Edge-coloured graph homomorphisms,
paths, and duality

Kyle Booker and Richard C. Brewster”

Department of Mathematics and Statistics
Thompson Rivers University
Kamloops, CANADA
kmbooker@Quwaterloo.ca
rbrewster@tru.ca

Abstract

We present a 2-edge-coloured analogue of the duality theorem for
transitive tournaments and directed paths. Given a 2-edge-coloured
path P whose edges alternate blue and red, we construct a 2-edge-
coloured graph D so that for any 2-edge-coloured graph G

PG GAD.

The duals are simple to construct, in particular |V(D)| = |V (P)|—-1.

Dedicated to Gary MacGillivray on the occasion of his 60" birthday.

1 Introduction

In this paper we study homomorphisms of edge-coloured graphs. Our main
result is a 2-edge-coloured analogue of the duality theorem for transitive
tournaments and directed paths. While duality theorems for finite struc-
tures are fully described by Nesetfil and Tardif [9], our contribution is to
present a simple construction of small (linear) duals for 2-edge-coloured
alternating paths, and use them to highlight similarities and differences
between edge-coloured graph and digraph homomorphisms.

*The first author was supported by the NSERC USRA program. The second author
was supported by the NSERC Discovery Grant program
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A 2-edge-coloured graph G is a vertex set V(G) together with 2 edge sets
FE1(G), E2(G). We allow loops and multiple edges provided parallel edges
have different colours. The underlying graph of G is the (classical) graph
with vertices V(G) and edge set E;(G) U E3(G), i.e. the graph obtained
by ignoring edge colours and deleting multiple edges. A 2-edge-coloured
graph is a path if the underlying graph is a path. We similarly define other
standard notions like cycle and walk.

As a convention colours 1 and 2 are blue and red respectively. Blue
edges are depicted in diagrams as solid while red edges are dashed. A
vertex is mized if it is incident with both blue and red edges. A vertex is
blue only (respectively red only) if it is incident only with blue (respectively
red) edges. See for example Figure 1: the vertices labelled +1 are blue only
and vertices labelled +2 are mixed.

Let G and H be 2-edge-coloured graphs. A homomorphism ¢ of G
to H is a mapping ¢ : V(G) — V(H) such that uwv € E;(G) implies
pu)p(v) € E;(H). We write ¢ : G — H to indicate the existence of
a homomorphism or simply G — H when the name of the mapping is
not important. Homomorphisms of digraphs and relational systems are
similarly defined. If G — H and H — G we say G is homomorphically
equivalent to H and write G ~ H.

Finally, we remark that the above definitions naturally generalize to
k-edge coloured graphs.

The launching point for our work is the well known digraph homomor-
phism duality theorem for transitive tournaments. Let T,, be the tran-
sitive tournament on n wvertices with vertex set {1,2,...,n} and arc set
{ij]1 <4 < j < n}. Let P, be the directed path on n vertices. Given a
digraph G, then

BAT. 2B

The digraphs (ﬁn+1,Tn) are a duality pair. In general, given a relational
system F', the pair (F, D(F)) is a duality pair if for all relational systems
G, G 4 D(F) if and only if F — G. More generally, F = {F}, F,..., F;}
and H have finite duality if for any G

G /A H & F; — G for some 1.

The pair (F, H) is a finite homomorphism duality. In [11], NesSetfil and
Tardif prove the existence of finite homomorphism dualities if and only if
F is a set whose underlying graphs are trees. Their construction produces
exponentially large duals. In some cases these duals are homomorphically
equivalent to a much small structure, but there are trees F with exponen-
tially large dual D(F') that cannot be reduced to a smaller structure [9)].
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The motivation for this work is to explicitly (and easily) construct the
duals for 2-edge-coloured alternating paths (defined below). This is mo-
tivated by the fact that there are many parallels to the theory of 2-edge-
coloured graph homomorphisms and digraph homomorphisms. Specifically,
homomorphisms of 2-edge-coloured graphs to alternating paths behave like
homomorphisms of digraphs to directed paths. This similarity has been
observed in multiple works [1, 2, 3, 8]. In this paper we now study homo-
morphisms of alternating paths into 2-edge-coloured graphs with the hope
that their dual 2-edge-coloured targets behave like transitive tournaments.
Our work elicits similarities and differences between the two families.

2 Alternating path duality

A 2-edge-coloured graph G is an alternating path if G is a path whose edges
successively alternate blue and red.

Definition 2.1. The 2-edge-coloured graphs FE and Ff are alternating
paths of length k with vertices vg,v1,ve,...,vk. When k is odd the edge
V|k/2)V[k/2] S colour blue in FkB and colour red in F,f. For even k, F,;B
and F* are isomorphic alternating paths and we simply write Fy. to denote
either. We define the families Fy := {FF,FB} and F = J>; Fe.

The first family of dual 2-edge-coloured graphs is defined as follows. See
Figure 1 for examples.

Definition 2.2. Let k > 1 be an integer and let 3 = |k/2|. The 2-edge-
coloured graph Dy has vertex set:

) AR s kg ) if k is even
VI(De) = { {0,+1,+2,...,+5} ifk is odd.

There are blue loops on {1,2,...,7}, red loops on {—1,—-2,...,—j}, and
an edge rs for all |r| < |s|. The edge rs is blue if r > 0 and red if r < 0. If
r =0, the edge rs is blue if s > 0 and red if s < 0. For odd values of k, the
2-edge-coloured graph Df (respectively Df ) s obtained from Dy by adding
a blue loop (respectively red loop) to the vertex 0. We define the families

p. .= | {De, D2, D} if k is odd,
s {Dx} if k is even,

and D = |Jg; Dk.
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Figure 1: The targets D4, Ds, Dg

Alternatively, one can describe the 2-edge-coloured graphs D with a
recursive construction. The 2-edge-coloured graph D, is a single vertex:
V(D) = {0}. The 2-edge-coloured graph D, has two vertices: V(D;) =
{—1,1}. There is a blue loop on 1 and a red loop on —1. For k > 3, the
2-edge-coloured graph Dy is obtained from Dj_» by adding two vertices
{—7,7} where j = |k/2]. There is a blue loop on j and red loop on —j.
For a vertex v € V(Dj_») there is a blue edge to each of 7 and —7 if v > 0;
a red edge to each if v < 0; and in the case k is odd there is a blue edge
from j to O and a red edge from —j to O.

The following proposition is immediate from the definitions.

Proposition 2.3. For k> 1, Dax—1 € D3} _; € Do € Dogyy and F* C
F,fil where ¢y, c1,c2 € {B, R}.

Since G C H corresponds precisely to an embedding homomorphism
G — H, the proposition implies D — D’ whenever D € Dy and D’ € Dy,
with k < k’. Also, F' — F;? for k < k' and c¢;,c2 € {B,R}. The
homomorphism partial order on D under — is shown in Figure 2, which
also includes the maps Dy — Dy.

Our main results are the following duality theorems. The first covers du-
ality pairs of the form (F, D(F')). The second gives finite duality theorems
for (Fx, Di), specifically for odd k there is a family of two obstructions.

Theorem 2.4. Let G be a 2-edge-coloured graph and k > 1 be an integer.
Then the following hold:

(i) G — Dz if and only if For /5 G,
(i) G — DB _| if and only if Fft_, / G, and
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Figure 2: Homomorphism order for Di and their duals. Each dual admits
a homomorphism to a dual with a larger subscript.

(i) G — DR | if and only if FE_, / G.
Theorem 2.5. Let G be an 2-edge-coloured graph and k > 1 be an integer.
Then G — Dy if and only if for all F € Fi,, F 4 G.

If G — D for some D € D, then there is a (unique) minimal element
D’ € D such that G — D’. (This follows from our work below, but Figure 2
strongly suggests the result.) A consequence of the theorems above is that
we can certify the minimality using homomorphisms of the form F — G
for F € F. That is, we certify that G /4 D" for any predecessor of D’.
Formally,

Definition 2.6. Suppose G — D for some D € D;. A certificate of
minimality zs:

e a homomorphism f : F._1 — G when D = Dy and k is odd;

e a homomorphism f : Ft -+ G when D = DJ and k is odd;

e a homomorphism f : FkB — G when D = DE and k is odd; or

e a pair of homomorphisms fp: Ff | — G and fg : FP | — G when
D = D, and k is even.
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In the following section we give a linear time algorithm that takes as
input a 2-edge-coloured graph G, determines the minimum k for which G —
D for some D € Dy (if it exists), and produces a certificate of minimality.
(In an abuse of notation to simplify the presentation of the algorithm, we
write it returns f : F' — G as the certificate of minimality. In the last case
listed above, the certificate is technically 2 maps, but could be equivalently
encoded as a single map f: {F ,UFE |} - G.)

The proof of both theorems is accomplished as follows. The following
lemma proves one direction for each of the duality claims. The converse
will follow from our algorithm.

Lemma 2.7. Let k > 1 and F' € Fi. Then F 4 Dy. Further if k odd,
then FP / DE and Ff* 4 DB.

Proof. We proceed by induction on k. For kK = 1 and k = 2 the results
are trivial. Let & > 2 and assume to the contrary that there exists a
homomorphism f : Fj, — Dg. Let F’ be the subpath of F induced by
{v1,...,vk—1}. Note that each vertex of F’ is mixed in F. Thus under
f each vertex of F/ must map to a mixed vertex of Dy. Let D’ be the
subgraph of D induced by the mixed vertices, specifically D’ = D,\{%1}.
However, F — D’ contradicts the inductive hypothesis as F’ € Fj_, and
D’ is isomorphic to Djy_,.

A similar argument shows for k odd, F)Z 4 D and FF 4 DP. O

A digraph containing a directed cycle does not admit a homomorphism
to T,, for any n. Analogously, a 2-edge-coloured graph G containing a
closed, alternating walk has the property that F — G for all F € F.
Consequently GG does not admit a homomorphism to Dy for any k. Thus a
closed alternating walk in G certifies G 4 Dy, for any k. A 2-edge-coloured
graph G is smooth if each vertex is mixed.

Lemma 2.8. Let G be a smooth 2-edge-coloured graph. Then G contains a
closed alternating walk and Fi, — G for all k > 1. Consequently, G / D
for any k.

Proof. Let G be a smooth 2-edge-coloured graph. Let P be a maximal
alternating path in G. Let the vertices of the path be pg,p1,...,p;. Sup-
pose pop; is blue. By smoothness, pg is incident with a red edge. By the
maximality of P, if pou is red, then u = p; for some 7. If i odd, then
Po,P1,- - -,Pi, Po is an alternating cycle and we are done.

Thus suppose ¢ is even. Similarly, p, has a neighbour p; such that
Pt—1ptp; is an alternating path. In the case j and t have opposite par-

224



ity, pj,Pj+1,---,Pt—1,P¢,P; is an alternating cycle. Otherwise we have
POy Piy Pit1s- - Pty Pjy Pj—1,---,P1,P0 is a closed alternating walk.

The claim Fy — G for all k£ > 1 is trivial as one can simply wrap Fi
around the closed walk. By Lemma 2.7, G /4 Dy for any k. O

Clearly the proof of the lemma gives an algorithm for finding a closed
alternating walk in a smooth 2-edge-coloured graph. (The path P can be
constructed greedily starting at an arbitrary vertex v.) This is used in
Step 2.5 of our algorithm.

3 Duality Algorithm

We now present our algorithm that takes as input a 2-edge-coloured graph
G, and returns either a homomorphism g : G — D, D € D together with
a certificate of minimality for D, or a smooth subgraph of G. In the latter
case the smooth subgraph certifies G 4 D for all D € D. (See Figure 3 for
the algorithm pseudocode.)

Roughly, the algorithm works by mapping all blue (respectively red)
only vertices of G to +1 (respectively -1). The mapped vertices are deleted
from G and the process is repeated mapping the now blue (red) only vertices
to +2 (-2). Delete the mapped vertices and iterate until the entirety of &G
is mapped to Ds; or a smooth subgraph is discovered.

The algorithm has a post-processing phase in Step 3. The goal of this
step is to find the minimum D € {Ds;_y, D2 _, D} _| D,;} to which G
maps. A small note on the word minimum is required here. At the termi-
nation of the algorithm in Figure 3 we know that G maps to some subset
of the four targets above. The only way this subset could not have a well
defined minimum (see Figure 2) is if G — D£_; and G — D{_, but
G 4 Dy;_;. However, by Corollary 4.3, this is impossible.

The final step of the algorithm is the construction of the certificate of
minimality in a subroutine Build(f). We believe the subroutine is more
easily described in words rather than pseudocode. The paragraph below

labelled Build(f) contains its description. Note we may assume that G is
connected as we can apply the algorithm on each component of G.

The correctness of the algorithm follows from some straightforward ob-
servations. Using the notation as defined in Algorithm 1 (Figure 3), let G;

be the subgraph of G induced by ;_, (B; U R; UT,).
Proposition 3.1. After ¢ iterations of the loop (Step 2) the following in-

variants are true.
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Duality Algorithm
Input: A connected 2-edge-coloured graph G.

Output: Either g : G — D where D € D together with a certificate of
minimality f : F — G, or a closed alternating walk W in G.

1. Set : =0, Gy =G. (Go 1is the unmapped subgraph)
2. While (Gy # 0)

2.1 t 4+

2.2. Let B; = {u € V(Gp)|u is blue only in Gp}.
2.3. Let R; = {u € V(Gp)|u is red only in Gp}.
2.4. Let I, = {u € V(Gj)|u is isolated in Gy}.

2.5. If B;UR,;UI; =0, then Gy is smooth. Find a closed alternating
walk W in Gy. Return W and answer NO.

2.6. For each u € B; UI; : Set g(u) = 1.
2.7. For each u € R; : Set g(u) = —i.
28. Go=Go— (B;UR;UIL)
End while
3. If B;UR; =0, set g(u) =0 for all u € I;, return g : G — Dy;_,
Elseif R; = 0, set g(u) =0 for allu € B;UI;, returng: G — D8 _,

Elseif B; = (), set g(u) =0for all u € R;UI;, return g: G — D _|
Else return g: G — Do;.

4. Call Build(f)

5. Return g, f and answer YES.

Figure 3: The algorithm
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1. The map g defines a homomorphism G; — Da;.

2. Each vertex v € B; (respectively v € R;) is the terminus of an alter-
nating path of length i — 1 whose last edge is coloured red (respectively
coloured blue), whereas each vertex v € I; is the midpoint of an alter-
nating path of length 2 — 2.

Proof. Invariant 2 is trivial when i = 1. Assume 7 > 1. Observe for v € B;,
v is incident with only blue edges during iteration i, but was mixed at any
previous iteration, in particular at iteration ¢ — 1. Hence v is adjacent to
some u € R;_;. It follows by induction v is the terminus of an alternating
path of length i — 1 whose last edge is red. The case v € R; is analogous.
For a vertex v € I;, observe that v was mixed at iteration ¢ — 1, but isolated
at iteration i. Hence, v is adjacent to a vertex in R; ; and B;_;. Thus
Invariant 2 holds.

To see Invariant 1 holds, let uv be an edge of G;. We may assume
u is mapped at iteration i. Suppose g(u) = 7 and g(v) = j. (The case
g(u) = —1 is similar.) Since u € B; U I, if 7= = |j|, then it must be the case
that u,v € B; and the edge uv maps to the loop #i. Otherwise, |j| < <.
If j < 0, then v € R;; otherwise v € B;. In the former case uv is red (as
v is red only at iteration j). In the latter case uv is blue. The definition
of Dg; states that j7 is red for 7 < O and blue for 7 > 0. Thus, g is a
homomorphism. O

Observe that the alternating paths described in Invariant 2 can be com-
puted in linear time by simply storing a pointer from each vertex to a parent
whose deletion in the previous iteration causes the vertex to no longer be
mixed.

From Proposition 3.1, at the terminus of Step 2 we have g : G — Do;.
The post processing at Step 3 is straightforward to analyze. We complete
the proof of correctness for the algorithm with the subroutine Build(f).

Build(f) At Step 4, the algorithm calls a subroutine to build a certificate
of minimality. Recall the certificate is either a homomorphism f : FF - G
or a pair of homomorphisms f; : F} - G and f; : Fo — G to certify that
G 4 D' for any D' < D where g : G — D is returned by the algorithm.
(Here D’ < D is the homomorphism order on D. Thus, D’ — D but
D 4 D)

Consider the post-processing phase of the algorithm at Step 3. If B; U
R; = (0, then let u € I;. By Proposition 3.1, u is the centre vertex of an
alternating path of length 27 — 2, i.e. there exists f : F5; o — G which is
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the certificate of minimality for g : G — Dj; ;. Otherwise, consider the
next case: Elseif R; = (). Let u € B;. Then u is incident with blue edges in
the final iteration of the loop. In particular, there is a vertex v € B; such
that uv is a blue edge. Both u and v are termini of alternating paths of
length 2 — 1 whose final edges are red. These two paths together with the
edge uv allow us to define f : F,Z_, — G. This is a certificate of minimality
for g : G — D2 _,. Similarly, in the next case (Elseif B; = §) we can find
a certificate of minimality f : Fff_, — G for g : G — D£_,. Finally, in
the last case R; # @ and B; # (). Using the arguments above, we can find
fe:FE_, — G and fr : Fff_, — G. This pair of maps is a certificate of
minimality for g : G — Do;.

4 Proofs of Theorems 2.4 and 2.5

Proof of Theorem 2.4: Suppose Fsr — G and suppose to the contrary G —
Dy;. Then by composition, For — Doy contrary to Lemma 2.7. Similarly,
if Fi_, -G, thenG A DB | andif F§ | — G, then G 4 D,f}c_l.

Conversely, suppose that Fz; /4 G. Run the algorithm in Figure 3. First
observe that Fy, maps to any closed alternating walk. We can conclude that
G does not contain a closed alternating walk. In particular, the algorithm
does not terminate at Step 2.5, but rather the main loop terminates with
a map g : G — D,;. In the post processing step we construct at least one
of the following maps: f: Fp;_2 = G, fr: Fg_l — G, or fg: F£—1 - G.
By Proposition 2.3 and the assumption Fy, /A G, we have 2i — 2 < 2k.
Hence, 27 < 2k and G — Dy; — Ds.

Suppose F_| / G. Again the algorithm cannot discover a smooth
subgraph in G, so g : G — D»; for some ¢. If i < k, then G — Dy; — D,?k_l
as required. The map(s) constructed in the post processing step ensures
F;;_ o — G and thus ¢ < k, so i = k. This implies the certificate of
minimality from Step 3 is either f : Fyr_o — G (in which case g : G —
Dji_y is returned by the algorithm) or f : FZ_| — G (in which case
g: G — DJ_, is returned by the algorithm). In both cases G — GB _, as
required. The case FZ_, / G is analogous. (I

Proof of Theorem 2.5: Note for any even positive integer 2k, For = { Fox}.
Thus G — Dy, if and only if for all F € Fyr, F /A G by Theorem 2.4.
For the odd integer 2k — 1, Fox—1 = {Faz_,,Ffi_,}. Suppose Ff |, A G
and FE_, /4 G. At the termination of the algorithm g : G — Dy;. If
2t < 2k — 1, then G — Djj,_; as required. Otherwise, it must be the
case 2¢ = 2k. Consequently, the algorithm must return Fyr_o — G as
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the certificate of minimality (from Case 1 of the post processing). Hence
G — Dgy_q as requ.ired. O

Definition 4.1. Let G and H be edge-coloured graphs. The categorical
product G x H is the graph with vertex set V(G x H) = V(G) xV(H), and
edges ((u,u'), (v,v’)) of colour i if and only if u' is adjacent with v' with
colour i and u is adjacent with v with colour 1.

The following corollary follows from [10] and Theorem 2.5.

Theorem 4.2 (Nesetfil and Tardif [10]). The pair (F, D) is a finite ho-
momorphism duality if and only if

D~ [[ D(F).

Fed

It is well known that G - X x Y if and only if G - X and G — Y.
Hence, the following corollary shows when G — Dﬁ_l and G — Dﬁ_l
it must be the case that D — Ds;_;. (This follows from our certificates
of minimality.) We conclude that if G — D € D there is a well defined
minimum element D’ such that G — D’.

Corollary 4.3. The 2-edge-coloured Day_; can be expressed as

R B
Doy ~ D3y _y X Doy 4.

5 Future Work

As stated in the introduction, our aim in this paper was to find the du-
als of alternating paths and examine them for similarities with transitive
tournaments. On the one hand we have that any 2-edge-coloured graph
G without a closed alternating walk admits a homomorphism to D. The
ordering on D ensures that there is a well defined minimum element in D
to which G maps. This is analogous to acyclic digraphs admitting a homo-
morphism to a minimum transitive tournament. That is, D maybe viewed
as a calibrating family as defined by Hell and Nesetfil [6].

On the other hand, our attempts to generalize other results remain open.
For example, given an undirected graph, the Gallai-Hasse-Roy-Vitaver The-
orem ([4, 5, 12, 13] see also Corollary 1.21 [6]) gives the well known connec-
tion between colourings of the graph and acyclic orientations of the graph.
Specifically using the duality pair (13,,+1, T,.) the following is immediate.

Theorem 5.1. A graph G is n-colourable if and only if there is an orien-
tation D of G such that P,y /~ D.
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The connection between orientations and colourings of a graph also
appears in Minty’s Theorem. Let D be an orientation of a graph G. Given
a cycle C of D, we select a direction of traversal. Let |C't| denote the set
of forward arcs of C, and |[C~| denote the set of backward arcs of C with
respect to the traversal direction. Define 7(C) = max{|C|/|C~|,|C|/|C*|}
to be the imbalance of C.

Theorem 5.2 (Minty [7]). For any graph G,

x(G) = mDin{ [max{r(C) : C is a cycle of D}]|}
where the minimum is over all acyclic orientations D of G.

We wonder if these theorems can be generalized.

Question 5.3. Are there analogues to Theorems 5.1 and 5.2 using the
family D for 2-edge-coloured graphs?

On the surface the idea of assigning colours to the edges of a graph and
minimizing the length of an alternating path will not work. Assigning all
edges to blue produces a 2-edge-coloured with longest alternating path of
length one and a homomorphism to D, independently of the chromatic
number of the graph.

One may also consider the duals of other 2-edge-coloured paths. The
variety (closure under products and retracts) of these duals gives the set

of 2-edge-coloured graphs admitting a near unanimity function of order 3:
NU;.

Question 5.4. Can we easily describe duals of other 2-edge-coloured paths?

Finally, we can also study the case with more edge colours or even
(m, n)-mixed graphs (graphs with m edge sets and n arc sets [8]). The in-
troduction of arcs and edges changes the category under question with sig-
nificant implications on duality pairs. Replacing unordered coloured edges
with a pair of oppositely directed arcs (of the same colour) to move our
setting to 2-edge-coloured digraphs causes our main results to no longer
hold. For example, (F{¥, DB) is no longer a duality pair. A single red arc
is a counterexample. In fact, in this setting F{* has no dual.

Question 5.5. Can the duality results here be generalized to (m,n)-mized
graphs?
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