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Abstract: The A-fold complete symmetric directed graph of order v, denoted *K, is the
directed graph on v vertices and A directed edges in each direction between each pair of vertices.
For a given directed graph D, the set of all v for which * K admits a D-decomposition is called
the A-fold spectrum of D. In this paper, we settle the A-fold spectrum of each of the nine
non-isomorphic orientations of a 6-cycle.
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1. Introduction

If a and b are integers with a < b, we let [a,b] denote the set {a,a+ 1,...,b}. For a graph
(or directed graph) D, we use V(D) and E(D) to denote the vertex set of D and the edge set
(or arc set) of D, respectively. Furthermore, we use *D to denote the multigraph (or directed
multigraph) with vertex set V(D) and A copies of each edge (or arc) in E(D). For a simple
graph G, we use G* to denote the symmetric digraph with vertex set V(G*) = V(G) and arc
set E(G*) = U{U’U}GE(G){(U, v), (v, u)} Hence, *K is the A-fold complete symmetric directed
graph of order v.

A decomposition of a directed multigraph K is a collection A = {Dy, Dy, ..., D;} of sub-
graphs of K such that each directed edge, or arc, of K appears in exactly one D; € A. If each
D; in A is isomorphic to a given digraph D, the decomposition is called a D-decomposition
of K. A D-decomposition of K is also known as a (K, D)-design. The set of all v for which K}
admits a D-decomposition is called the spectrum of D. Similarly, the set of all v for which *K "
admits a D-decomposition is called the \-fold spectrum of D.

The reverse orientation of D, denoted Rev D, is the digraph with vertex set V(D) and
arc set {(v,u) : (u,v) € E(D)} We note that the existence of a D-decomposition of K
necessarily implies the existence of a Rev D-decomposition of Rev K. Since K is its own
reverse orientation, we note that the spectrum of D is equal to the spectrum of Rev D.

The necessary conditions for a digraph D to decompose ’\K;‘ include

(a) [V(D)] <,
(b) |E(D)| divides Av(v — 1), and
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(c) ged{outdegree(z) : x € V(D)} and ged{indegree(z) : x € V(D)} both divide A\(v — 1).

The spectrum problem for certain subgraphs (both bipartite and non-bipartite) of K has
already been studied. When D is a cyclic orientation of K3, then a (K, D)-design is known as
a Mendelsohn triple system. The spectrum for Mendelsohn triple systems was found indepen-
dently by Mendelsohn [1] and Bermond [2]. When D is a transitive orientation of K3, then a
(K}, D)-design is known as a transitive triple system. The spectrum for transitive triple sys-
tems was found by Hung and Mendelsohn [3]. There are exactly four orientations of a 4-cycle
(i.e., a quadrilateral). It was shown in [4] that if D is a cyclic orientation of a 4-cycle, then a
(K, D)-design exists if and only if v = 0 or 1 (mod 4) and v # 4. The spectrum problem for
the remaining three orientations of a 4-cycle were setled in [5]. In [6], Alspach et al. showed
that K can be decomposed into each of the four orientations of a 5-cycle (i.e., a pentagon)
if and only if v =0 or 1 (mod 5). In [7], it is shown that for positive integers m and v with
2 < m < v the directed graph K} can be decomposed into directed cycles (i.e., with all the
edges being oriented in the same direction) of length m if and only if m divides the number of
arcs in K and (v,m) ¢ {(4, 4), (6,3), (6, 6)} Also recently [8], Odabas: settled the spectrum
problem for all possible orientations of a 7-cycle.

There are nine non-isomorphic orientations of a 6-cycle. We denote these with Dy, Do, ...,
Dy as seen in Figure 1. The A-fold spectrum problem was settled for the directed 6-cycle (i.e.,
D) in [9]. In this work, we settle this problem for the remaining eight orientations. Our main
result, which is proved in Section 3, is as follows.

Theorem 1. Let D be an orientation of a 6-cycle and let X and v be positive integers such
that v > 6. There exists a D-decomposition of *K; if and only if Mv(v —1) =0 (mod 3) and
neither of the following hold

e (D,\v)=(Dy,1,6) or
e D= Dy and \v —1) is odd.
From the necessary conditions stated earlier, we have the following.

Lemma 1. Let D € {Dy, Ds,...,Ds} and let X\ and v be positive integers such that v > 6.
There exists a D-decomposition of *K; only if (v — 1) = 0 (mod 3). Furthermore, there
exists a Dy-decomposition of K only if \v(v —1) =0 (mod 3) and A\(v —1) =0 (mod 2).

In 1978, Bermond, Huang, and Sotteau [9] showed that with the exception that there is no
D;-decomposition of K¢, these necessary conditions are sufficient for D .

Theorem 2. For integers v > 6 and X\ > 1, there exists a Dy-decomposition of ’\K;‘ if and only
if Ww(v—1) =0 (mod 6) and (\,v) # (1,6).

The remainder of this paper is dedicated to establishing sufficiency of the above necessary
conditions. We achieve this by exhibiting constructions for the desired decompositions (see
Section 3) using certain small examples (see Section 2). Henceforth, each of the graphs in
Figure 1, with vertices labeled as in the figure, will be represented by D;[vy, vy, ..., vg).

For m > 2, the following result of Sotteau proves the existence of 2m-cycle decompositions
of complete bipartite graphs.

Theorem 3 ( [10]). Let x, y, and m be positive integers such that m > 2. There ezists a
2m-cycle decomposition of Koy o, if and only if m | 2zy and min{2x, 2y} > m.

Consider an orientation of a 6-cycle that is isomorphic to its own reverse, i.e. any D; in
Figure 1 such that ¢ ¢ {7,8}. By definition of reverse orientation, the set {D;, Rev D;} is an
obvious D;-decomposition of Cf (the symmetric digraph with a 6-cycle as the underlying simple
graph). Since a G-decomposition of a graph K necessarily implies a G*-decomposition of the
digraph K* we get the following corollary from the case m = 3 in Theorem 3.
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1 V2 U1 U2 U1 V2
Ve v3 Ve U3 Vs U3
Vs V4 Us Vg Us (2
Dy Dy Dy
U1 Ua U1 Vo U1 Vg
Vg V3 Vg U3 Vg Us
Vs V4 Us V4 U5 Vg
Dy D; Dy
v U9 1 U2 1 V2
Ve U3 Vg V3 Vg V3
Vs V4 Us Vg Us (2
D+ Dy Dy

Figure 1. The Nine Orientations of a 6-cycle

Corollary 1. Let D € {Dy, Dy, D3, Dy, D5, Dg, Dg}. There exists a D-decomposition of K3, 5,
if 3| zy and min{z,y} > 2.

2. Examples of Small Designs

We first present several D;-decompositions of various graphs for ¢ € [2,9]. Beyond establish-
ing existence of necessary base cases, these decompositions are used extensively in the general
constructions seen in Section 3.

If i,v1,v9,...,v¢ are integers and D € {Dy, Da,..., Do}, we define D[vy,vg, ..., v6] + 4 to
indicate D[vy +1i, vo+1, ..., vg+i]. Similarly, if the vertices of D are ordered pairs in Z,, X Z,,
then D{(ul, v1), (ug,v2), ..., (ug, UG)} + (i,0) means the digraph D[(ul +i,v1), (ug+14,v9), ...,

(ug + 1, Uﬁ)] We also use the convention that both oo + ¢ and oo + (7, 0) result in simply oco.

Example 1. Let V(Kg) =Zs U {oo} and let

Az—{DQO 3,4,2,1,00 +ZZ€Z5},
Ad—{D304,1,3,2,00 +ZZ€Z5},
i€ Zs)

{ 5 Oa 1737270074 ) D5[173a470072a0]a D5[2747 1a007370]7

[ ]

[ ]

A4 == {D4[O, 1, 2,4, o0, 3]
[ )
Ds[4,1,2,3,00,0], D5[3,0,00,1,2,4]},

Aﬁ = {DG[O, 1,3,2,4, OO] +i:1€ Z5},
A7 = {D7[O, 1,3,4, 2, OO] +i:1€ 25},
Ag = {Dg[0,00,1,3,2,4] +i:i € Zs)}.

Then A; is a D;-decomposition of K fori € [2,8].

Example 2. Let V(2K§> =Zs U {oo} and let
Ao = Uiez,{ Do[0,1,2,3,4,00] + 1, Dy[00,0,2,4,1,3] + i }.

Then Ay is a Dy-decomposition of K.
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Example 3. Let V(K?) = Z7 and let

A2 = {DQ[Oa 1747675a2]7 D2[0747 1a573>6]7 D2[075a4727673]7
2[1a6747372a5]a D2[47073a 17672]7 D2[570a 1727374]7

2[67 0727 173a 5]}7

AS = { 3[3a 1707672a4]7 D3[4757 1a07376]7 D3[270a675737 1]7
3[1a6757270a4]a D3[07574a27673]7 D3[573a2717470]7

D
D
D
D
D3[6a473727 5a 1]}7

Ay = {D4]0,1,3,2,6,4
A5 = {Ds[0,1,3,6,5,2

+i:i€Zq),
+?:Ii€Z7},

Ds[3,2,4,5,1,6], Dg[3,4,6,0,2,5], Dg[5,1,4,0,3,6],

Ds[6,2,5,0,1,4

A7 = {D7[O, 1,3,5, 2, 6] +1:1€ Z7},
Ag = {Dg[o, 6,2,5,3, ].] +i:1 € Z7},
Ag = {Dg[o, 1,2,4,6, 3] +i:1€ Z7}

Then A; is a D;-decomposition of KX fori € [2,9].

Example 4. Let V<3K§> =Z; U {oo} and let

Ay = Uiez,{ D2[0,1,2,3,5,4] +i, Ds[0,2,1,3,6,00] +1,

D5[0,3,1,5,2,00] + i, D[0,4,2,3,5, 0] +¢},

Ag = Uiez,{ D3[0,1,2,3,5,6] + 4, Ds[0,2,3,5,1,00] + 1,

Ds[0,3,1,6,4,00] + i, D3]0,4,1,5,2, 0] +i},

Ay = Usez, { Da[0,1,2,3,5,6] + i, D4[0,2,1,3,6,00] +1,

D4[0,3,1,5,2,00] + i, D4[0,5,2,6,1,00] + i},

As = Uiz, { D5[0,1,2,3,5,4] +4, Ds[0,2,1,3,6,00] +1,

Ds[0,3,5,2,6,00] + i, D5[0,4,6,3,2,00] + i},

Ag = Uiez, { Ds[0,1,2,3,4,5] + 1, D[0,2,4,3,6,00] +1,

Dg[0,3,5,2,6,00] + i, Dg[0,4,2,5,1,00] + i},

A7 = Uiez, { D7[0,1,2,3,5,6] + i, D7[0,2,3,5,1,00] +1,

D:[0,3,1,2,4,00] + 1, D[0,4,1,5,2,00] + i},

As = Uiez, { Ds[0,1,2,3,4,5] + i, Ds[0,2,6,00,4,3] +1,

Ds[0,3,1,00,5,2] + i, Ds[0,3,1,00,5,2] +¢}.

Then A; is a D;-decomposition of *K} fori € [2,8].

[ ]
[ ]
= {D4[0,1,2,3,4,5], Dg[0,2,1,3,5,6], Ds[0,3,1,6,2,4],
[ ]
[ ]
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Example 5. Let V(ﬁKg) =Z7 U {oo} and let

Ag = Uiez,{ Ds[0,1,2,3,4,5] +i, Dy[0,1,2,3,4,5] +1,
Dy[0,2,6,3,00,5] + i, Dg[0,2,6,3,00,5] + 1,
Dq[0,2,6,3,00,5] + 1, Dy[0,3,1,6,2,00] + 1,
Do[0,3,1,5,6,00] + i, Dy[0,3,1,5,6,00] —i—i}.
Then Ay is a Dy-decomposition of °K3.

Example 6. Let V(Kg) = (Zy X Zy) U {oo}. For brevity we use i; to denote the ordered pair
(i,7) € V(Kg), and we (continue to) use the convention that oo + ig = co. Let

Ay = Uiez,{ D2[00, 30, 00,31, 11, 1o] + i, D2[00, 20, 31,00, 30, 21] + i,
D5[01, 31,21, 19, 11, 20] + io}’
Az = Uiez,{ Ds[00, 31, 01, 30, 21, 00] + i, D3[00, 20, 10, 00, 31, 04] + i,
D304, 20, 30,31, 10, 21] + io},
Ay = Ui€Z4{D4[OO,30, 20,01, 11, 31] + io, D4[01, 30, 1o, 00, 11, 00] + o,
Dy[01, 11,00, 30, 21, 20] + o },
As = UieZ4{D5[007307017 20,21, 31] + 40, D5[00, 20, 1o, 11, 21, 00] + 1o,
Ds[01,21, 10, 31,00, 00] + o },
Ag = UZ-GZ4{D6[OO, 11,20, 00,21, 31] + i0, Dg[00, 30, 0, 01, 20, 31] + %o,
Ds[01, 00, 20, 10, 31, 11] + o}
A7 = Uiez4{D7[00,30,01, 20,21, 31] + 40, D7[00, 20, 30, 31, 01, 00] + 4o,
Ds[01,21, 10,31, 00, 00] + o },
Ag = Uiez4{D8[00, 00,01, 21, 1o, 31] + 40, Ds|01, 30,00, 31, 21, 20] + %o,
Ds[01, 00, 00, 20, 30, 31] + o },
Ag = Uiz, { Dol0o, 00, 21, 30, 01, 31] + o, Do[00, 30, 11, 31,20, 01] + o,
Ds[01, 00, 30, 10, 00, 11] + o }.
Then A; is a D;-decomposition of K§ fori € [2,9].
Example 7. Let V(Kfo) = Zs X Zy. For brevity we use i; to denote the ordered pair (i,j) €
V(K}y). Let
Ay = UieZE{D2[OO7 11, 1o, 01,41, 21] + 4o, D2[00, 1o, 41, 11, 21, 30] + 7o,
D5[01, 30, 10, 21, 40, 0o] + o}
Az = Uiez,{ D300, 41, 11, 21, 1o, 40] + o, D3[01, 0, 1o, 30, 41, 11] + do,
Ds[01, 1p, 31, 00, 21, 20] + o}
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Ay = UieZ5{D4[007417017207 11, 30] + 0, D4[00, 20, 31, 30, 01, 21] + 4o,
D4[00, 19, 20, 31,21, 01] + io},

As = Uiezs{D5[00740720731741721] + o, Ds5[00, 30,21, 31, 11, 1o] + do,
Ds[00, 41, 30, 11, 1o, 34 +i0},

Ag = Uiezs { Ds[00, 40, 21, To, 30, 01] + o, De[00, 11, 1o, 01,41, 21] + o,
Dg[01,41, 21,40, 30, o] + o}

Ay = UieZ5{D7[007 Lo, 01, 31,44, 30] + @0, D7[00, 21, 30, 01, 20, 31] + o,
Ds[00, 01,41, 11, 1, 40] + o}

Ag = Usez,{ Ds[00, 1o, 11, 01, 21, 20] + g, Ds[0, 41, 11, 21, 1o, 4] + i,
Ds[01, 40, 21, 00, 41, 20] + o -

Then A; is a D;-decomposition of K5, for i € [2,8].

Example 8. Let V(QK;‘O) = Z1o and let

Ao = Uiez,, { Do[0,4,8,7,9,1] + i, Dy[0,5,2,3,1,4] + 1,
Dq[0,9,2,7,1,8] + z}

Then Ay is a Dy-decomposition of *K7,.

Example 9. Let V(3Kf1> =711 and let

Ay = Uiz, { D2[0,5,1,2,4,7) + 14, D2[0,5,1,2,4,7] + 1,
D5[0,6,1,2,4,7) 44, D5[0,2,1,10,9,3] + 1,
D,[0,4,1,6,3,2] + i},

Az = Uiez,, { Ds[0,2,1,3,6,5] + 14, Ds[0,2,1,3,6,5] + 1,
D3[0,2,1,5,9,3] 44, Ds[0,1,7,2,10,6] + 1,
Ds[0,3,1,8,4,7) + i},

Ay = Uiez,, { Da[0,1,7,10,2,6] + i, D4[0,1,7,10,2,6] + 1,
D4[0,1,7,10,2,6] + 4, D4[0,4,6,10,1,2] 4,
D4[0,9,10,3,1,2] + i},
As = Ujez,, {D5[0,1,2,5,10,4] + i, D5[0,1,2,5,10,4] + 1,
Ds[0,1,2,5,10,4] + i, D5[0,2,4,1,3,7] + 1,
Ds[0,2,4,1,10,3] + i},
Ag = Uiez,, { Del0,1,3,6,10,4] + i, Dg[0,1,3,6,10,4] + 1,
Dg[0,1,3,6,10,4] + 4, Dg[0,5,3,2,4,10] + 4,
Dg[0,10,4,2,5,8] + i},
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A7 = Uiezu{DﬂO, 1,3,6,10,7] + 14, D7[0,1,3,6,10,7] + i,
D;[0,1,3,6,10,7] + ¢, D;[0,6,5,10,4,9] + 1,
Dr[0,10,4,5,3,9] + i},

As = Uiez,, { Ds[0,1,3,6,2,5] + i, Ds[0,1,3,6,2,5] + 1,
Dg[0,1,3,6,2,5] + 14, Dg[0,6,4,8,10,9] + 4,
Ds[0,6,5,9,3,10] + i},
Ao = Uiez,, { Ds[0,1,2,4,6,3] + i, Dy[0,1,2,4,6,3] + 1,
Dy[0,1,2,4,6,3] + 14, Dy[0,5,1,8,2,6] +1,
Dy[0,5,1,8,2,7] +1i}.

Then A; is a D;-decomposition of *K?, fori € [2,9].
Example 10. Let V(K{.;A) = Zy7 with vertex partition {{0, 1,2}, {3,4,5, 6}} and let

Az ={D:[0,3,1,4,2,6], D+[3,0,5,1,6,2], D-[2,5,1,6,0,4],
Dr[5,2,3,1,4,0]},
As = {Ds[0,4,2,5,1,6], Ds[3,2,5,0,4,1], Ds[1,3,0,6,2,4],
Ds[6,2,3,0,5,1]}.
Then A; is a D;-decomposition of K3, fori € {7,8}.

Example 11. Let V(Kg’ﬁ) = Zg X Zy with the obvious vertex bipartition. For brevity we use
i; to denote the ordered pair (i,7) € V(ngﬁ). Let

A? - UiGZG{D7[007 517 ]-07 ]-17 507 21] + 7;07 D7[017 507 317 007 ]-17 ]-0] + iO}?
AS - UiEZg{D8[007417 507 11740701] + i07 D8[017007 517407 217 50] + ZO}
Then A; is a D;-decomposition of K§¢ fori € {7,8}.

3. General Constructions

For two edge-disjoint graphs (or digraphs) G and H, we use G U H to denote the graph
(or digraph) with vertex set V(G) U V(H) and edge (or arc) set E(G) U E(H). Furthermore,
given a positive integer x, we use x(G to denote the edge-disjoint union of z copies of G,
which are not necessarily vertex-joint. If G and H are vertex-disjoint, then we use G V H
to denote the join of G and H, which has vertex set V(G) U V(H) and edge (or arc) set
EG)UEH)U{{u,v}:ue V(G),v e V(H)}. To illustrate the different types of notation
described here, consider that Ki3 can be viewed as (K6 U Kﬁ) VEKIUKgg = K7 U K7 U K.
(Note that the join precedes the union in the order of operations.)

We first prove a result about decompositions of Kj4, K¢, and Kgg.

Lemma 2. For D € {Dy, D3, ..., Do}, then there exists a D-decomposition of Kjg, Kgg and
K.

Proof. Let D € {Dy, D3, ...,Dg}. The result follows from Corollary 1 for D ¢ {D;, Dg}. For
i € {7,8}, a Di-decomposition of K3, (and hence of Kg, and Kgg) exists by Example 10.
Moreover, D7- and Dg-decompositions of Kgg are given in Example 11. m]
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We now give our constructions for decompositions of *K* in the following lemmas, which
cover values of v working modulo 6. The main result is summarized in Theorem 4.

Lemma 3. Let A and v be positive integers such that v =0 (mod 6). If D € {Dy, D3, ..., Dg},
then there exists a D-decomposition of *K*. Furthermore, if \ is even, then there exists a
Dgy-decomposition of K.

Proof. Let D € {D3,D3,...,Dg}. If v =6 and D # Dy, then the result follows from A copies
of a D-decomposition of K (see Example 1). If v = 6, A is even, and D = Dy, then the result
follows from \/2 copies of a Dg-decomposition of 2K (see Example 2). For the remainder of
the proof, we let v = 6x for some integer = > 2, and we assume A is even whenever D = Dy.
Finally,

we note that K¢, = 2 KgU (g) Kg . Thus ’\Kgm = x(’\Kg) U (g) (Angﬁ), and the result follows
from the existence of D-decompositions of *K; and *K, 6.6, where the latter decomposition follows
from A copies of a D-decomposition of K¢ (see Lemma 2). o

Lemma 4. Let A and v be positive integers such that v = 1 (mod 6) and v > 7. If D €
{Dy, Ds, ..., Dy}, then there exists a D-decomposition of *K*.

Proof. 1f v = 7, then the result follows from A copies of a D-decomposition of K3 (see Exam-
ple 3). For the remainder of the proof, we let v = 6z + 1 for some integer x > 2. We note that
Koerr = (wKe) V K1 U (3) Koo = K7 U (3) K. Thus *KG,,, = 2(*K3) U (3) (*Ki), and the
result follows from the existence of D-decompositions of *K* and AKg’G.

O

Lemma 5. Let A\ and v be positive integers such that A = 0 (mod 3), v = 2 (mod 6), and
v>8. If D € {Dy,Ds,...,Dg}, then there exists a D-decomposition of *K*. Furthermore, if
A= 0 (mod 6), then there exists a Dg-decomposition of *K.

Proof. Let D € {Ds, D3, ...,Dg}. If v =8 and D # Dy, then the result follows from /3 copies
of a D-decomposition of *K (see Example 4). If v = 8, A =0 (mod 6), and D = Dy, then the
result follows from A\/6 copies of a Dy-decomposition of °K (see Example 5).

Next, for v = 14, we note that *K;, = *Ki U K U ’\K§76. Thus the result follows from the
existence of D-decompositions of K}, *K¢ and and *K, 8.6

For the remainder of the proof, we let v = 6z 4+ 8 for some integer x > 2 and A\ = 3y
for some integer y > 1, and we assume y is even whenever D = Dgy. Finally, we note that
Kooys = Ks Uz KgUrKsgU (3) Koo Thus *Kg, ¢ = K5 Uz (MK ) Uz (MK ) U (5) (*Ki), and

the result follows from the existence of D-decompositions of *K, K¢, K 86, and ’\Kg,G. o

Lemma 6. Let A and v be positive integers such that v = 3 (mod 6) and v > 9. If D €
{Dy, D3, ..., Dy}, then there exists a D-decomposition of K.

Proof. 1f v = 9, then the result follows from A copies of a D-decomposition of K (see Exam-
ple 6). For v = 15, we note that *Kj; = (MK UMK) VAKT UK s = MK UMK UK g, and the
result follows from the existence of D-decompositions of *K¢, *K7 (see Lemma 4), and AKékﬁ.

For the remainder of the proof, we let v = 6x + 9 for some integer x > 2. Finally, we
note that KGJH_Q = (Kg U .’I?Kg) V Kl U QZK&G U (g)Kgﬁ = Kg U .CEK7 U QTK&G U (g)Kﬁﬁ. Thus

K, to = KU x@K;‘) U x(’\ngﬁ) U (g) (’\Kg‘ﬁ), and the result follows from the existence of
D-decompositions of K, *K7, ’\Kgﬁ, and AK(’;G.
o
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Lemma 7. Let A\ and v be positive integers such that v = 4 (mod 6) and v > 10. If D €
{Dy, D3, ...,Dg}, then there exists a D-decomposition of *K*. Furthermore, if \ is even, then
there exists a Dgy-decomposition of K.

Proof. Let D € {Dy, D3, ...,Dg}. If v =10 and D # Dy, then the result follows from A copies
of a D-decomposition of K7, (see Example 7). If v = 10, A is even, and D = Dy, then the result
follows from \/2 copies of a Dg-decomposition of K7, (see Example 8). For the remainder of
the proof, we let v = 62 44 for some integer x > 2, and we assume \ is even whenever D = Dy.

Next, we note that K6x+4 = K4UZL‘K6UZL‘K476U(§)K676 = K10U(ZE—1)K6U(ZE—1)K476U(;)Kﬁ’ﬁ.
Thus *Kg,., = Ky U (z = 1) (K) U (x = 1)(*Kjs) U (5) (*K¢), and the result follows from

the existence of D-decompositions of *K7,, *K¢ (see Lemma 3), *K 4, and K¢ q.

O

Lemma 8. Let A\ and v be positive integers such that A = 0 (mod 3), v = 5 (mod 6), and
v>11. If D € {Dy, Ds, ..., Dy}, then there exists a D-decomposition of K.

Proof. If v = 11, then the result follows from \/3 copies of a D-decomposition of *K7}, (see
Example 9). For the remainder of the proof, we let v = 6z + 5 for some integer = > 2. Finally,
we note that Kg, 5 = (K4U:cK6> VE Uz Ky gU (g)K&G = KnU(z—1)K7U(z—1) K, 6U (32”) K.
Thus K7, 5 = *K§ U (z — 1) (AK;) U(z—1) (’\Ki"ﬁ) U (‘;) (’\Kg‘ﬁ), and the result follows from
the existence of D-decompositions of *K#, *K (see Lemma 4), *K. 16, and ngﬁ.

O

Combining the previous results from Lemmas 3 through 8 with Theorem 2 and Lemma 1,
we obtain our main theorem, which we restate here.

Theorem 4. Let D be an orientation of a 6-cycle and let X and v be positive integers such
that v > 6. There exists a D-decomposition of *K; if and only if Av(v —1) =0 (mod 3) and
neither of the following hold

e (D,\,v)=(D1,1,6) or
e D= Dy and \v —1) is odd.
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