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Abstract: In this paper, we study the A,-spectral radius of graphs in terms of given size
m and minimum degree 6 > 2, and characterize corresponding extremal graphs completely.
Furthermore, we characterize extremal graphs having maximum A,-spectral radius among
(minimally)2-edge-connected graphs with given size m.
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1. Introduction

All graphs considered here are simple and undirected. For a graph G, A(G) denotes its
adjacency matrix and D(G) denotes the diagonal matrix of its degrees. The matrix Q(G) =
D(G) + A(G) is called the signless Laplacian matrix of G. The largest eigenvalue of A(G) is
called the spectral radius of GG, and the largest eigenvalue of Q(G) is called the signless Laplacian
spectral radius of G. For any real number « € [0, 1], Nikiforov [17] defined the A,-matrix of G
as Ao (G) = aD(G) + (1 —a)A(G), which can be regarded as a common generalization of A(G)
and Q(G). The largest eigenvalue of A, (G) is called the A,-spectral radius of G, denoted by
pa(G). For a connected graph G, by the Perron-Frobenius theory of non-negative matrices [17],
pa(G) has multiplicity one and there exists a unique positive unit eigenvector corresponding to
pa(G). We shall refor to such an eigenvector as the Perron vector of A,(G).

The investigation on the extremal problems of the spectral radius and the signless Laplacian
spectral radius of graphs is an important topic in the theory of graph spectra. For related
results, one may refer to [4,16,21,22] and the references therein. Specially, the problem of
characterizing the graph with maximal spectral radius for given size is initiated by Brualdi and
Hoffman [2], and completely solved by Rowlinson [19]. For further investigation, one may refer
to [1,7,13,14,20,24] and the references therein. Just recently, one of the hot topics in the
study of the Q)-spectrum is to characterize the spectral extreme under the conditions of given
size and graph parameters. Zhai et al. [26] determined the graph with maximal QQ—spectral
radius among all graphs with given size, and characterized the graph with maximal ()—spectral
radius among all graphs with given size and clique number (resp., chromatic number). Lou et
al. [15] determined the maximal signless Laplacian spectral radius (Laplacian spectral radius) of
connected graphs with fixed size and diameter. For more results, one may refer to [8,10,25,27].

The A,-spectral radius of a graph has been widely concerned. However, the results on
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the A,-spectral radius under edge-condition are still relatively little known. Li and Qin [12]
generalized the conclusion in [26] to A,-spectral radius for 1/2 < o < 1. Feng et al. [6] and
Huang et al. [9] determined independently the graph having the maximum A,-spectral radius
for 1/2 < a < 1 among all connected graphs of size m and diameter (at least) d.

A friendship graph is one in which every pair of vertices has exactly one common neighbour,
denoted by Fm for given m = 0(mod3). The join of graphs G and H, denoted by GV H, is the
graph obtained from G U H by joining each vertex of G with every vertex of H. In this paper,
we completely characterize the graphs attaining the maximal A,-index among all graphs with
given size m and minimum degree 6 > 2 for % <a<l

G (i) = 22°2) s (d(w) = 2252)

Figure 1. G1,G,

Theorem 1. Let % < a <1 and G be a graph with m edges and minimum degree 6 > 2, and
G1, Gy be the graphs shown in Figure 1.

(i) If m > 24 and m = 0(mod3), then p,(G)

(it) If m > 37 and m = 1(mod3), then p.(G)
where G1 = K1 V (mT—7K2 U K1,3)-

(7ii) If m > 29 and = 2(mod3), then po(G) < pa(Ge), with equality if and only if G = G,

where Gy = Ky V (%52 K, U Py).

po(Fm), with equality if and only if G = Fm.

<
< pa(Gr), with equality if and only if G = G,

A graph is 2-edge-connected if removing fewer than 2 edges always leaves the remaining
graph connected, and is minimally 2-edge-connected if it is 2-edge-connected and deleting any
arbitrary chosen edge always leaves a graph which is not 2-edge-connected. For graphs of order
n, Chen and Guo [3] showed that K, o attained the maximal spectral radius among all the
minimally 2-(edge)-connected graphs. Fan et al. [5] proved that Kj3,_3 has the largest spectral
radius over all minimally 3-connected graphs. For graphs of size m, Guo and Zhang [8,27] gave
sharp upper bounds on the Q(L)-index of (minimally) 2-connected graphs with given size and
characterized the corresponding extremal graphs completely. Noting that a connected graph
having no cut edges is 2-edge-connected, we have following corollary.

Corollary 1. Let % < a <1 and G be a 2-edge-connected graph with m edges.

(i) If m > 24 and m = 0(mod3), then po(G) < po(Fm), with equality if and only if G = Fu.

(it) If m > 37 and m = 1(mod3), then po(G) < po(G1), with equality if and only if G = Gy,
where G1 = K1 V (mTJKQ UK3).

(7ii) If m > 29 and = 2(mod3), then po(G) < pa(Ge), with equality if and only if G = G,

where Gg == K1 V (mTﬂSKQ U Pg)

In this paper, we further study the problem of characterizing graphs among minimally 2-
edge-connected graph with maximal A,- spectral radius. For m = 1(mod3), let G5 (shown
in Figure 2) be the graph obtained from the friendship graph F mo1 by subdividing an edge
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Figure 2. G3,G,

once. For m = 2(mod3), let G4 (shown in Figure 2) be the graph obtained from the friendship
graph F' m—2 by subdividing an edge twice. Employing Theorem 1, we can prove the following
theorem.

Theorem 2. Let % < a <1 and G be a minimally 2-edge-connected graph with m edges.

(i) If m > 24 and m = 0(mod3), then po(G) < po(Fm), with equality if and only if G = Fu.
(it) If m > 37 and m = 1(mod3), then po(G) < pa(Gs), with equality if and only if G = Gs.
(iii) If m > 50 and m = 2(mod3), then po(G) < po(Ga), with equality if and only if G = Gy.

The remainder of the paper is organized as follows. In Section 2, we recall some useful
notions and lemmas that will be used later. In Section 3, we give proofs of Theorems 1 and 2
respectively.

2. Preliminaries

For a graph G, V(G) and E(G) denote the vertex set and edge set of G respectively, and
e(G) = |E(G)| denotes the number of edges in G. For v € V(G), dg(v) or d(v) denotes the
degree of v, Ng(v) or N(v) denotes the set of all neighbors of v in G, and N[v] = N(v) U {v}.
For a subset S of V(G), G[S] denotes the subgraph of G induced by S, e(S) denotes the number
of edges in G[S], and Ng(v) denotes the set of all neighbors of v in S. For two disjoint subsets
S and T of V(G), e(S, T') denotes the number of edges with one endpoint in S and the other
in 7. Let G —uv denote the graph obtained from G by deleting the edge uv € E(G). Similarly,
G + uv is the graph obtained from G by adding an edge uv ¢ E(G), where u,v € V(G). The
average degree of the neighbors of a vertex v; of G is m(v;) = ﬁ gﬂ(G) d(v;). The degree
sequence of GG is the non-increasing sequence of its vertex degrees. \;Vhenever necessary, the
vertices of G' can be renumbered so that d; > d;.; for 1 <7 < n. In that case, we say that G
has degree sequence (dy,ds, - - ,d,), denoted by D(G) = (dy,ds, - - ,d,).

Let G be a connected graph on n vertices and X = (z1, 2o, -+ ,7,)T € R". Then X can be
considered as a function defined on V' (G), that is, each vertex z; is mapped to z; = z(v;). One

can find in [17] that

XTA (X =2a—1) Y z2du)+(1—a) >, (zu+z)°
ueV(Q) weL(G)

and for arbitrary unit vector X € R",
pa(G) = XTAu(G)X, (1)

with the equality if and only if X is the Perron vector of A,(G).
In order to prove our main results, we need the following lemmas.
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Lemma 1. ( [17]) If G is a graph with no isolated vertices, then

Pa(G) < max{ad(u) + (1 —a)m(u) | ue V(G) }. (2)
Lemma 2. ( [17]) Let G be a graph with n vertices and A(G) = A. If a € [3,1), then

(1-a)?

Pa(G) > aA +
Q

(3)

The equality holds if and only if a = % and G is the star Ky ,_1.
Lemma 3. ( [17]) Let G be a connected graph with « € [0,1) and H be a proper subgraph of
G, then po(H) < pa(G).

Lemma 4. ( [18]) Let G be a connected graph, u and v be two vertices of G. Suppose that
v; € No(v) \ Ng(u) (1 <i<s)andz = (x1,7,...,7,)" is the Perron vector of Q(G), where
x; corresponds to the vertexr v; (1 < i < n). Let G* be the graph obtained from G by deleting
the edges vv; and adding the edges uv; (1 <i <s). If &, > x,, then po(G) < po(G*).

An internal path in some graph is a path vouy ... vs (s > 1, or s > 3 whenever v, = vg) such
that d(vg) > 2, d(vs) > 2, and d(v;) = 2 for 0 < i < s. Li, Chen and Meng [11] proved the
following subdivision theorem.

Lemma 5. ( [11]) Let G be a connected graph with o € [0,1) and uv be some edge on an
internal path of G. Let Gy, denote the graph obtained from G by subdivision of edge uv into
edges vw and wv. Then po(Guw) < pu(G).

A cycle C' of a graph G is said to have a chord if there is an edge of GG that joins a pair of
non-adjacent vertices of C.

Lemma 6. ( [14]) If G is a minimally 2-edge-connected graph, then no cycle of G has a chord.

For a connected graph, Yu, Wu and Shu [23] gave a sharp upper bound on @Q-index in terms
of its degree sequence. The authors of the current paper [28] generalized their result to A,-index
of a connected graph. The following Lemma is a corollary of our result.

Lemma 7. ( [28]) Let G be a simple connected graph with n vertices and degree sequence
dy >dy >--->dy,. If dy > s>ds, then po(G) < A(dy, s), where

A(dl,s):;(ad1+s+a—1+ Je—ad+1—aR+4(1—a)(d — ).

Gs (d(w) = 2574)

Figure 3. G;

Lemma 8. Let % < a < 1,m > 50, and Gs be the graph shown in Figure 3. Then p,(Gs) <
Pa(Ga)-

Journal of Combinatorial Mathematics and Combinatorial Computing Volume 119, 243-253



Maxima of the A,-spectral Radius of Graphs 247

Proof. Label the vertices is as shown in Figure 1. Let X = (2, 1z, 22, - ,:L‘zms—z,xu)T be a

unit eigenvector corresponding to p =: p,(G5) where x,, corresponds to w and z; corresponds
to v (1 <1 < %) and x, corresponds to u. By the eigenvalue equation pX = A,(G5)X,

we have 71 = 2o = 13 = x4 and px, = 4ar, + 4(1 — a)z;. It follows that z; = 4’21_113)%.

Define YV = (ywv Y, Y2, -, yL”s*‘l y Yu yv)T 2%_4

such that y, = xu,y; = x; for 1 < i < , and

Yu = Yo = ?wv. Clearly,

2m—4 2m—4

3 T3
DYty Ty tye = Y a tay g =1

i=1 i=1

Noting that m > 50 and d;(G5) = d(w) = 222, by Lemma 2, we have p = p,(Gs) > 2%=4a >
16. By (1), we have

pa(Gs) — p > YTALGHY — XTAL(Ge)X

= (20— 1)(=222) + (1 — @) (w1 + 22)? + (w5 + %)2
Lu 2 Lu Lu 2 2
+ (24 + (L — a1 + 24
— 4o p—4da T
= (20— 1)(=222) + (1 — ) (2222 g )2 4 o( L2 4 4 Tuy
p—4a 2
207 — ATy + Ty
+ 2z, (4(1_a)x +,)%)
PP = (AV2a —8a — 4V2 + 16)p + 16 V202 — 240* + 320 — 16\/§a+8x2
B 8(1 — a) "
>,02 — (4\/§a—8a—4\/§—l—16)px2
8(1 — ) “
>0.
Therefore po(Gs) < pa(G4). This completes the proof. o

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. We may assume that G is connected. Otherwise, suppose that H;(i =
1,2,--- k) are k connected components of G, where k > 2. Since 6(G) > 2, then §(H;) >
2(1 <i<k). Fori=1,2---  k, let v; be a vertex of H;, and G* be the graph obtained from
H; by identifying vertices v;. Clearly, po(G) < po(G*), and G* is a connected graph with m
edges and minimum degree 6 > 2. So, in order to complete the proof of Theorem 1, we may
assume that G is connected.

Furthermore, we may assume that G is 2-edge-connected. Otherwise, suppose that
wv; € FE(G) is a cut edge of G. Since §(G) > 2, then there exist a path P =
UpUp—1 * * * UgU V1 Vg - - - Uj_10;, Where k,1 > 1, such that d(ug) > 3(d(v;) > 3) and ug(v;) be-
longs to a cycle C7 = wptgi1 - - - Uppur(C2 = Uiy - - - Vi1 ). Suppose that |V(G)| = n. Let
X = (Tuyy Ty, -+ - s gy Tuns Tugy "y Ty gy * " ,xn)T be a unit eigenvector corresponding to
pa(G) where ,, corresponds to u;(1 < i < k + p), x,, corresponds to v;(1 < j <[+ ¢q). If
Ty, 2> Ty, let G* = G — g1 + ugvg1; Otherwise, let G* = G — upupy1 + vugyr. In the both
cases, G* is a connected graph with m edges and minimum degree § > 2 and wv is not a cut
edge of G* any more. By Lemma 4, we have p,(G) < po(G*). So we may assume that G is
2-edge-connected.
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Let G2 denote the set of all 2-edge-connected graphs with m edges. For G € G2, and
v € V(Q), it is easy to see that d(v) > 2 and G — v has no isolated vertices. Noting that
|E(G —v)| =m — d(v), we have

d(v) < V(G —v)| < 2(m —d(v)).

It follows that d(v) < 27’” with equality if and only if G = Fu.
For G € G2, let w be a vertex of G such that

1—-a
Jnax, {ad(u) + (1 — a)m(u)} = ad(w) + (1 — a)m(w) = ad(w) + a(w) > d(v).

Noting that e(N(w)) < m—e(N(w), V(G)\ N(w)) and e(N(w), V(G)\ N(w)) > d(w), we have

Z( )d<v> = 2¢(n(w)) + e(N(w), V(G) \ N(w)) < 2m — d(w).
wveE(G

By Lemma 1, we have

pa(G) gad(w>+%<1—a)—1+a. (4)

(i) Let m > 24 and m = 0(mod3). It is easy to see that Fm € G?. By Lemma 2, we have
2ma (1—a)?
pa(Fg) > Z5% +

a

If d(w) = 2, noting that e(N(w)) < 1, we have

z:( )d(v) =2¢e(N(w)) +e(N(w),V(G)\ N(w)) <2+m—-1=m+ 1.
wveE(G

By (2), we have

1 2 1 —a)?
pa(G)§2a+m;(1—a)§ T;LO‘+< a)
(0

< pa(Fz)

form29and%§a<1.
If d(w) = 3, noting that e(N(w)) < 3, we have

> d(v) =2¢(N(w))+e(N(w),V(G)\ N(w)) <6+m—3=m+3.

wveE(G)
By (2), we have

2 1 — a)?
q(G)§3a+m;3(1—a)§ ’g“ﬂ ao‘)

< pa(F'z)

formZQand%§a<1.

If 4 < d(w) < 2258 let f(x) = ax + 22(1 — ). It is easy to see that the function f(z) is
convex for x > 0 and its maximum in any closed interval is attained at one of the ends of
this interval. Combining this and (4), we have

2m 2m — 6 3m
< 4 —(1 — 1-— —1
pa(G) _max{ a+ 4( @), 3 oz+m_3( oz)} +a
2ma (1 —«)?
> 3 + <pa(F%).

form212and%§a<1.
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(i)

U1 U1

U2
U2

U3
U3

V4 V4

Go (d(u) = 2252) Gr (d(u) = 222)

Figure 4. Gg,G7

If diw) = 223, then d; = di(G) = 2222, Let |[V(G —w)| = 2% + s, then 2m >

=3 4 (313 4 5). It follows that 0 < s < 1. This implies that dy = dy(G) <2+ 3 = 5.
By Lemma 7, we have

2m — 3 2ma (1 — a)?
_.I_
3 a

< pa(F%)

form224and%§a<1.

If d(w) = 2%, then G = Fm, completing the proof of (i).

Let m > 37 and m = 1(mod3). It is easy to see that Gy = K1 V ("2 K, UKy 3) € G2,. By
Lemma 2, we have po(Gy) > 2%=2a + (1;‘1)2.

For 2 < d(w) < 2= by similar reasoning as in the proof of (i), we can derived that

2m — 2 1—a)?
pol@) < =20 U200 )

form216and%§oz<1.
If dw) = 225, then d; = di(G) = 2222, Let |[V(G —w)| = 2% + s, then 2m >
=5 19 (23 4 5). It follows that 0 < s < 2. This implies that dy = dp(G) < 245 =T,

By Lemma 7, we have

3 a+ a < pa<G1)

2m—5’7)<2m—2 (1—a)?
formZS?and%§a<1.

If diw) = 222, then d; = di(G) = 2222, Let |[V(G —w)| = 222 + s, then 2m >

27713—2 +92 (27”3—2 + s). It follows that 0 < s < 1.

Case 1. s = 0, it follows that |[V(G — w)| = 2%-2. Noting that |E(G)| = m, it is well
V(G)|

known that > d; = 2m. Since § > 2, then we known that D(G) might be
i=1

2m — 2

(2m—2
3

,4,2,2,2,2,...,2) or (
3

3&111“2)

If D(G) = (#2-2,4,2,2,2,2,...,2), then G = G.

IfD(G) = (2m7273,3’2’2727”.72>7 then G = GG = K1 V (mTJKQ Up4) or G = G7 =

KV (m%lngiJ 2P3), shown in Figure 4. Let X = (2, %1, T2, T3, 2y, - ,x%)T be a
unit eigenvector corresponding to p,(Gg) where x,, corresponds to w and x; corresponds to
vi(1<i< 2”13_2). If 2o > 23, let G* = Gg—v4v3+v409; Otherwise, let G* = Gg—v1v9+v103.
In the both cases, G* = GG;. By Lemma 4, we have p,(Gs) < po(G1). Applying Lemma 4

to the vertices vy and vz of G7, we can similarly derive that p,(G7) < pa(G1).
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Case 2. s = 1, then |V(G — w)| = 2%, Noting that |E(G)| = m, then G has degree

sequence (2"3 2,2,2,2,2,2, 2). It follows that G = G3. Noting that wwvyvzvy is an
internal path of Gjs, by Lemma 5, we have p,(G3) < pa(F mTfl) Furthermore, noting that

F m_1 I8 a proper subgraph of Gg, by Lemma 3, we have pa(FmT—l ) < pa(Gs). Therefore,
we have po(G3) < pa(Gs) < pa(Gr).

(iii) Let m > 29 and m = 2(m0d3). It is easy to see that Go € G%. By Lemma 2, we have
pa(G2) 2m ! a+ L a)
For 2 < d(w ) < 2m by similar reasoning as in the proof of (i), we can similarly derived
that

2m —1 1 — a)?
pa(G) < m3 o+l ao‘> < pal(Gh)

form214and%§a<1.
If d(w) = 222 let |V(G — w)| = 224 + 5, then

2m — 4 2m — 4
2m > 3 +2< 5 —I—s>.

It follows that s < 2. This implies that dy = da(G) < 2+ 4 = 6. By Lemma 7, we have

_ _ PR
2m 4,6>§2m 1 (1—a)

Pa(G) < A ( 3 o+ o < pa(G2)

form229and%§oz<1.
If d(w) = 221 et |V(G — w)| = 221 + 5, then

2m — 1 2m — 1
2m > 3 +2< 5 —i—s>.

It follows that s = 0. Noting that |E(G)| = m, we known that G has degree sequence
( 2”13_1,3, 2,2,2,2,...,2). It follows that G = G, completing the proof of (iii).

O

Proof of Theorem 2. Let H?, denote the set of all minimally 2-edge-connected graphs with m
edges.

(i) Let m > 24 and m = 0(mod3). Tt is easy to see that Fm € H? C G5 . By Theorem 1(i),
we have po(G) < po(Fm) for G € H7, and the equality holds if and only if G = F(7).
(ii) Let m > 37 and m = 1(mod3). It is easy to see that G4 € H2, C G?. By Lemma
2, we have po(G3) > 222 + (1= a) . From the proof of Theorem 1(ii), we know that
pa(G) < 2= 20 4 =2 for G e g2 \ {G1,G3,Gg, G7}. This implies that p(G) < pa(G3)
for G € 7-[2 and the equality holds if and only if G = G3.
(iii) Let m > 50 and m = 2(mod3). It is easy to see that G4 € H2, C G?. By Lemma 2, we

have po(Gy) > 2220 + (1_;‘)2. For G € H2,, let w be a vertex of G such that

urg%/azx {ad(u) + (1 —a)m(u)} = ad(w) + (1 — a)m(w) = ad(w) + 1d(_w§é > d(v),

where 2 < d(w) < 2724
For 2 < d(w) < 2210 by similar reasoning as in the proof of Theorem 1(i), we can prove
that

(@) < ad(u) + (1~ afmr) < 224 4 A=)

< pa(G4)
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U1

s (d(w) = 2m=2)

3

Figure 5. Gg

formZZOand%§a<1.
If d(w) = 22T let |V(G — w)| = 22T + 5, then

3
om — 7 o — T
om > m3 +2<m3 +s>.

It follows that 0 < s < 3. This implies that dy = do(G) < 2+ 7 =9. By Lemma 7, we
have

_ _ )2
2m 7,9)§2m 4 (1—a)

palG) < A( o+ < pu(G)

form250and%§a<1.
If d(w) = 224, let |V(G — w)| = 221 + s, then

2m — 4 2m — 4
2m > 3 —|—2< 5 —i—s)‘

It follows that 0 < s < 2. We consider the following three cases.

Case 1. s = 0, then |V(G — w)| = 2% and |E(G — w)| = ™. Since G is minimally
2-edge-connected, it follows that G—w = pK,yUqK, where p nd ¢ are nonnegative integers
with 2p + ¢ = 222, This implies that |E(G — w)| < ™2, a contradiction.

Case 2. s = 1. Let V(G)\ N[w] = {u}. Then |V(G — w)| = 221, and D(G) =
(2m4,4,2,2,2,2,...,2) or (#2-4,3,3,2,2,2,...,2). If D(G) = (#%2,4,2,2,2,2,...,2)
and there exist a vertex v; € N(w) such that d(v;) = 4, then there exist at least two
vertices v;, v, € N(w) such that v;v;, v;vp € E(G). Obviously, we obtain a cycle wv,v;v,w
with a chord wv;, a contradiction to Lemma 6.

If D(G) = (#24,4,2,2,2,2,...,2) and d(u) = 4, then G = G5, shown in Figure 3. By
Lemma 8, we have p,(G5) < pa(Ga).

If D(G) = (2%-2,3,3,2,2,2,...,2), then exists a vertex v; € N(w) such that d(v;) = 3.
By Lemma 6, we know that G[N(w)] = pKy U ¢K;. It follows that u € N(v;). Suppose
N(v;) = {w,u,v;}. Noting that d(u) > 2, we deduce that there exists another vertex
v, € N(w) such that wv, € E(G). If v, = v, we obtain a cycle wv;uv;w with a chord v;v;;

if v, # v;, we obtain a cycle wv;v;uviyw with a chord wv;. This contracts Lemma 6.

Case 3. s = 2. Let V(G) \ N[w] = {u,v}. Then |[V(G — w)| = *Z and the degree
sequence of G must be ( 2”3_4, 2,2,2,2,2,...,2). Noting that F(G) = m and d(w) = 2”%_4,
it follows that G = G4 or G = Gg, shown in Figure 5. Applying Lemma 4 to vertices u
and v of G, we can derive p,(Gg) < po(Gs). By Lemma 8, we have p,(Gs5) < pa(G4).
Therefore p,(Gs) < pa(Ga).

Combining the above arguments, we complete the proof.

O
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