a dashed line to present a
negative edge and a solid line to present a positive edge. A signed graph
(H,n) is a subgraph of signed graph (G,o) if H is a subgraph of G and
T = o|g). A signed graph where all edges are negative is denoted by
(G, —) and a signed graph where all edges are positive is denoted by (G, +).
The sign of a closed walk is the product of signs of its edges (allowing
repetition).

Given a signed graph (G, o) and a vertex v, a switch at vertex v is to
switch the signs of edges which are incident to v. A signed graph (G, o) is
a switch of (G,o’) if it is obtained from (G, o’) by a sequence of switchs
at vertices, in which case we may also say ¢’ is a switch of o and (G, o) is
switching equivalent to (G,o’).

Observe that the sign of a closed walk, and in particular the sign of a
cycle is invariant under switch. Zaslavski proved that the inverse is also
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true in the following sense:

Proposition 2.2. [13] Two signed graphs (G, o01) and (G, 02) are switching
equivalent if and only if they have the same set of negative cycles.

Closed walks, as the key structures of a signed graph, are of four possible
types based on their sign and the parity of their length. As sign itself is
the parity of the number of negative edges, one may use elements of Z32
to denote these four types. More precisely: a positive odd closed walk in
(G,0) is of type 01, a negative odd closed walk in (G,o) is of type 11, a
positwe even closed walk in (G, o) is of type 00 and a negative even closed
walk in (G, o) is of type 10. Given a signed graph (G, o), g;;(G, o) denotes
the length of the smallest closed walks of type ij in (G,o). When there is
no closed walk of type 77 we set g;; = oo.

Observe that goo(G,0) = 2 as long as G has at least one edge. It
is shown in [12] that of the other three values, go1(G,0), 910(G, o) and
911(G, o) if one is co, then at least two of them are co. This leads to three
special subclasses of signed graphs: the Gp; consisting of signed graphs
(G, o) which can be switched to (G,+) (thus g0 = g11 = oo for every
member of this family), the G;; consisting of signed graphs (G, o) which
can be switched to (G, —) (then 910 = go1 = o©) and the G;¢ consisting of
signed bipartite graphs (where gg; = g11 = o0). These subclasses are of
special importance in the study of homomorphisms of graphs and signed
graphs, we refer to [12] for more details.

Observe that for any signed graph in G;;, every cycle of it is either of
type 00 or of type ij. A positive (negative) cycle of length { will be denoted
by C," (CT).

2.2 Homomorphisms and bounds

A homomorphism of a signed graph (G,o) to another signed graph
(H,m) is a mapping ¢ from V(G) and E(G) to V(H) and E(H) (respec-
tively) such that the adjacencies, the incidences and the signs of closed walks
are preserved. When there exists a homomorphism of (G, o) to (H, ), we
write (G,o0) — (H,m). A homomorphism of (G, o) to (H, ) is said to be
an edge-sign-preserving homomorphism if it also preserves the signs of the
edges. For more on homomorphisms of signed graphs we refer to [11] and
[12].

The core of a signed graph (G,o0) is the smallest subgraph (H,m) of
(G, o) such that (G,0) — (H, ). A signed graph (G, o) is a core if its core
is itself. Cycles which are not of type 00 are examples of signed graphs that
are cores.
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The following no-homomorphism lemma is an immediate consequence
of the definition:

Lemma 2.3. If (G,0) — (H, «), then g;;(G,0) > g;;(H, ) forij € Z3.

For most other applications of homomorphism of signed graphs, we use
the condition from the following theorem.

Theorem 2.4. [12] A signed graph (G, o) admits a homomorphism to a
signed graph (H,7) if and only if there exists a switch o’ of o such that
(G, 0’) admits an edge-sign-preserving homomorphism to (H, m).

Using this reformulation, one observes that restriction of homomor-
phisms of signed graphs to the class Gp; (or Gi;1) is the classic notion of
homomorphisms of graphs. Furthermore, it is shown, in [11], that restric-
tion on the class G;¢ already captures the notion of graph homomorphism
via a simple graph operation.

Given a signed graph B and a class C of signed graphs, we say B bounds
the class C if every member of C admits a homomorphism to B. The most
well-known example of a bound is a reformulation of the four color theorem
which says (K4, +) (resp. (K4, —)) bounds the class of planar graphs in Gy,
(resp. Gi1).

A main question of importance then is the following. Given a class
C of signed graphs and a signed graph B, are the necessary conditions
of Lemma 2.3 also sufficient? In other words, does every signed graph
(G, o) € C satistying 9;;(G,0) > g;;(B) admits a homomorphism to B? If
so, then we say B is C-easy. It is not hard to check that the four color
theorem is equivalent to claiming that:

Theorem 2.5 (4CT, restated). The signed graph (K4, +) is planar-easy,
and so is (Ky4,—).

Some other conjectures and results can also be nicely presented in this
language.

For SSPG being the class of signed series-parallel graphs and for a signed
graph B which is in one of the three special classes G;;, ij € {01,10,11},
a necessary and sufficient condition for B to be SSPG-easy is given in [2]
and [3].

Our work in the next section is a first step towards a generalization of
this work where B can be chosen among all signed graphs. More precisely,
we give a necessary and sufficient condition for a simple signed graph B
to bound the class of signed K4-minor-free graphs. On the other hand it
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is shown in [6] that if B is in one of G;; and B is SSPG-easy, then so is
the extended double cover EDC(B) (see Section 6 or [12] for a definition of
EDC(B)). We will show that this is not true in general.

In Section 4, we characterize the minimal signed graphs that are not in
the class of signed K4-minor-free graphs. Those are the signed subdivisions
of K4 which are cores. In Section 5 then we mention possible applications
of this characterization.

3 Coloring of signed K;-minor-free graphs

In this section, we study the homomorphism of signed Kj4-minor-free
graphs. We recall a characterization of edge-maximal K4-minor-free graphs:

Proposition 3.1. [5] A graph with at least three vertices is edge-mazimal
K4 -minor-free if and only if it can be constructed recursively from triangles
by pasting along Ks.

Here, similar to the results of [2] and [3], we give a characterization of
simple signed graphs to which every signed Kj4-minor-free graph admits a
homomorphism.

Theorem 3.2. A signed graph (H, 7) bounds the class of signed K4-minor-
free graphs if and only if there exists a nontrivial subgraph (H',n') C (H, )
such that each edge of (H', ') belongs to at least one positive triangle and
at least one negative triangle in (H', 7).

Proof. Suppose that (H,7) contains a subgraph (H’,7’) such that every
edge of (H’,n’) belongs to at least one positive triangle and at least one
negative triangle. Given a signed Kj4-minor-free graph (G, o), let (G*,0")
be an edge-maximal signed K4-minor-free graph containing (G, o) where
o*(e) is chosen arbitrarily for each edge e not in (G, o). We will show that
(G*,0") maps to (H', 7).

Let vy, v2,...,v, be an ordering of vertices of G* obtained by following
Proposition 3.1. Thus vy, ve, v3 induces a triangle in G*. As H' is nontrivial,
it has at least one edge and thus by the assumption on the edges it has at
least one positive triangle on this edge and one negative triangle. Taking
a triangle T in (H', '), of the same sign of the triangle vjvovs in (G*,0"),
and after a suitable switch if needed we may map v;,v2,v3 to the vertices
of T. To complete this mapping to a mapping of (G*,c*) to (H', ') we use
induction: having ¢ which maps vertices vy, vs,...,v; to (H’, '), from the
structure of G* we know v; ;1 forms a triangle with two vertices, say v;, , v;,,
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in vy, vs,...,v; and is connected to no other. Consider that the sign of the
triangle v;41v;,v;,. As ¢(v;,)¢(v;,) is an edge of (H', 7’), and according to
the main property of (H’, 7’), there exists a triangle ¢(v;, )¢(v;, )u which is
of the same sign as the sign of the triangle v;{ 1v;, v;,. Extend ¢ by mapping
vit1 to u (after a switch at v;; if necessary). This proves one direction of
the theorem.

It remains to show that if (H,7) bounds the class of signed K4-minor-
free graphs, then there exists such a subgraph satisfying the property. Sup-
pose that (H,w) bounds the class of signed Kj4-minor-free graphs. Let
(H*,7*) be a minimal subgraph of (H, ) which bounds the class of signed
K4-minor-free graphs. Here minimality is with respect to taking subgraphs.
Thus, in particular, for each edge e; € E(H*), i € {1,...,|E(H")|}, there
exists one Ky-minor-free graph G* such that (G, %) /4 (H* —e, T |g(g»—e))-

Given an edge e; = zy, to prove the property for this edge, we denote all
the homomorphisms of (G%, %) to (H*, ") by ®1, p2, ..., p,. For each ¢,
s € {l,...,r}, there exists an edge z,y, € E(G?) such that ¢,(zs)ps(ys) =
zy. We now construct a signed Kj4-minor-free graph (G%,o?) based on
(G?, o) in order to show the edge property of (H*, 7*) for the edge e;. For
any edge z,y, with s € {1,...,7}, we add vertices w, and z, to (G¢,o%), and
then add a negative edge w,y,s and three positive edges wsz,, 2,5, 2:ys. By
Proposition 3.1, we know that G? is still a K4-minor-free graph, so there
exists ® : (G%,0%) — (H*, 7). Furthermore, we know that ®|(g: o) = @5,
foransg € {1,...,7}. Thus ®(z,)®(ys) = zy, and ®(w,), P(2,) are vertices
of (H*,7*). By the definition of homomorphism, we conclude that one of
®(ws)zy and P(z5)zy is a positive triangle while the other is a negative
triangle. This prove the property for the edge e;. O

An example of a signed graph on 5 vertices satisfying Theorem 3.2 is a
graph of Figure 1 known as Signed Paley graph on 5 vertices, denoted by
SPals. This was used to prove the chromatic number of signed K4-minor-
free graph (in the sense of [11]) is at most 5. We show that 5 is the best and
moreover S Pals is the only bound on 5 vertices. This graph has 10 edges
which is also the minimum number of edges among signed graphs bounding
signed K4-minor-free graphs. However, in terms of the number of triangles
this graph is not the optimal one as the graph of Figure 2 is also a bound
having only eight triangles. Furthermore, note that the bound of Figure 2
is a planar one.

Theorem 3.3. Up to a switch, the signed graph SPals is the smallest
signed graph (in terms of both mumber of vertices and number of edges)
which bounds the class of signed Ks-minor-free graphs.
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Figure 1: SPals Figure 2: A 6-vertices bound
for the class SSPG

Proof. First we show that no signed graph on 4 vertices satisfies the prop-
erty in Theorem 3.2. Toward a contradiction, assume a signed graph on
four vertices z1, x5, 3 and x4 satisfies the condition of the theorem. As-
sume z1Zo is a positive edge, then for z,z9 to satisfy the condition, and
by the symmetry of the labels, z;z9x3 is a negative triangle and z,z0x4
is a positive triangle. By switching, if needed, we may then assume z;z3
is a negative edge and ziz9, 124, 224 and z2x3 are positive edges. At
this point only the edge =,z satisfies the property. We are allowed to add
one more edge (z3z4) with a sign of our choice. But with each of the two
choices for the sign of z3z4, either the two disjoint edges z;z3, 224 or the
two disjoint edges zz4, z2z3 Will not have the property. This proves that
we need at least five vertices.

Next we want to show that SPals is the only signed graph on five ver-
tices (up to a switching) that satisfies the property. Start from a signed
graph on {z1,...,z4} with the triangle z,z2z3 being positive and the tri-
angle z1z274 being negative, so that the edge z;z; satisfies the property.
Following the previous part of the proof, and without loss of generality, we
assume that ror3 and z,z4 does not satisfy the property before adding a
fifth vertex. By a switch at some of vertices z,, x5, z3, if needed, we may
assume that z,z9, 123, T9x3, T4 are positive edges and that z,z4 is a
negative edge. This means after the above mentioned switch the pair z3z4
is either not an edges or a positive edge. Currently z,x3 is in a positive
triangle and z1x4 is in a negative triangle. Thus after adding the vertex z5
we must form a negative triangle zoz3x5 and a positive one triangle z,z4xs.
Using a switch at zs, if needed, we may assume that z4z5 is a positive edge
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and that z;z5 is a negative edges. Then we have two possibilities: (i) z3z5
is a positive edge and z,x5 is a negative edge, or (i7) zozs is a positive edge
and z3zs is a negative edge. In the case (7) the edge zox4 has yet to satisfy
the condition, as it is already in two negative triangles, the pair z3z4 must
form a positive edge. In the case (iz) the edge z;z3 has yet to satisfy the
condition, as it is already in two positive triangles, the pair z3z4 must form
a positive edge. In the case (¢) after switches at z2 and z4 and in the case
(i7) after switches at z3 and x4 we get an isomorphic copy of SPals.

Thus, so far, we have shown that any bound for the class of signed K-
minor-free graphs is of order at least 5 and that up to a switch, S Pals is the
only such a bound on five vertices. It remains to show that any such bound
has also at least 10 edges. To this end we observe that in a minimal bound,
as each edge is in at least 2 triangles, the degree of each vertex should be
at least 3 but furthermore if all vertices are of degree 3, the graph must be
K, which we have already seen not to be possible. As the only bound on
five vertices has indeed 10 edges, we may consider a (minimal) bound on at
least six vertices. Such a graph where all vertices are of degree 3 or higher
and at least one vertex is of degree 4 or higher must then have at least 10
edges. O

4 Signed K-subdivisions

As mentioned before, each cycle of a signed graph, based on its parity
and its sign, is of one of the four possible types: 00, 01, 10 and 11. Con-
sidering a planar embedding of a signed K4-subdivision based on the types
of the faces we have total of 11 possibilities. To see that is the full list of
possibilities, we first observe that for each signed subdivision (G, o) of K if
we take o’ to be a signature which is a switch of o and has the least possible
number of negative edges, then ¢’ will have at most two negative edges, and
that if there are two negative edges, then they must be on the subdivisions
of disjoint edges of K4. We may then consider possible parities and signs
of the facial cycles to get the list of 11 possibilities. These possibilities are
presented in Figure 3 where they are classified into three groups, each group
is presented in a row. In this figure, for each subdivision, the type of each
bounded face is indicated inside the face, then the type of the outer face
is determined as the binary sum of the types of the three bounded faces.
In the following figures, a zigzag line represents a subdivision of an edge
inside which each edge is of the positive sign and a dashed line represents
a single edge of the negative sign.

In the first row of Figure 3 we have subdivisions with (at least) two
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Figure 3: Classification of signed K,-subdivisions

36



facial cycles of type 00, i.e., two positive even facial cycles. We will see that
in these cases the signed subdivision can never be a core. The three kinds of
subdivisions presented in the second row are the signed subdivisions (G, o)
when (G,0) € G;;, 17 € {01,11,10}. As the first (from left) can be switched
to all positive and the second can be switched to all negative, these two
cases are about graphs (signature being of no importance), thus to deal
with these two cases we will consider subdivisions of K4 which are cores
as a graph. The third case of this row represents subdivisions that are
signed bipartite graphs. For this family of signed subdivisions of K4, while
the core of the underlying graph is K2, as a signed graph the core of the
subdivision is either the graph itself, or the core of it is the shortest negative
cycle of it. We will then classify, based on the lengths of subdivisions, when
the subdivision is a core. The three cases of the second row are of special
importance in the study of a number of important conjectures.

The remaining cases are when all four types of closed walks exist in
(G, o). We will show for a member of this class to be a core, the triangular
inequality must hold on the unique cycle of type 00 of (G, o).

B

D

C
; A

Figure 4: Labeling a K4-subdivision

To continue we adapt the labeling of Figure 4 for all cases. Thus
the four main vertices of a K,-subdivision are labeled A, B, C and D
where a, b, c, d’, b, ¢’ denotes lengths of the subdivisions of the correspond-
ing edges. We may call such a subdivision an (a,b,c,a’, V', c')-Ky4.
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4.1 Signed (a,b,c,a,V,)-K, with at least two positive
even cycles

It is an analogue of the handshake lemma that: in every planar graph
the number of facial cycles of odd length is even. A similar argument for
signed planar graphs implies that: in every planar signed graph the number
of negative facial cycles is even. The combination of these two facts implies
that if two of the faces of a signed Kj-subdivision are positive and even
(i.e., of type 00), then the other two are of a same type. As there are four
possible types of cycles, we have the four possibilities of the first row of
Figure 3. In the first of these four all faces are even and positive thus all
cycles (including non-facial cycles) are of type 00. Thus after a switch, if
needed, all edges are positive, and we have a bipartite graph whose core
is Ky, or (K2,+) as a signed graph. In each of the other three cases of
the first row we have a closed walk (or more precisely a cycle) of type i3,
t7 € {01,11,10} and do not have any closed walk of the other two types.
We show that, in each case, a shortest closed walk of type ij, 77 # 00,
which is necessarily a cycle of the graph, is the core of it. This in fact is
obtained by repeating applications of the folding Lemma of [9] for the cases
of ij = 01 and ¢5 = 11 and of the folding lemma of [11] for the case of
1j = 10. We state a combined version of these two lemmas in the following
and we leave the remaining details to the reader.

Lemma 4.1 ([9], [11]). Let (G,o) be a plane signed graph in G;; with
9:;(G,0) =g, forij € {01,10,11}. If C = vy ---vr_1vp s a facial cycle of
(G, o) which is either of type ij with v > g or a cycle which is not of type
ij (thus of the type 00), then there is an integer i € {0,...,r — 1} such that
the signed graph (G',0’) obtained from (G, o) by identifying v;_; and v,y
(subscripts are taken modulo r) after a possible switch is a homomorphic
tmage of (G, o) satisfying g;;(G,0) = g.

We have thus proved the following theorem.

Theorem 4.2. Suppose that (G, o) is a signed (a,b,c,a’, b, ¢/)-K, with at
least two facial cycles of type 00, then either all the four facial cycles are
of type 00 in which case the core of (G,0) is (K2,+) or (G,0) has a cycle
which is not of type 00 and the shortest of all such cycles is the core of
(G,0o).

4.2 Signed (a,b,c,a’,b,c)-K4 in G;;

Here we consider the three cases of the second row of Figure 3. In
this row, case (5) is an element of Gy, where after a switch, if needed, all
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edges are positive. The case (6) is an element of G;; where after a switch,
if needed, all edges are negative. Thus in these two cases, (i.e., (5) and
(6)) the problem of the subdivision being a core is reduced to whether the
underlying graph is a core. Therefore we will address this case without
using signature so that a reader interested only in the case of a graph can
read it independently. Then we will consider case (7) which is about signed
bipartite graphs. It is shown in [11] that restriction of homomorphism to
this class is already richer than homomorphisms of graphs.

4.2.1 odd-K,

Let G be a subdivision of K4. As mentioned in the previous section,
if G has an even face, then it has at least two even faces and then core of
G is either a K, or its shortest odd cycle. Thus in the rest of this subsec-
tion we assume G is a subdivision of K4 together with a plane embedding
where all faces are odd cycles. Such a subdivision of K, is normally re-
ferred to as an odd-K4. Furthermore, and similar to the general case, an
odd-(a, b, c,d’, b, ¢')- K, refers to an odd-K,4 where lengths of the paths re-
sulted from subdivided edges are a, b, c,a’,b’,¢’ where the pair i, i’ refers
to subdivisions of disjoint edges. This implies that a = o/ (mod 2), b = ¥’
(mod 2), ¢c=¢ (mod 2) and a+ b+ c =1 (mod 2).

It is easily observed that after removing an edge of G, the resulting
subgraph maps to its shortest odd cycle. Thus we have the following claim.

Proposition 4.3. The core of an odd-K 4 is either itself or its shortest odd
cycle.

Towards a characterization of odd-K4’s that are cores, we need the
following lemma which is based on a subdivision of the graph presented in
Figure 5. In this figure the planar embedding is of importance and, with
respect to this embedding, the facial cycle bounded by the two T'Z threads
is the only even one. We may allow 7’ or I’ to be 0 in which case vertex T°
is identical to ¥ or to Z. When for example I’ = 0, then AT path of length
[ is a cycle.

Lemma 4.4. Given a graph G of Figure 5 and assuming that the outer
face is a shortest odd cycle of length 2k + 1, we have G — Cokt1 tf and
only if the following three conditions hold:

o[>0,
e r>s1+s3+ 0,

e 52> s+
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Proof. First observe that any pair u and v of vertices of an odd cycle Cax 4,
partitions it into two paths, one of even length and another of odd length.
If G is a graph obtained from Cyiy1 by adding a u-v path P where all
internal vertices of P are distinct, then G maps to Cary1 if and only if
the length of P is at least as the length of the w-v part of Cyiy; which
is of the same parity as length of P. The three conditions of lemma then
are applications of this with the outer face being Cyx 1 for three different
choices of P. O

X

VA

83

Figure 5: Subdivision of a Cyi41-cycle with 3 chords

Theorem 4.5. Let G be an odd-(a,b,c,a’,b',c')-K4 whose shortest odd
cycle is of length a + b + c. Then G is a core if and only if the following
three conditions are satisfied:

(i) ¥ +c —a<a+b+cs
(i) o/ +b —c<a+b+c;

(it)) o/ +c —b<a+b+ec.

Proof. We will use the notation of Figure 4 and, furthermore, we assume,
without loss of generality, that the outer face is a shortest odd cycle of G
and that it is of length 2k + 1. We will rather work with counter opposite
statement: G is not a core if and only if (at least) one of the three conditions
are not satisfied.

By Proposition 4.3, if G is not a core, then G must map to the outer
cycle which is a (2k + 1)-cycle. We use Cypc to denote this cycle.

We first prove the “if” part of the statement. Assume G is not a core,
then G — Cuapc and let f be one such mapping. Depending on which



of the three parts of Cypc the vertex D is mapped to, we will have a
contradiction with one of the conditions (), (¢¢) or (¢4¢). By the symmetry,
we may assume that f(D) is on AB part of C4pc, furthermore, we may
assume that f(D) is at distance ¢; from A on the AB path and distance
¢ = ¢ — ¢ from B on the AB path, allowing ¢; or c2 to be 0. We then
choose the unique vertex D’ on the AB path of G which is at distance
¢; from A and distance c; from B on the path AB. Let G’ be the graph
obtained by identifying vertices D and D’. Observe that G’ is a graph
of Figure 5. As the mapping f also identifies D and D’, the graph G’,
using remaining identification of f, maps to its outer cycle, thus the three
conditions of Lemma 4.4 must be satisfied. By adding the second and third
inequality of Lemma 4.4 we will have ¥ + ¢ > 2a + b+ ¢y + ¢o which
contradicts condition (z) of the theorem.

For the “only if” part, we assume that condition (%) is not satisfied, and
the other two cases are analogous. Thus we are assuming that ¥ +¢ —a >
a + b+ ¢ and we need to show that &G is not a core. We first observe that
if one of a’, b’ or ¢’ is at least as a + b + ¢ = 2k + 1, then G is not a core.
That is because, assuming a’ > a + b + ¢, after deleting the AD-path the
remaining graph maps to its shortest odd cycle which is Csx 1, and then no
matter where A and D are mapped to, we can extend the mapping. Thus
in the rest of the proof we may assume a’,b', ¢ <a + b+ c.

As we have assumed b’ + ¢’ — a > a + b+ ¢ and by the fact that b and
¢ are positive integers, we have b’ + ¢/ > 2a which implies either ¥’ > a
or ¢ > a. By the symmetry we assume that ¥ > a. In what follows,
characterizing three possibilities based on how large &’ is, in each case we
will find a vertex of the outer cycle to which we may map the vertex D,
after which, applying the Lemma 4.4 to the image, we will conclude that G
is not a core. The three cases we consider are as follows: (1) a < & < a+b,
(2)a+b<b <a+b+ad,3)a+b+a <V

Case (1) In this case we choose a vertex u on the path AC such that u
is at distance a + b — b’ from A and at distance ' — a from C where both
distances are considered on the path AC. As we are in the case (1), both
numbers a + b — b’ and b’ — a are nonnegative integers, thus such a choice
of u is possible. We now consider a homomorphic image G’ of G obtained
from identifying D with u. Observe that @’ and a + b — b are of a same
parity because a + b + o’ + b’ is the length of an even cycle BCAD in G.
We may then observe that G’ is a graph of Figure 5 where A represents
vertex Z, B represents X, C represents Y and D represents T and s; = a,
so=0b,83=¢c,l=a, ' =a+b—-¥b,r=c and v = b — a. To complete
the proof we will show that G’ satisfies the three conditions of Lemma 4.4.

First claim is | > !’: that is to say @’ > a + b — b’ or equivalently
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a’ 4+ b > a+b. This is the result of assumption that a + b+ ¢ is the length
of the shortest odd cycle of G, in this graph ABD is an odd cycle of length
a’ + b’ + c, thus proving that a’ + b > a + b.

Second claims is 7 > s; +s3+0': that istosay ¢/ > a+c+(a+b—"b') or
equivalently ¢/’ + b — a > a + b+ ¢ and that is the case because we assume
that condition (z) of the theorem does not hold.

The third claim is so > s; +7/: that is to say b’ > a + (' — a) which is
trivially true.

Thus, by Lemma 4.4, G’ maps to its outer face, which is the (2k + 1)-
cycle ABC| thus G also maps to its shortest odd cycle.

Case (2) In this case we choose a vertex u on the path AB such that
u is at distance b’ — (a + b) from A and at distance a + b+ ¢ — b’ from B
with both distances being on the AB path. Since we are in case (2) we
have a + b < ¥ implying that ¥ — (a + b) is nonnegative, and a + b+ c — b’
is positive as we saw at the start of only if part. Thus we indeed have a
choice of such a vertex u. As in the previous case we consider the graph
G’ obtained from G by mapping D to u. Once again we will show that
G’ satisfies the conditions of Lemma 4.4 which will complete the proof of
this case as before. To apply this lemma, vertices A, B,C, D will be Z, Y,
X and T respectively, and lengths are given by s; = a, s = ¢, s3 = b,
l=a, U =b —(a+b),r=0¥band v = a+ b+ c—b. It remains to
show that the three conditions of Lemma 4.4 are satisfied. The condition
[ > I follows from assumption of the case (2). The second condition (that
r > s1 + s3 + ') holds as an identity. The third condition (s; > s7 +7') is
the consequence of our assumption that condition (¢) of the theorem does
not hold.

Case (3) In this case first we delete internal vertices of the path BD.
The result must map to its shortest odd cycle which is C4g¢. Then observ-
ing that b’ is of a same parity as a+b+a’ (because the cycle corresponding to
a,b,a’, b’ is an even cycle), we may map the path BD to path BCAD. O

4.2.2 Signed bipartite subdivisions

In this subsection we consider the case (7) of Figure 3. Thus in this
subsection (G, o) is a signed bipartite subdivision of K4 together with a
planar embedding where all facial cycles are negative. Observe that in this
case an equivalent signature with minimum number of negative edges has
two negative edges, one on each of two paths corresponding to two disjoint
edges of K4. As before we will use the labeling of Figure 4 and we may
refer to (G,o) as the (a,b,c,a’,b,¢')-K4. Furthermore, without loss of
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generality, we will always assume that the outer face is a shortest negative
cycle of (G, o), in other word ¢10(G,0) =a+ b+ c.

It is easy to observe that if we delete an edge of (G, o), then the resulting
signed graph maps to its shortest negative cycle. This implies that:

Proposition 4.6. The core of a signed bipartite subdivision of K4 whose
faces are all negative cycles, is either itself or its shortest negative cycle.

In this case we have the following analogue of Lemma 4.4.

X

Figure 6: Bipartite subdivision of a negative even cycle with 3 chords

Lemma 4.7. Given a signed graph (G, o) of Figure 6 if the outer face is a
shortest negative cycle and is of length 2k, then (G,o0) — Cg if and only
if the following three conditions hold:

o >0,
e r>s +s3+1l,

® 322314-?‘[

Proof. Given a negative even cycle C,,, any pair u and v of vertices of
the cycle partitions it into two paths P; and P, one of which has an even
number of negative edges, and the other has an odd number of negative
edges. Thus if we add a new signed u — v path P’, then the parity of
the number of negative edges of P’ is the same as either P, or P, say P,
without loss of generality. If, furthermore, P’ is such that after adding this
signed path the underlying graph remains bipartite and if in the resulting
signed graph there is no negative cycle shorter than 2k, then P’ must be of
length at least as P; and it should have a same parity as P;. Then after a
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suitable switch, if needed, one may map P’ onto P;. To prove the lemma,
considering the outer cycle of (G, o) and applying this general observation
to the paths ZT', YT and XT, each would correspond to one of the three
conditions of the Lemma. O

We now proceed with a proof similar to that of Theorem 3.2 to give an
analogous necessary and sufficient condition for a signed bipartite subdivi-
sion of K4 to be a core (see Theorem 4.9). However, we rather partially
simplify proof by connecting this case to the case of odd-K4 which we have
considered in the previous subsection. To this end, we first have the fol-
lowing definition.

Let (G,o) be an (a,b,c,a’, b, ¢)-K4 subdivision of type (7). Moreover,
assume that ¢ has the smallest number of negative edges. Thus there are
two negative edges which are on subdivisions of two disjoint edges of Kj.
Assuming that the negative edges are on BC and AD, the graph obtained
from G by subdividing these two negative edges each once is defined to
be G,. Observing that the signed graph with two negative edges on AC
and BD is switch equivalent to (G, o) we may define G and G, similarly.
We observe that each of G,, G, and G. is an odd-K,4; where G, is an
(a+1,b,c,d’ + 1,0, )-K4, Gy is an (a,b+ 1,¢,a’, b + 1,¢')-K4 and G, is
an (a,b,c+ 1,a’,b',c + 1)-Kjy.

The following lemma provides connections between (G, o) and G,, Gy,
G..

Lemma 4.8. Let (G,0) be a signed (a,b,c,a’,b',c')-Ky of type (7) of Fig-
ure 8 and assume g190(G,0) = a+ b+ c = 2k. Then (G,0) — C,, if and
only if one of G, or Gy or G, maps to Copy.

Proof. We first consider the “if” part and by symmetry of a, b, c we assume
G, = Coky1. We need to show that (G,0) = Cy,.

As the outer cycle of G, is a (2k + 1)-cycle, the mapping of G, to Cax41
identifies D with a vertex u of the outer cycle. We consider G, as the image
of G, obtained by identifying (only) D with u. Observing that u being on
AB is symmetric with u being on AC, depending on the position of u and
the parity of the new faces that are created by this identification, we have
four possible cases to consider.

Case 1. u is on AB and the length of uA is of the same parity as a’ + 1.
Case 2. u is on AB and the length of «B is of the same parity as b'.
Case 3. u is on BC and the length of uB is of the same parity as b'.
Case 4. u is on BC and the length of uC is of the same parity as ¢'.

In each case we would like to give a homomorphic image of (G,o) by



identifying D with a vertex v on AB or AC in the Case 1, Case 2 and on
BC in the Case 3, Case 4 for which we may apply Lemma 4.7.

In Case 1, if u is a vertex of G, which is distinct from A, then we choose
v to be a vertex on path AB in (G, o) whose distance to A is one less than
the distance of u to A in G,. If u = A, then we choose v to be the neighbour
of A on the AC path of (G,o). Assuming (G,o) has two negative edges
which are on AC and BD, let (G’,0’) be the signed graph obtained by
identifying D with v. As we have assumed that G/ maps to Caiy1, the
conditions of Lemma 4.4 must apply on G. It can then readily be verified
that conditions of Lemma 4.7 apply on (G’,o’) which means (G’,¢’) and,
therefore, (G,0) maps to Cj, .

For the other Case 2 and Case 3, we choose v such that its distance from
B on AB and BC correspondingly is the same as the distance of u from
B. For Case 4, we choose v such that its distance from C on BC is the
same as the distance of u from C. In these cases, we leave the verification
of the details to the reader. This completes the proof of “if” direction of
the theorem.

For the “only if” part of the theorem we assume (G,0) - C4pc and
let ¢ be such a mapping. We need to show that one of G, or G} or G,
maps to Cory1. Let us assume, without loss of generality, that ¢(D) is
on the AB part of Cspc. Then either the path AD has the same parity
of number of negative edges with the path A¢(D) or BD has the same
parity of number of negative edges with the path B¢(D), without loss of
generality, we assume the former. Let (G’,0’) be a signed graph obtained
from (G, o) by identifying (only) D with ¢(D). It should be reminded that,
since the final image, CJ,, has a bipartite underlying graph, G’ is also a
bipartite graph. We may now applying Lemma 4.7 to (G’,¢’). Since it
maps to its shortest negative cycle, the three inequalities of this lemma
must be satisfied. Now in the graph G} if we identify D with a vertex of
AB whose distance on AB from A is the same as that of ¢(D) from A (in
(G, o)), the resulting graph G, satisfies conditions of Lemma 4.4, implying
that G, — Cakyq. Similar conclusion can be made for G, as well. This
completes the only if part of the proof. O

We are now ready to state and prove the conditions for a signed Kj4-
subdivision of type (7) of Figure 3 to be a core.

Theorem 4.9. Let (G,0) be a signed bipartite (a,b,c,a’, b, c')-K4 where
all facial cycles are negative. Furthermore, assume g10(G,0) = a + b+ c.
Then (G, o) is a core if and only if the following conditions are satisfied.

eb+c—a<a+b+tey
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ea +b—c<a+b+te;

ead +c—-b<a+b+ec.

Proof. Suppose that (G, o) is not a core and the shortest negative even cycle
is ABC. By Lemma 4.8, one of G,, G}, or G is not a core. Without loss of
generality, we assume that G, which is an odd (a+1,b,¢c,a’+1,b,¢)-K4 is
not a core. By Theorem 4.5, one of the following three inequality does not
hold: (1) ¥+ —(a+1) < (a+1)+b+cor (2) (a’+1)+b —c < (a+1)+b+c
or () (a+1)+ —b<(a+1)+b+ec

If (1) does not hold, ie,, ¥ + ¢ — (a+ 1) > (a+ 1) + b+ ¢, then we
have ¥’ + ¢’ — a > a + b+ ¢, which means the first inequality of the theorem
does not hold. Similarly, the case (2) implies that the second inequality of
the theorem does not hold. And the case (3) implies the third one is not
satisfied.

Conversely, suppose that one of the three conditions, say the first, is
not satisfied. Thus, ¥ +¢ —a > a + b+ ¢. We consider Gy which is an
odd-(a,b+1,c,a’, ¥/ +1,) —Ky4. As (U’ +1)+c’—a>a+(b+1)+cand
by Theorem 4.5, G} is not a core. By Lemma 4.8 then (G, o) is not a core
either. This completes the proof. O

4.3 Signed K, -subdivisions of the third group

These four cases have the common property that each of the signed Kjy-
subdivisions of type (8), (9), (10) and (11) has a bounded g¢;;(G, o) for all
values of ij € Z3. As a K, has four 3-cycles and three 4-cycles, a common
property of these four types of subdivisions is that: in each case there is a
unique cycle of type 00. Given (G, o) of one of these types, we denote the
unique positive even cycle of (G, o) by Cyo(G, o).

The core of the signed graph in each of these cases must also have the
same value of g;; for any given i5 € Z%. We will use this property and
the cycle Cpo(G, o) to characterize the cases that are cores. We will give a
proof in the case that (G, o) is of type (8), and due to the similarities of the
proofs, we will leave the verification of the other three cases to the readers.

Theorem 4.10. Let (G, o) be a signed (a,b,¢c,a’, b, c')-K, of type either (8)
or (9) or (10). Then (G, o) is a core if and only if the lengths of subdivisions
corresponding to the edges of Coo(G,0) satisfy triangular ineguality with
respect to this 4-cycle. That is to say, if lengths of subdivided paths of
Coo(G, o) correspond to a,c,a’,c/, then we must have

ec<c +a+a;



e/ <c+a +a;
ea<a +c+d;

ed <a+cHc.

Proof. We consider the case when (G, o) is of type (8) with the other two
cases being similar. Furthermore, we label vertices as in Figure 4. Observe
that deleting a vertex on BD or AC will eliminate two types of closed
walks, thus all these vertices must be present in the core. If a vertex of
another path, say AB is not in the core, then no vertex of AB is in the
core. But then all other vertices must be present. For this to happen the
path AB must have mapped to a path of same parity with a same parity of
the number of negative edges, meaning it forms a positive even cycle with
its image. As there is a unique cycle of this type (that is Cxygcp), the path
AB must map onto the path Pypcpg, thus we must have ¢ > ¢/ +a + a’.
In general, mapping of a part P of the cycle Capcp to the Capep — P
corresponds to one of the inequalities of the theorem. £

The classification of cores for subdivisions corresponding to the case

(11) of Figure 3, given below, is similar to that of the previous theorem,
with a sole difference being that Cyo(G, o) in this case corresponds to a
3-cycle rather than a 4-cycle.
Theorem 4.11. Let (G,0) be a signed (a,b,c,a’, b, c')-K4 of type (11).
Then (G, o) is a core if and only if the lengths of subdivisions corresponding
to the edges of Coo(G, o) satisfy triangular inequality with respect to this S-
cycle. That is to say, if lengths of subdivided paths of Coo(G, o) correspond
to a, b, c, then we must have

e a<b+ec;
e b<a-+ec;

ec<b+a.

5 Possible applications

Theorem 4.5 and Theorem 4.9 are of special interest in the study of
questions that are about mapping a class of graphs to an odd cycle and
mapping a class of signed bipartite graphs to a negative even cycle. Two
prime examples of such problems are the Jaeger-Zhang conjecture [14] and
a bipartite analogue of it introduced in [11] and studied in [4]. They claimed
the following.
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Conjecture 5.1. [14] Every planar graph whose shortest odd cycle is of
length at least 4k + 1 admits a homomorphism to Cory 1.

Conjecture 5.2. [11, 4] Every planar signed bipartite graph (G, o) satis-
fying 910(G, o) > 4k — 2 admits a homomorphism to C,, .

A classical approach to such conjectures is the discharging technique
that is based on the following corollaries of Theorems 4.5 and 4.9.

Corollary 5.3. Given an odd-(a,b,c,a’,b',c)-K4, G, ifa+b+c=2k+1
is the length of its shortest odd cycle and o’ +b +¢' > 4k, then G — Cop 1.

Proof. Let G be such a subdivision. If G is a core, then by Theorem 4.5
we must have, ¥ +¢ —a < a+b+c—1,a +b —c<a+b+c—-1
and ¢’ + ¢ —b < a+ b+ c— 1. Adding up the three inequality we have
2(a’ + b + ') < 4(a+ b+ c) — 3 but then since all values are integers and
considering parity we have 2(a’ + b + ¢’) < 4(a + b+ ¢) — 4, and finally
using the assumption that a+b+¢c=2k+1 we have o’ + b +¢ <4k. O

Corollary 5.4. Given a signed (a,b,c,a’,b',¢')-Ky, (G, o), if all faces are
of type 10, a + b+ ¢ = 2k s the length of its shortest negative even cycle
and o' +b +c > 4k — 1, then (G,0) = C,.

The proof is similar to the previous one and we leave the details to the
reader.

Corollary 5.3 is a tool that is used in earliest approaches to Conjec-
ture 5.1, see for example [15]. It should be noted that the best current
result on this conjecture is that of [10] which is based on the theory of
module k orientations. However, Conjecture 5.2 is rather new and the best
support so far is a result of [4] that is indeed based on our Corollary 5.4
and is referred to this work.

Other connections to our work can be found in the study of smallest
Caky1-critical graphs, that is a graph that does not map to Coiyy. but
every proper subgraph maps. We refer to [1] for more on this subject.

6 Further discussion

Combining results from [2] and [3], given a signed graph in one of the
three classes G;;, i7 € {01,10,11}, a necessary and sufficient condition is
given to decide whether B has the property that it admits a homomorphism
from any signed K4-minor-free graph (G, o) as long as we have g,;(G,0) >



9i;(B). In this work we have had a first look at the general case of the
problem where B is not necessarily a member of G;;. We gave a necessary
and sufficient condition for the case when B is a simple signed graph, that
to say g10(B) = 4, go1(B) = g11(B) = 3. We therefore ask for a possible
generalization to all choices of B.

The notion of Extended Double Cover of a signed graph (G, o) is pre-
sented in [12]. Given a signed graph (G, o), EDC(G, o) is a signed graph
on vertex set Vt UV ™, where Vt := {vt : v € V(G)} and V™ := {v™ :
v € V(GQ)}. Vertices 2t and =z~ are connected by a negative edge; all other
edges, that are described next, are positive. If vertices u and v are adjacent
in (G, o) by a positive edge, then vtuT and v~ u~ are two positive edges
of EDC(G, o), if vertices u and v are adjacent in (G, o) by a negative edge,
then vtu~ and v~ u' are two positive edges of EDC(G, o).

It can be checked readily that if B € G, then EDC(B)€ G;; and vice
versa. Then in [6] it is shown that if B € Gjo or B € G1; has the property
that it admits a homomorphism from any signed K4-minor-free graph (G, o)
satisfying 9;;(G, o) > g;;(B) for all ij € Z%, then EDC(B) has the same
property.

However, this is not true for a general signed graph B, an example
for which is SPals. As this is a simple graph we can easily check that
910(SPals) = 4 and go1(SPals) = g11(SPals) = 3, and we saw in The-
orem 3.3 that every signed K4-minor graph admits a homomorphism to
SPal;. However the following is an example of a signed Kj4-minor-free
graph which while satisfies g;;(G,0) > g;;(EDC(SPals)) for all ij € Z3
does not admit a homomorphism to EDC(S Pals).

Proposition 6.1. There exists a signed K4-minor-free graph (G, o) satis-
fyzng gll(G) 0) 2> 57910(G70) = 4 and gOl(Gv 0) > 3 such that (G) 0) %)
EDC(SPals).

Proof. Signed graph (G, o) of Figure 8 is such an example. It is easily
observed that ¢,10(G,o) > 4, g01(G,0) > 3 and ¢1,(G,o) > 5. Assume to
the contrary that (G,0) — EDC(SPals). By Theorem 2.4, there exists
a switch o’ of ¢ and an edge-sign-preserving homomorphism of (G,o’) to
EDC(SPals). As z1z9x3z475 is a negative cycle of (G, o), at least one of its
edges is negative in (G, ¢’), by symmetry, assume that o’(z122) = —. Then
the triangle ziz2y;, which is a positive triangle, must have two negative
edges. However, there exists no such a triangle in EDC(SPals) with the
given signature. O
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Figure 8: A signed K4-minor-
Figure 7: EDC(SPals)  free graph which does not map
to EDC(SPals)
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