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Abstract. We investigate the edge-gracefulness of 2-regular graphs.

1. Introduction.
We consider finite undirected graphs without loops and multiple edges in this
paper.

A graph G = (V, E) is said to be graceful if there cxists an injection f: V' —
{0,1,2,...,|E|} suchthat the induced edge labeling which is defined by f*: E —
{1,2,...,|BE|} where f*({a,b}) = |f(a) — f(b)| is a bijection. The theory of
graceful graphs was initiated by A. Rosa [13] in 1966, and beccame popular after
two articles of Golomb [2] and M. Gardner [1].

In 1985, Lo [12] introduced the concept of edge-graceful graphs. A (p,q)-
graph G = (V, E), of p vertices and g edges, is said Lo be edge-graceful if there
exists a bijection f: E — {1,2,...,q} such that the induced mapping f* —
{0,1,...,p— 1}, defined by

fr(v) =Z{f{u,v}:{v,v} € E(G)} (mod p),

is a bijection.

Using a simple counting argument, Lo [12) showed that if G is edge-graceful,
then p divides ¢ + ¢ — [p(p — 1)1/2. For other results on edge-graceful graphs,
we refer the readers to [4, 5,6, 7, 8, 9, 10, 11, 12].

Hebbare [3] characterized the graceful cycles. A graphis 2-regularifitisacycle
or disjoint union of cycles. Recently Kotzig and Abraham tried to give graceful
labelings for some 2-rcgular graphs.
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In this paper, we investigate edge-gracefulness of 2-regular graphs. It could also
be noted that for 2-regular graphs, edge-graccfulness is equivalent to harmonious.
In [12], Lo proved that a cycle C, is edge-graceful if and only if n is odd. The
case of union of disjoint cycles remains open. Lee proposed the following two
conjectures in the 1987 Summer Research Institute of American Mathematical
Society.

Conjecture 1. The 2-regular graph Cyp, U Co,e IS edge-graceful for all m
and n (except C3 U Cy ).

Conjecture 2. Almost all 2-regular graphs of odd order are edge-graceful.

We prove some new results related to the above conjectures.

2. Main results.

Let G be a 2-regular graph that is a union of disjoint cycles. Assume G = C,,; U
Cr2 U...UCpi. Wecanrepresent this 2-regular graph by C(m1, m2,... ,mk).

For a 2-regular graph G to be edge-graceful, the number of vertices must be
odd . This follows from Lo’s necessary condition.

If G is a cycle, then the condition of Lo is sufficient. We can find an edge-
graceful labeling of C, simply by labeling the edges by 1,2,... ,n— 1,nin
clockwise direction. We use (1 2 3...n— 1 =) to denote this edge labeling.

We note that Lo’s condition is not sufficient for disconnected graphs. In par-
ticular, an exhaustive computer search for the case of C3 U Cy4 did not turn up
any edge-graceful labelings. The direct proof that C; U Cy is not edge-graceful
requires the consideration of 35 cases. We appreciate the following elegant proof
which is suggested by the referce: To any edge-graceful labeling with two edges
of C; labeled » and s, apply the transformation f, 3(z) = a(z — b) withb = r
and a = (s — 7)~! 10 achieve a labeling with these two edges labeled O and 1.
(Such transformations f 3( z) alter neither the injectivity of the edge-labeling nor
that of the vertex-labeling.) The 3rd edge e3 of Cs now cannot be labeled 2, 6, or
4; and a label of 5 can be changed to a 3 by the transformation f(z) = —z + 1.
So take e3 to be labeled 3, and the remaining labels for Cy are 2, 4, 5, and 6. But
then the three possible choices for the label opposite 2 are impossible.

However, we know that C3 U Cs and C4 U Cs are cdge-graceful with the edge
labelings (12 4) (36 589 7)and(1254) (3769 8) (Figure 1).
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Figure 1

In the following thcorem, we present some general results when k= 2.,
Theorem 1. For n odd, the 2-regular graph Cy, U Cy vy IS edge-gracefill.

Proof: There arc 4n+ 1 vertices and 4n+ 1 edges. Label the edges as follows

(Figure 2):
\3n+2 3n+3
n+1

3n+{n+1)/2-1

3n+(n+1 !/2

n+3 3n+1

3n

2n+(n+1)/2+3

an+(n+1)/2+2

2n n-1

3n+(n+1)2+1

Figure 2 3n+(n+1)/2+2 .. 4n

The vertex labels for C;, are:

3,5,...,2n—=1; =n+3; 3n+1l; 2n+52n+7,...,40+1.

Note that since = is odd, both n+ 3 and 3n+ 1 are even. The sct of vertex
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labels for Co 441 is:

(n+ 1D+ 3n+2)=2 (mod 4n+ 1);
(n+1D)+@Bn+1) =1 (mod 4n+ 1);
2n+4,2n+6,...,(3n+(n+ 1)/2-1) + 3n+ (n+1)/2) =3n-1

4,6,...,n+1;
In+3,3n+5,... ,4n;
n+S5,n+7,...,2n 2n+2;

(Bn+(n+1)/2)+ (2n+ (n+1)/2+1) =2n+1 (mod 4n+ 1); and
Br+(n+1D/2+1)+ (2n+ (n+1)/2+ 2) =2n+3 (mod 4n+1).

It is clear that we have different vertex labels. |

Example 1: We give edge-graceful labelings for C(6,7) and C(10, 11) under
the above labeling scheme (Figure 3):

C(6,7) - (123765)(411981312 10)
C(10,11) - (1234511109 8 7)(6 17 18 14 13 12 21 20 19 15 16)

n=3 C(6,7)
5 1 10 4
11
6 9
2 1
7 3 13 8
n=5 C(10,11)
Z 1
8 2
9
3
10 > 4
5

Figure 3

Theorem 2. For n odd, the 2-regular graph C, U Ca .2 is edge-graceful,
Proof: Label the edges as follows (Figurc 4):
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2n+2 n+1

n
2n+3

3n+1

Figure 4

Example 2: The ecdge-graceful labeling for C(5,12)
C(15,12) - (12345)(678910 1117 16 15 14 13 12).

Theorem 3. For n odd, C, U Ca,, is edge-graceful,

Proof: Label the edges as follows (Figure 5):

5n-1 4n+2

Figure §

The vertex labeling in C, is given by:

3,5,7,9,...,2n—land n+ 1 (mod 5n) .
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The vertex labeling in Cy, has

2n+3,29+5,...,6n—1,7n+ 1=27n+1 (mod 5n),
3n+3,3n+5,...,10n—1=5n—1 (mod 5n),
8n+1=3n+1 (mod Sn),
6n+3=n+3 (mod 5n),
6n+5=n+5 (mod 5n),

e, 8n—1=3n—-1 (mod 5n),
Sn+1=1 (mod 57).

The two vertex labelings consist the set of integers {0,1,2,... ,5n — 1}.
Therefore, the edge labeling is edge-graceful. |

Example 3: We see that the 2-regular graphs C(3,12) and C(5,20) have the
following edge-graceful labelings:

C(3,12) »(123)(4567891314 1510 1112)
C(5,200) - (12345)(6789101112 13 14 15212223242516 17
18 19 20)

3. The 2-regular graphs with more than two cycles.

In general, it is hard to find the edge-graceful labelings for 2-regular graphs of
odd order with different sizes of cycles. For example, it is not trivial to find an
edge-graceful labeling of Cs U Cs U C, (Figure 6).

O
O—O

Figure 6 '

For 2-regular graphs which are disjoint union of the same odd cycle, we have
the following result:

Theorem 4. If m; = my = ...= my = n, where nand k are both odd, then G
is edge-graceful.

Proof: In clockwise direction, label the edges in the first cycle by 1,k + 1,
2k + 1,...,(n— 1)k + 1; the edges in the second cycle by 2,k + 2,2k +
2,...,(n—=1Dk+2;...;the last (kth) cycle by k,2k, 3k, ..., nk.
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The vertex labels in the first Cy, are: k+ 2,3k + 2,...,(2n—-3)k + 2,
(n—1)k+2. Inthe2nd C, theyare: k+4,3k+4,... ,(2n-3)k+4,(n—1) k+4.
And finally, the kth C, they are: 3k,5k,...,(2n— 1)k, (n+ 1)k.

It is not difficult to show that the induced vertex labels are distinct modulo nk.

1
We illustrate the above result by the following example:

Example 3: An edge-graceful labeling of C(5,5,5) (Figure 7).

Figure 7

Finally, we give a list of all 2-regular graphs of odd order less than 17 and their
edge-graceful labelings.

p=3
C(3) = (123)
p=5
C(5) —(12345)
p=1
C(7) - (1234567
C(3,4) — not edge-graceful
p=9
C9) —»(123456789)
C(3,6) »(124)(365897)
C(4,5) —(1254)(3769 8)
C(3,3,3) 2 (147(258(369)
p=11
C(11) (12345678910 11)
C(3,8 — (123456711109 8)
C(4,7) - (1235)(476911108)
C(5,6) =(12356)(48710119)
C(3,3,5) — not edge-graceful
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C(3,4,4) —-(123)(4658)(710911)
p=13
C(13) = (12345678910 1112 13)
C(3,10) - (123)(456 78119 12 13 10)
C(4,9) —(1235)(46789 111312 10)
C(5,8) —-(12347(586 1112139 10)
C(6,7) = (123467)(59811131210)
C(3,3,7) = (123)(46 7)(59 118 13 12 10)
C(3,4,6) - (123)(4659(7811101213)
C(3,5,5) = (123)(4596 7)(8 1110 13 12)
C(4,4,5 =+ (1235)(4869(710121113)
C(3,3,3,4) — not edge-graceful

p=15
C(15) (12345678910 1112 13 14 15)
C(3,12) - (123)(4567891310 1114 1512)
C(4,11) - (1243)(5679812111314 15 10)
C(5,10) - (12345)(687910131512 14 11)
C(6,9) = (12345961078 111214 13 15)
C(7,8) = (1234587)(6109121314 1511)
C3,3,9 - (123)(457)(698131514 1112 10)
C(3,4,8 —(123)(456 10)(789 12111413 15)
C(3,5,7) - (123)(4571012)(6813151114 9)
C(3,6,6) - (123)(45681411)(79 121513 10)
C(4,4,7) -(1235)(46811)(79131512 14 10)
C(4,5,6) —» (121315 14)(6 98 1110)(123457)
C(5,5,5 - (1471013)(2581114)(369 12 15)
C(3,3,3,6) = (123)(458)(10 12 13)(6 97 14 15 11)
C(3,3,4,5 — (123)(4511)(9 12 14 13)(6 7 10 15 8)
C(3,4,4,4) - (123)(46510)(79814)(11 12 15 13)
C(3,3,3,3,3) = (123)(456)(7 89)(10 11 12)(13 14 15)
We note that two more examples of disjoint union of cycles that are not edge-

graceful are found. It would be interesting to see if there exists an infinite number
of such examples.
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