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Abstract. We prove that there exist preciscly 459 pairwise non-isomorphic Steiner
systems S(§, 6 ,48) stabilized by the group PSL; (47).

1. History

In 1976 Denniston published a paper {1] in which he constructed, by hand, Steiner

systems with paramecterst = 5,k =6,v=24,48,84 andt=5,k=7,v =28.
These systems together with their derived 4-designs were the first known Steiner
systems with ¢ > 3 other than the well-known classical systems S(4,5,11),
S(5,6,12), S(4,7,23) and 5(5, 8,24) associated with the exceptional Math-
ieu groups [6]. Denniston’s method consisted of assembling orbits of k-element
subsets of the set GF(p®) U{ oo} under the action of the group PSL; (p*), p prime.
The designs S(5,6,p+ 1), p = —1 (mod 4) and prime, form a sequence. A
system with the value v = 72, omilted by Denniston, was given two years later
by Mills [5] using computer calculations. Knowledge of Steiner 5-designs then
remained static until recently when systems S(5,6,108) and S(5,6, 132) cor-
responding to the next two values in the sequence were constructed by the present
authors [3], [4] also using a computer.

If existence results for Steiner systems S(¢, k,v) witht > 3 are rare, then
enumeration results are even rarer. Each of the Mathieu designs is the unique
design, up to isomorphism, with that parameter sct. The only other result is that
the number of pairwise non-isomorphic designs S(5, 6, 24) stabilicd by the group
PSL2(23) is 3 [2]. In this paper we consider the next value of v in the sequence
above mentioned and we prove the following result.

Theorem. There exist precisely 459 pairwise non-isomorphic Steiner systems
S(5,6,48) stabilized by the group PSL;(47).
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2. Methodology

Let V = GF(47) U {oco} and denote by (£) and () the collections of all
5-element and 6 -element subsets of V' respectively. Represent the group G =
PSL,(47) as the set of all mappings of the form z — (az + b)/(cz + d), where
a,b,c,d € GF(47) and ad — bc is a non-zcro square, the group operation being
functional composition. Firstly compute orbits of (7) under G. Elementary calcu-
lations determine that the number of sets in each orbit (the orbit length) is equal to
the order of G, i.e. each orbit is full, and there are precisely 33 such orbits. These
are listed in Appendix 1 numbered as O to 32 with a pair of elements of V given
alongside, which, with the three elements co,0 and 1, form a generating set for
the orbit.

Next compute orbits of (¢) under G. In this casc the orbit lengths can equal
|G|/n where n = 1,2,3 or 6. We call such orbits full, half, third or sixth and
they contain 6, 3, 2 or 1 orbits of (%) respectively. An orbit of (§) in which an
orbit of (;’) is repeated is said to be unsuitable since it can never appear as part of
a Steiner system S(5,6,48). Appendix 2 lists all suitable 6-element set orbits,
together with a triple of elements of V' which, with oo, 0 and 1, form a generating
sct for the orbit. This appendix also gives the numbers of the 5 -element set orbits
contained in each 6-element set orbit. Altogether the suitable orbits comprise 144
full orbits (#0 to #143), 74 half orbits (#144 to #217), 3 third orbits (#218 10 #220)
and 9 sixth orbits (#221 to #229). Appendix 3 lists pairs of orbits of both ('5')
and () which map to one another under the involution z — —z. Orbits which
do not appear are those which are stabilized by the mapping (and, in the case of
6 -element sct orbits, those which are unsuitable).

The next stage is to compute all collections of 6-clement subset orbits which
together contain all 33 5-element subsct orbits preciscly once. It is particularly
difficult for the reader to verify the completeness of this part of the process with-
out personally wriling computer programs, although individual solutions can be
checked using Appendix 2. Therefore to ensure the correctness of our results all
the calculations were done by the first two authors and the third author indepen-
dently using different programs running on different machines, We find that there
are precisely 918 distinct solutions but these arc isomorphic in pairs under the map-
ping 2 — —2z. Hence there exist at most 459 pairwise non-isomorphic Steiner sys-
tems S(5,6,48) stabilized by the group PSL;, (47). Finally the words “at most”
can be removed from this statement by examining the derived Steiner triple sys-
tems. For each S(5,6,48), the derived Steiner triple systems are all isomorphic;
a consequence of the triple homogeneity of the automorphism group. We find that
for each of the 459 S(5,6,48)s the derived triple systems all have an automor-
phism group of order 3 but nevertheless are non-isomorphic. Hence the result is
proved. Appendix 4 lists collections of 6-element set orbits which comprise 459
pairwise non-isomorphic S(5,6,48)s stabilized by the group PSL,(47). The
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systems are numbered O to 458 and are ordered firsily in ascending order by the
number of orbits which comprise the system and then numerically by orbit num-
ber.

3. Analysis

A table showing the number of the 918 distinct solutions in which each of the 230
suitable 6-set orbits appears is given in Appendix 5. Each entry in the body of the
table is the number of solutions in which orbit number 10 z+ y appears, where z is
the row number and y the column number. Thus, for example, orbit #104 appears
in 18 solutions. Some features are of note. Firstly, some full orbits such as #0 and
#22 appear in no solutions in spite of being suitable orbits. It may be profitable to
investigate this further and try to discover how these suitable but unusable orbits
might be identified theoretically so that they could have been climinated before
any computer search. Other suitable full orbits occur in very few systcms e.g.
just one or two. These too could repay further study since elimination of these
would restrict the computer search space whilst still leaving the vast majority of
the solutions. This could be extremely important in trying to construct systems
S(5,6,v) with larger v. As an example, one observation which the authors have
been able to make along these lines is that of the 144 suitable 6-set orbits only 6
are stabilized by the mapping z — -z, namely #34, 50, 65, 80, 139 and 142. Of
these only #65 appears in any of the solutions and this in only four of them. It
seems therefore that for larger v such orbits could be pre-eliminated before any
computer search with minimal loss though also with minimal gain since there will
be relatively few such orbits. On the other hand, perhaps systems in which an
orbit appears uniquely can be identified as being “special” in some way and some
theoretical method of constructing them developed.

At the other extreme, some orbits occur frequently and it would be interesting

to identify these too. In particular, we find that of the 918 distinct solutions, 260
comprise short (i.e. not full) orbits only. The table of frequencies of orbits in
these systems is also given in Appendix 5. This statistic suggests that one might
construct systems using only the short orbits, an approach which has already been
used successfully for S(5,6,84),[1]and S(5,6,108), [3]. We might add that of
the remaining 918 — 260 = 658 solutions, 394 contain one full orbit, 224 contain
two full orbits and 40 contain three full orbits. None contain four or five full orbits
in spite of this being theoretically possible. Finally, in the next section we are able
to give a description of a more theoretical way of constructing two of the systems
numbered 457 and 458 in Appendix 4.

4. Two special systems

We follow and extend the theory first described in [3]. Consider the 5-set orbits.
Define an orbit to be of type A if it is also stabilized by the mapping z — —=z.
Easily from Appendices 1 and 3, there are 11 type A orbits: #0, 3, 10, 14, 15, 21,
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24,29, 30, 31 and 32. Next define an orbit to be of type B if it is not stabilized by
z +— —2z but contains a block of the form {o0, —1,0,1,a} (or{00,0,1,2,a+ 1}
by adding 1). Such orbits appear in pairs, each the negative of the other under the
mapping z — —z and there are 4 such pairs: #1 and #7, #2 and #9, #4 and #6, #5
and #8. All other 5-set orbits, which likewise occur in pairs, arc of type X.

From Appendix 2 observe that each pair of type B orbits occur as suborbits of
two half 6-set orbits; the third 5-set orbit covered in each case being of type A.
For the convenience of the reader we list these below.

Half 6-set orbit  5-set orbits covered Half 6-set orbit  5-set orbits covered

#150 #1,7 and 14 #162 #4,6and 3

#151 #1,7 and 31 #164 #4, 6 and 24
#159 #2,9and 15 #169 #5,8 and 30
#160 #2,9and 21 #170 #5,8 and 32

These orbits are referred to as of type ABB' and the equivalent orbits play a
key role in the construction of S(5,6,108) in [3]. By including an appropriate
four of the above orbits in an S(5,6,48) all orbits of type B will be covered and
also four orbits of type A.

Now consider the four orbits of type A which appear in type AB B’ orbits but
remain uncovered. These may be able to be covered using the following half 6-set
orbits which cover two type A orbits and one type X orbit, (type AAX).

Half 6-set orbit  5-sct orbits covered Half 6-sct orbit  5-sct orbits covered

#196 #14, 15 and 26 #202 #15,30 and 18
#197 #14, 15 and 27 #205 #15,30 and 23
#187 #31,21 and 11 #208 #21,32 and 17
#191 #31,21 and 12 #212 #21,32 and 19
#193 #15,30 and 13 #214 #24, 32 and 25
#201 #15,30and 16 #215 #24,32 and 28

The three remaining type A orbits #0, 10 and 29 not yet considered are covered
by two further type AAX orbits #182 and #183 which cover #10, 29 and 11 and
#10, 29 and 12 respectively and the sixth 6-set orbit #221 covering #0.

We leave as an exercise for the reader, the determination of the number of possi-
bilities of choosing orbits from the above so that all type A and type B 5-sct orbits
are covered. It is completely straightforward and there are in fact just cight such
solutions. It only remains to cover the missing orbits of type X and the ingredients
that are used for this are simply the third and sixth 6-sct orbits. It is immediately
clear that four of the partial systems can not be completed using these orbits but
the other four (corresponding to our solutions numbered 457 and 458 and their
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negatives), can using two of the three third orbits and seven of the remaining cight
sixth orbits.

To summarize the above, what we are observing is that having calculated all
the orbits, we can restrict our attention to only a very small and easily identifiable
subset of them, namely the half 6-sct orbits of types ABB’ and AAX as well
as the third and sixth 6-set orbits. From these a simple hand search will produce
systems S(5,6,48). It would be interesting to try to adopt and adapt this approach
to attempt to construct Steiner systems S(5,6,v) with larger v and the authors
intend to pursue investigations along these lines further. :

Appendix 1

5-set orbit representatives under PSL; (47):

0 23 1 25 2 26
3 27 4 28 5 210
6 212 7 213 8 214
9 216 10 34 n 37
12 3 8 13 31 14 312
15 313 16 314 17 315
18 317 19 319 20 320
21 322 22 326 23 339
24 4 9 25 413 26 419
27 420 28 421 29 427
30 5 8 31 610 32 71

Appendix 2

Full 6-set orbit representatives under PSL; (47):

0 2337 014151625 1 2336 0151018 22
2 2312 016142225 3 2315 018141728
4 2316 0191011 14 5 2340 0236 8 15
6 237 023111327 7 2330 025102122
8 2329 026131419 9 2334 027101214
10 2323 028111726 11 2310 0345 9 15
12 239 034101124 13 2341 036101224
14 2343 039122326 15 2331 045172229
16 2338 047142028 17 2322 048112125
18 2321 049141723 19 2328 056122128
20 2335 057141925 21 2327 059121927
2 2313 067151828 23 2319 068192029
24 2314 07810 16 20 25 232 089102021
26 2542 1235 1628 27 2523 1245 1328
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11 12 19 30
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12 20 27 29
23 26 30 31
13 17 19 30
10 12 20 28
13 19 20 28
20 21 26 27
13 21 30 32
7 8 3132
26 28 30 32
24 27 29 32
2527 30 32
10 13 15 27
16 19 20 23
11 12 17 30
6 8 2528
24 25 29 30
16 19 27 28
1213 15 27
18 22 23 26
11 15 16 21
25 26 30 31
21 23 30 32
14 19 24 30
14 18 27 29
10 19 29 32
13 27 30 31
14 20 24 30
12 23 29 32
11 15 30 31
10 11 17 22 27 32
10 12 16 17 21 27
10 13 14 21 25 28
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11 1519 27
13 17 18
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8 9 18
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24 26 29 32
151722 29
14 16 26 29
10 11 19 23
24 26 29 31
1011 22 25
11 1523 26
16 22 25 27
12 14 18
8§ 9 23
16 21 23
24 28 29 30
11 22 26 29
16 25 31 32
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14 15 20 21
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14 21 23 25 28
12 16 21 22 32
13 14 15 18 29
13 16 24 27 28
17 22 28 29 32
131517 19 31
14 16 18 23 30
18 23 24 25 26

13 22 27 28 31 32
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18 24 27 28 30
19 25 26 28 29
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Half 6-sect orbit representatives under PSL; (47):

144
146
148
150
152
154
156
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160
162
164
166
168
170
172
174
176
178
180
182
184
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188
190
192
194
196
198

23 24 0 2 2
25 33 12 22
2527 15 13
25 13 17 14
25 14 18 25
25 3 1 28 32
26 10 2 5 31
26 22 2 8 13
26 43 2 9 2
27 40 3 4 6
28 41 4 6 24
28 21 4 12 18
21034 5 7 28
2102 s 8 32
21027 5 1317
21218 6 11 16
21322 7 8 24
21344 7 25 32
21419 8 19 23
34 23 1011 29
34 16 1014 25
37 39 1119 23
37 32 1123 30
38 11 1213 30
31135 1314 28
31133 1317 21
31240 1415 26
31220 1420 27
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12 18 20 21 32
13 14 16 18 30
15 17 19 23 31
18 20 24 31 32
14 15 16 23 29
16 22 24 31 32
19 20 25 29 32
16 24 25 26 30
17 25 27 28 29
17 24 28 29 31
19 20 22 25 28

18 22 26 27 30 31
20 23 25 26 31 32
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200 31239 1423 25 201 31314 151630
202 31342 1518 30 203 31320 152027
24 31331 1522 26 205 31339 152330
206 31422 1621 22 207 31437 16 26 31
208 31545 1721 32 209 31745 182021
210 317 42 1827 31 211 31945 192123
212 31922 1921 32 213 31943 192332
214 49 15 2425 32 215 49 21 242832
216 41327 252 29 217 42041 272829
Third 6-set orbit representatives under PSL; (47):
218 37 18 1112 219 3114 1323
220 31442 1618
Sixth 6-set orbit representatives under PSL, (47):
21 2325 0 222 31521 17
223 31927 19 224 32038 20
25 32631 22 26 41315 25
27 41940 26 228 42033 27
229 42135 28

Appendix 3: Isomorphism Mappings

5-orbits:

an
(1719) (2022) (2528) (2627)

6-orbits:

022)
(725)
(2795)
(3597)
(42 90)
(4979)
(58 87)
7077)
(115 117)
(125 129)
(146 177)
(155 163)
(182 183)
(194 211)
(207 210)
(227 228)

29

(124)
(818)
(28 106)
(36 96)
(4391)
(51 100)
(59 88)
(8198)
(118 119)
(132 143)
(147 173)
(156 179)
(184 185)
(195 213)
(208 212)

46)

(2 16)
(1021)
(29107)
(37 105)
(4492)
(52101)
(6393)
(8299)
(120 127)
(133 134)
(148 175)
(158 171)
(186 189)
(196 197)
(214 215)

58

(320)
(1213)
(30 66)
(38 104)
(45 61)
(53 103)
(6494)
(86 89)
(121 128)
(135 136)
(149 176)
(161 181)
(187 191)
(198 199)
(216 217)

49)
(1523)
(3174)
(39 83)
(46 60)
(54102)
6771)
(110 113)
(122 130)
(137 140)
(152 168)
(165 167)
(188 190)
(201 202)
(222 223)

(5 11)
(1719)
(3275)
(40 84)
(4762)
(55 108)
(6872)
(11 112)
(123 126)
(138 141)
(153 157)
(166 174)
(192 200)
(203 204)
(224 225)

(1112) (1323) (16 18)

(614)
(2673)
(3357)
(4185)
(48 78)
(56 109)
(6976)
(114 116)
(124 131)
(144 145)
(154 178)
(172 180)
(193 205)
(206 209)
(226 229)



Appendix 4

Block orbit representatives of S(5,6,48) invariant under PSL, (47):

0 5 111 129 147 172 177 200 217

1 6 36 103 163 180 183 204 209

2 15 64 130 151 163 174 185 203

3 56 77 116 145 151 166 174 203

4 4 76 156 166 173 194 204 214 217

5 4 129 161 162 168 180 194 202 216

6 10 129 148 162 177 184 202 211 217

7 1 104 159 162 194 207 213 217 218 226
8 1 104 159 162 195 207 211 217 218 226
9 1 106 133 158 162 187 203 222 223 229
10 1 137 160 162 178 180 193 198 218 227
11 1 155 165 174 177 190 196 211 214 217
12 1 155 165 174 177 190 197 211 215 216
13 2 74 137 160 166 170 188 223 224 227
14 3 62 163 166 167 182 201 214 219 225
15 4 56 162 175 191 203 215 216 220 225
16 4 56 162 175 191 204 214 217 220 224
17 4 60 77 166 167 205 206 222 226 228
18 7 77 123 153 166 173 192 224 226 228
19 10 106 114 149 162 201 210 223 224 225
20 26 83 98 145 191 193 214 222 224 227
21 26 83 98 181 191 193 214 221 222 224
22 27 77 145 173 184 186 191 203 220 222
23 29 76 102 166 168 182 214 221 222 227
24 30 86 133 145 157 182 211 222 224 229
25 30 87 144 176 190 196 211 217 220 222
26 30 88 144 176 184 194 201 217 218 223
27 30 144 166 176 181 184 186 194 201 217
28 30 145 161 166 176 185 186 194 201 216
29 31 52 121 145 167 176 208 223 226 229
30 31 52 121 145 167 176 212 222 226 229
31 37 104 112 159 162 186 216 221 225 229
32 45 60 130 162 170 182 197 221 222 225
33 49 87 128 154 167 176 194 221 227 228
34 122 145 147 155 167 178 180 183 196 209

35 133 145 154 157 162 172 180 182 191 203
36 133 145 154 157 162 172 180 183 187 203

37 1 104 159 162 207 208 217 218 219 223 226
38 1 104 159 162 207 212 217 218 219 222 226
39 3 97 156 163 166 182 193 214 224 225 228
40 3 156 162 177 182 190 204 211 214 220 228
41 3 156 163 166 173 182 203 206 214 219 227
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216
211
211
213
211
218
218
212
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215
217
216
215
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210
210
213
222
213
211
211

206
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208
208
213
198
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221
208
212
202
202
212
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203
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224
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226
220
220
225
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223
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216
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445 149
446 149
447 149
448 149
449 149
450 149
451 150
452 150
453 153
454 153
455 153
456 153
457 150
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193
193
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Orbit frequencies of S(5,6,48) invariant under PSL; (47):

(i) all 918 solutions
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(ii) all 260 short orbit solutions

0 1 2 3 4 5 6 1 8 9
0 0 0 0O 0 0 0 0 0 0 0
1 0 0 0O 0 0 0 0 O 0 0
2 0 0 0O 0 0 0 0 0 0 O
3 0 0 0O 0 0 0 0 0 0 O
4 0 0 0 0 0 0 0 0 0 O
5 0 0 0 0 0 00 0 O0 O
6 0 o0 0O 0 0 0 0 0 0 O
7 0 o0 0 0 0 0 0 0 0 O
8 0o 0 0 0 0 0 0 0 o0 O
9 o 0 0 0 0 0 0 o 0 0
10 0o 0 0 O 0 0 0 o 0 0
1§ 0 0 0 0 0 0 0 o 0 0
12 0 0 0 0 0 0 0 o 0 0
13 0O 0 0 0 0 0 0 0 o000
14 0 0 O 0404020 7 23 53
15 18 44 16 54 25 44 44 54 9 12
16 12 25 172 44 52 13 16 13 16 58
17 24 9 20 7 16 23 53 20 25 44
18 20 25 104 104 26 26 26 38 24 26
19 24 38 17 23 32 24 42 42 36 36
20 17 47 47 12 12 23 36 13 18 36
21 13 32 18 24 51 51 26 26 52 62
22 94 180 96 96 91 91 99 106 106 99
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