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Abstract: In this paper, we provide a correction regarding the structure of negacyclic codes
of length 8p® over R = Fym + uF,» when p™ = 3 (mod 8) as classified in [1]. Among other
results, we determine the number of codewords and the dual of each negacyclic code.
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1. Introduction

Constacyclic codes are a crucial part of error-correcting code theory because they extend
cyclic codes. They are valuable in practice because they can be encoded efficiently using simple
shift registers and have rich algebraic structures that improve error detection and correction.
Many well-known codes, such as BCH, Kerdock, Golay, Reed-Muller, Preparata, and binary
Hamming codes, either belong to or are derived from the cyclic code family. This is why
constacyclic codes play a significant role in engineering.

Let’s consider R to be a commutative finite ring. A code of length n over R is a nonempty
subset C' of R™ = {(ro,71,...,7n—1) | 7 € R, i =0,1,...,n — 1}, and its elements are called
codewords. The code C' is called linear if C' forms an R—sulbmodule of R". We define the

standard Euclidean inner product on the space R" as [r, t] = ni rit;, where r = (1o, 71, ..., n_1)
i=0

and t = (tg,t1,...,t,_1) belong to R™. The dual code is given by C+ = {r € R" | [r,t] =0, Vt €

C}.

For § € R*, a linear code C of length n over R is termed a d§-constacyclic code if
(0Tp—1,70,71, - Tn—2) € C for all (ro,ry,...,7—1) € C. Specifically, C is called a nega-

cyclic code if 6 = —1, and a cyclic code if § = 1. For any r = (ro,71,...,7n_1) € R™, let
r(z) =ro+rx+---+r, 2" e ﬁ[ﬂ . We will identify r with r(z) in this paper. Tt is well

known that C' is a d-constacyclic code of length n over R if and only if C' is an ideal of the
residue class ring <£[f]5>.

Consider the finite commutative ring R = Fym + uF,m, where u> = 0. The elements of R
are linear combinations of 1 and u with coefficients in F,m, namely of the form o + uf3 where
a, B € Fym. Furthermore, such an element is a unit if and only if a # 0. This ring is commonly
used for constacyclic codes. A notable example is Fy + ulFy, positioned between F; and Zy.
It exhibits an additive resemblance with F; and a multiplicative resemblance with Z,. Many
studies focus on constacyclic codes over the ring R.

In general, The classification of codes over R plays an important role in studying their
structures, but in general, it is very difficult. In 2010, Dinh [2] classified constacyclic codes of
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length p® over R. Subsequent works have extended this classification to include lengths such as
2p°, 3p*, 4p®, 5p®, and 8p* [1,3-6].

In this paper, we correct the results from [1] regarding the algebraic structure of negacyclic
codes of length p® over R, specifically when p™ = 3 (mod 8). Additionally, we compute the
number of codewords for these codes and provide the duals for each negacyclic code under this
condition.

2. Main Results

We recall that a chain commutative ring R is a ring in which all its ideals can be ordered
by inclusion. Various characterizations of finite chain rings include the following.

Proposition 1. [7, Proposition 2.1 If R is a finite commutative ring, the following conditions
are equivalent:

1. R is a local ring with a mazimal ideal (r) for some r € R,
2. R is a local principal ideal ring,
3. R is a chain ring.

In the case where R is a finite chain ring with a maximal ideal (r) and e is the nilpotency

index of r, the ideals of R are of the form (r?) where i =0, ..., e. Moreover,
’ R e—1
Vi=0,...,e,|(r")| = |-— (1)
(r)

R[z]
(w41
p is an odd prime number such that p™ = 3 (mod 8). Additionally, both m and s are positive
integers.

It is known that negacyclic codes of length 8p® over R are ideals of the ring Z. As mentioned
in [1], there exists 3 € F,m such that (32 = —2. Moreover, the following factorization into monic
irreducible polynomials holds in R[z]:

In the rest of this paper, we define R = Fym + uF,m and Z = where u? = 0. Here,

:v8—|—1:(934—B:v2—1)<$4+5932—1). (2)

Theorem 1. [1, Theorem 3.3.4.] The ring % is a principal ideal ring whose ideals can be

expressed as ' ‘
<(:U4 — Ba? — 1)1 <x4 + Ba® — 1)]> ,

where 0 < 1,7 < p°.

According to this theorem, the ring % has two maximal ideals: (z?— S2? —1) and
(x* 4 Bx? — 1). In addition, since the element v € Z is nilpotent, it is not invertible and must
belong to a maximal ideal. Without loss of generality, we can assume that u € (z! — fa? — 1).
This assumption implies the existence of polynomials ag(x), ai(z), bo(x), and by(z) € Fym[z]
such that

u = (ao(x) + uar () (2* — Br? — 1) + (bo(2) + ubs () («* +1)" .
By isolating the terms involving u, we get
1=ay(x) <x4 — B2 — 1) + b1 (2) (:L‘S + 1>ps :

Hence, (z* — Bz? — 1) must divide 1 in Fpm [z], yielding a contradiction.. Therefore, [1, Theorem
3.3.4.] is incorrect. We will correct it in the rest of this section.
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Since (z* — Bz% — 1)” and (z* + S22 — 1)” are coprime, By the Chinese reminder theorem:

K = @ 'SZ>

Le{£1}

where &, = < Rfz] . Consequently, every negacyclic code C' of length 8p°® over R can be

(x4 40822 —1)P" >

expressed as C'= @ (Y, where (Y is an ideal of 8. Thus, the negacyclic codes of length 8p*
Le{£1}
over R are entirely determined by the ideals §,.

2.1. The Ring 8; and its Ideals

Let b(z) € 8. It can be represented as a polynomial of degree less than 4p® over R. Thus,
b(x) can be uniquely expressed as

pS—1 p—1
bx) = Y boula) (' + 082> + 1) +u 3 by (o + 082> + 1)
k=0 k=0

p°—1 B ps—1

= boo(x) + (:U4 + (Bz? + 1) > bok (x4 + (Bx? + 1)k ! +u . by (gc4 + (Bx® + 1)k
k=1 k=0

= boo(z) + (),

where, for any 0 < k < p® — 1, box(z) and byx(x) are polynomials in F,m[z] with a degree less
than 4. The polynomial ¢(x) is defined as:

o(x) = (¢* + (B2 +1) pSZI bo (" + £2” + 1)’H + upszl bu (o + £B2” + 1)’“ .
k=1 k=0

Given that the degree of byo(z) is less than the degree of (z* + ¢B2% + 1) and (z* + (B2% + 1)
is irreducible, it follows that either byo(z) = 0 or byo(z) is coprime with (z* + ¢8z* + 1). This
implies that either byy(x) is zero, or byg(x) is a unit in the ring §,.

Additionally, it is evident that ¢(x) is nilpotent. Therefore, b(x) is non-invertible if and only
if bog(x) = 0. This means that all non-invertible elements of 8; form the ideal (z* + ¢Bz* + 1, u).

As a result, 8y is a local ring with the maximal ideal (z* + ¢824+ 1,u). It is clear that u
is not in (z* + ¢Bz% + 1), and z* + ¢B2% + 1 is also not in (u). Therefore, (z* + (B2 + 1,u) is
not a principal ideal of 8§y. According to Proposition 1, 8§, is not a chain ring. We thus have
the following Theorem.

Theorem 2. The ring 8; is a local ring with the mazimal ideal (x* + (Bx* + 1,u), but it is not
a chain ring.

In the following, we provide the ideals of the ring §,.
Theorem 3. The ideals in 8; are classified as follows:

o Type 1:

o Type 2:

where 0 < 5 < p°®—1.
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o Type 3:

<(:r;4 + (Bx? + 1)i +u (3:4 + (Bx? + 1)t b(m)> ,
where 1 <i <p*—1,0 <t <1, and b(x) is either 0 or a unit that can be represented as
4 2 k
b(x) = Yo bi() (a* + £62® +1)
k
with b(z) € Fym[z], degbr(z) < 4, and by(x) # 0.
« Type 4:
<(a:4 + 0Bx* + l)i +u (a:4 + 0Bx* + 1)t b(x),u <x4 + (Bz? + 1)j> ,

where 1 < i < p°*—1, and j < T, b(x) as in Type 3, and T is the smallest integer such
that

u (:c4 + 82* + 1)T € <(£L‘4 + 4Bx* + 1>i +u (:r;4 + £Bx* + 1>t b(a:')> .

Proof. Let T, = % and consider the ring homomorphism u : 8, — T, defined by

p(a(z) + ub(x)) = a(x) for any a(z) + ub(x) € 8, where a(z), b(z) € Fym|z].

Since z* + (fx? — 1 is irreducible, the ring T, is a chain ring with ideals of the form
((z* + £Bx? — 1)%) for 0 < i < p*. Now, let C be an ideal of 8;. As pu is surjective, u(C)
is an ideal of Ty, and thus u(C) = ((z* + £B2? — 1)?) for some 0 < i < p*. In particular, there
exists an element b(x) such that (z* + ¢(82* — 1)" 4+ ub(z) € C.

If ¢(x) € C, then there exists an f(z) € T, such that

ple(@)) = fla)(@* + 82> = 1)" = p(g(x))p ((@* + 82> — 1) + ub(w))
where g(z) € 8 and p(g(z)) = f(x). This implies that
c(x) — g(x) ((x4 +Bx* — 1) + ub(:v)) € ker(u) N C = (u)y N C.

Hence,
C = ((@" + 82> = 1) + ub(z)) + (u) N C. (3)

Let C’ be an ideal such that (u) N C' = uC’. Applying the same procedure to C’, we get
C' = ((a* +82* = 1) + ue(z)) + (uy N C,
for 0 < j < p° and e(x) € 8. Substituting this expression into (3), we find
C = ((@" +£82* = 1) + ub(z), u(z" + (Bz* — 1)7).

o If i =0, then (' + £B82% — 1) + ub(z) is a unit, hence C' = (1).

o If i = p*, then by choosing b(x) = 0, we have C' = (u(z* + ¢(B2* — 1)7). Furthermore, if
Jj=p° then C = (0). If 0 < j < p*—1, then C = (u(z* + (Bz* — 1)7), which is of type 2.

o If 1 <i<p®—1, write ub(x) in the form

p°—t—1
ub(z) = u (m4 + 0Bx% + 1)t > bi(x) (£C4 + 0Bz* + 1)k :
k=0
where by, (z) are polynomials of degree less than 4, and bg(x) # 0. Then

C= <(a:4 + 082" — 1)+ u (2 + (8" + 1)t
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pS—t—1
> by(x) ($4 + 0Bz% + l)k u(at + 0Br* — 1)j> .
k=0
If 7 > T, then C is of type 3:
. (Pt k
C= <(g;4 + 082" — 1) u (2 + 0B2% + 1) > bi(a) (o' + £B2” + 1) > .
k=0

Otherwise, C' is of type 4.
O

The parameter T' is crucial in the classification of Type 4 as per Theorem 3. Next, we will
determine the value of T'.

Proposition 2. Let T be the smallest integer such that
u <x4 + (5% + 1)T € <<x4 + (Bz? + 1>i +u <x4 + (Bz? + 1)t b(x)> )

Then, T is given by
o i if b(x) =0,
| min{i,p* —i+t}, ifb(z) #0.

Proof. There exist polynomials f(z),g(z) € Fym[z] such that u(z* + (82 — 1)" can be ex-
pressed as

u (:c4 + (Bx* — 1)T = (f(x) + ug(x)) <<x4 + {Bx* — l)i +u (x4 + (Bx* — 1)t b(m)) :

Simplifying the right-hand side, we obtain

u ($4 + {Bx? — I)T =f(z) (z4 + {Bx? — 1)
+u (f(x) (x4 + 0B2* — 1)t b(z) + g(x) (x4 + {Bx? — 1)Z> :

Necessarily, (24 + €822 — 1) " divides f(z), so we can write

i+t

(934 + 0Bz? — 1>T = f'(z) (354 + 0B2* — 1)ps_ b(z) + g(x) (:v4 + 0B2% — 1>i,

for some polynomial f’(z) € Fym|x]. Therefore:

o If b(xz) =0, then 7' = 1.
o If b(z) # 0, then "= min{i,p* — i + t}.

For a ideal C' of §;. The torsion and residue ideals of C' are defined over F,~ as follows:

Tor(C) = {a € Fyn |ua € C’},
Res(C) = {a € Fym | 3b such that a +ub € C}.

The reduction modulo u from C' to Res(C') is given by:
¢:C — Res(C), ¢(a+ub)=a.
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Clearly, ¢ is well-defined and surjective, with Ker(¢) = Tor(C), and ¢(C') = Res(C'). Hence,
the size of Res(C') is related to the size of C' by:

C
| Res(C)| = \T(’)r(’C)\'
ie.,
|C| = | Res(C)]|| Tor(C)|.
Through the definition and the classification provided in Theorem 3, obtaining Res(C') and
Tor(C') of any ideal C' of §; is straightforward.
Theorem 4. The torsion and residue of ideals of 8y are given by:
o If C'=(0), then Res(C) = (0) and Tor(C) = (0).
o If C' = (1), then Res(C) = (1) and Tor(C) = (1).
o If Cy = <u (z* 4 £B2® + 1)j> is an ideal of type 2, then Res(Cy) = (0) and Tor(Cy) =
<(:v4 + (Bx? + 1)j>.
o If (5= <(:C4 + 0822 + 1) +u (2t 4 0822 + 1) b(x)> is an ideal of type 3, then Res(C3) =
<(a74 + (Bx? + 1)Z> and Tor(C3) = <(x4 + (B2 + 1)T>.
o IfCy= <(x4 + 0822+ 1) 4+ u (2t + (822 + 1) b(x), u (z* + (522 + 1)j> is an ideal of type
4, then Res(Cy) = <(x4 + (B2 + 1)z> and Tor(Cy) = <(a:4 + (B2 + 1)z>

As Tor(C') and Res(C) are ideals of the ring %, and this ring is a chain ring, we

can calculate the sizes of Res(C') and Tor(C') using (1). By multiplying the sizes of Res(C') and
Tor(C') in each case, we can then determine the number of elements in each ideal C' of the ring
Sy.

2.2. Dual of Negacyclic Code

The reciprocal polynomial of a(x) = ag + a1 + - - - + a;2* € R[x] with degree t, denoted by
a*(x), is defined by

1
a* (1) = a; + ay_17 + a;_ox* + -+ apzr’ = 2'a () .
xr

The annihilator of an ideal C' of Z is defined by
A(C) = {a(x) € Z | Yb(z) € C,a(x) - b(x) = 0}.
It is well known [7] that for any negacyclic code C' of length 8p® over R, i.e., an ideal of %,
C+ = AC)" = {a*(z) | a(x) € A(C)}.
Proposition 3. Let C = @ C; be a negacyclic code of length 8p° over R, where Cy is an

Le{£1}
ideal of 8y. Then
CJ_ = @ A (C_g)* .

le{£1}
Proof. Tt is evident that A(C) = & A(Cy). Let A(C)* = @ Dy, where D, is an ideal of
Le{£1} Le{£1}
Se.

For ¢ € {£1} and ¢/(x) € A(CY), there exists f(z) € A(C) such that

co(z) = f(z) + h(z) (:E4 + 0Bz + 1)
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for some polynomial h(x).
As (z* + €822 +1)" = (2* — (B2% + 1), it implies that cj(x) € D_,, and thus A(C;) C D_,.
Given that |A(C)| = |A(C)*|, we obtain the desired result.

We will now determine the annihilator for each ideal of §,. For an ideal of Type 1, it is
evident that A ((0)) = (1) and A ((1)) = (0). Now, let’s proceed to consider the other types.

Theorem 5. Let C = <u (z* + £B2* + 1)l> be an ideal of 8, then A(C) =
<(1‘4 + 0822 4+ 1) ,u>.
Proof. Let f(x) = fo(x) + ufi(z) where fo(x), fi(x) € Fym[z]. Then
flx) € A(C) & (fo(x) + ufi(z) u(z* + 82> +1) =0

& folx) (z* + 0822 +1) =0

& (2 4+ 0822 + 1) " divides fo(x)

& fla) e (@ +0822 +1)" " u).

O

Theorem 6. Let C = <(m4 + 0822+ 1) +u (2t 4 0822 + 1) b(m)> be an ideal of 8¢, where b(x)
is 0 or b(x) is a unit. Then A(C) is determined as follows.

1Ifb(w) =0, then A(C) = ((&* + (8 + 1) ).
2. Ifb(x) is a unit, then A (C) = <<1’4 F 0822+ 1) —w (@t 082+ 1) T (), u (2
+0B2* + 1)ps_i> .

Proof. The proof of (1) is straightforward and will be omitted Instead, we will focus on proving

(2). Let f(z) = fo(z) + ufi(z) where fo(x), fi(z) € Fyn[z]. Since u (2* + (822 +1)" € C, we
have that (2% + €822 + 1) " divides fy(z), so we can write folz) = (z* + 0822 + 1)" 7 fi(a).
Given that T' = min{i, p* — i + t}, it follows that

flx) € A(C)
(@ + 6822 + 1" " fi(w) + ufu()) (2 + €822 + 1) +u (2! + €822 +1)" b(x)) = 0
(z* + 0822 + 1) fi(z) + (* + 0822 + 1)V 7 fi(z) (a* + €822 + 1)" b(z) = 0
('t 4+ 0822 +1)" (fulx) + (2 + €822 + 1)" 7 fi(w)b(x)) = 0
(¢t + €82 + 1) divides (fu(w) + (2! + €822 + )" 7 fi(2)b(x))
fil@) + (@t + 082 + 17 fi(a)b() = (2t + 082 + 1) fi(w),

1}1}1}1}1}

then . L
f(z) = (@' + 0822 + 1) fi@) +u (@ + 82 + 1) fi(x)

— (z* + £B2% + 1)pS_T+t_i f(’)(a:)b(x))
= fo(@) (@ + 082 + 1) 7 —u (et + (B2 + 1) T T ()

+Hfi(@)u (at + 082 + 1)
Thus, A(C) is given by:

) p—T+t—i

AlC) = <(x4 +£pa* + 1)[}84 —u (374 + (8% 41 b(z),u (x4 + (B + 1)p”> .

O
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Theorem 7. Let C = <(x4 + 0822+ 1) + u (2t + (822 + 1) b(x), u (z* + (522 + 1)j> , where
b(x) is 0 or b(x) is a unit. Then A(C) is determined as follows:
1 Ifb(w) =0, then A(C) = ((a* + 822 + 1)" 7 u (@t + (B + 1) ).
2. Ifb(x) is a unit, then A (C) = <<I4 F 0822+ 1) — (2t + 0822 + )P T b(x), u (2
(Ba? +1)" 7).
Proof. Let f(x) = fo(x )+uf1( ) where fo(z), fi(x) € Fym[z]. Since u (z* + (822 + 1) € C, we

have that (z* + (822 +1)" " divides fo(x), so we can write fo(z) = (z* + (822 + 1)ps_j fi(z).
Given that t < j < T <1, it follows that

flx) € A(C)
& (@t + 0802 +1)" 7 fiw) + ufi(@)) (2t + 0802 +1)" +u (ot + 82 + 1) b(a) ) = 0
& (et + 0822 +1) fi(w) + (a4 + 0822 +1)" 7 fi(@) (2t + €822 +1) b(x) = 0
& (2 + 822 + 1) (fl(:c) + (2t 4 0B +1)7 I fé(x)b(x)) =0
& (2 + 0822 +1)” ' divides ( fi@) + (z* + 0822 + 1)”5‘j+t‘i fé(x)b(x))
& filz)+ (2t + 822 + 1) T pra)b(z) = (2t + 0822 +1)7 " f(2)
& fla) = (2 + 0822 + 1) fi(z) +u ((m4 + 0822+ 1) T () — (at + €822 + 1)7 T fé(m)b(m))
& f(z) = fi(z) ((934 40822 + 1)~ (a4 B2+ 1)7 T b(x)) + fl(z)u (at + 0822 + 1)P
Thus A (C) is given by:

p°—j+t—i

AC) = <(x4 + 487" + 1);)3—3' —u <x4 +(Ba* + 1) b(w),u (x4 + (B2 + 1>ps_i> .

O

Remark 1. 1. To obtain A(C)* from A(C), it suffices to note that: (h(z),ug(z))* =
(h*(z),ug*(x)) and (g(x)h(x))* = g*(z)h*(x). Additionally, if degg > degh, then

(9(2) + M(x))" = g (2) + 2" BI70E D ().

2. By using Proposition 3, the self-dual negacyclic codes of length 8p° over R are exactly those
where C' = I @ A(I)*, with I being an ideal of §_;.

References

1. Dinh, H. Q., Nguyen, B. T. and Paravee, M., 2022. Constacyclic codes of length 8p°® over
Fpm + uF,m. Advances in Mathematics of Communications, 16(3), pp.525-570.

2. Dinh, H. Q., 2010. Constacyclic codes of length p* over Fym + uF,m. Journal of Algebra,
324 (5), pp-940-950.

3. Dinh, H. Q., 2012. Repeated-root constacyclic codes of length 2p°. Finite Fields and Their
Applications, 18, pp.133-143.

4. Dinh, H. Q., Nguyen, B. T. and Yamaka, W., 2020. Constacyclic codes of length 3p°
over Fym + uF,~ and their application in various distance distributions. IEEE Access, 8,
pp-204031-204056.

Journal of Combinatorial Mathematics and Combinatorial Computing Volume 122, 351-359



On Negacyclic Codes of Length 8p® over Fym + uFpm 359

5. Dinh, H. ., Dhompongsa, S. and Sriboonchitta, S., 2017. On constacyclic codes of length
4p® over Fym 4+ uFpm. Discrete Mathematics, 340, pp.832-849.

6. Dinh, H. Q., Nguyen, B. T., Thi, H. L. and Yamaka, W., 2022. On Hamming distance
distributions of repeated-root cyclic codes of length 5p® over Fym + uF,m. IEEE Access, 10,
pp--119904.

7. Dinh, H. Q. and Lopez-Permouth, S. R., 2004. Cyclic and negacyclic codes over finite chain
rings. [EEE Transactions on Information Theory, 50(8), pp.1728-1744.

8. Dinh, H. Q., 2009. Constacyclic codes of length 2° over Galois extension rings of Fy + uFs.
IEEE Transactions on Information Theory, 55(4), pp.1730-1740.

®

BY

©2024 the Author(s), licensee Combinatorial Press.
This is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Journal of Combinatorial Mathematics and Combinatorial Computing Volume 122, 351-359


http://creativecommons.org/licenses/by/4.0

	Introduction
	Main Results
	The Ring S and its Ideals
	Dual of Negacyclic Code


