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abstract

The Mostar index (MoI) of a �nite and connected graph G is a measure of asymmetry, focusing on

the edge-based structure of the graph. For an edge xy in G, let γxy and γyx denote the cardinalities

of the sets of vertices closer to x and y respectively, then the Mostar index is de�ned as: MoI(G) =∑
xy∈E(G)|γxy − γyx| where the summation is taken over all edges xy ∈ G. This edge-wise di�erence

re�ects how asymmetrically the graph is structured around each edge and summing these di�erences

across all edges yields the Mostar index for the graph. In this article, we compute the MoI for certain

classes of bicyclic graphs that are of particular interest due to their moderately complex structure,

lying between acyclic and polycyclic graphs. We classify bicyclic graphs into three distinct types,

namely B1(m,n), B2(l,m, n) and B1(l,m), based on their cycle arrangements and then provide

explicit formulas for calculating the exact value of the Mostar index.
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1. Introduction

Graph theory o�ers the fundamental framework for analyzing and optimizing the structure and

dynamics of complex networks. The topological index TI is a numerical quantity associated with

a underlying structure of a graph [14, 13]. The study of these invariants has become increasingly

signi�cant in understanding the structural properties of various classes of graphs [4]. The distance-

based topological index was introduced by Wiener, captured various structural features of a graph

based on the distances between its vertices and correlated with several physicochemical properties of

compounds [17, 16]. Subsequently, additional distance-based TIs such as Hosaya, Shultz and Szeged

index were introduced to study branching patterns, asymmetry and connectivity [6, 11].

Vertices and edges integrate to form a graph G, having vertex set V (G) and edge set E(G). The
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degree of node x, represented by dx, is de�ned as the count of incident links. The notation d(x, y)

represents the distance between the nodes, which is de�ned as the number of edges in the shortest

path connecting x and y in G. The set of all nodes closer to x than y for each edge xy ∈ E(G) is

denoted by γ(x, y) and the cardinality of set γ(x, y) is denoted by γ(xy).

In graph-theoretic approach, structures are essential because they de�ne relationships and con-

nectivity within graphs, in�uencing their properties and behavior. An important structure in graph

theory is a graph with cycles, which are closed paths formed by a sequence of edges and vertices that

create a loop. The cyclic graphs are critical for understanding complex network behaviors, such as

feedback loops in control systems and redundancies in communication networks. Graphs with cycles

can exhibit both symmetric and asymmetric behaviors. The study of asymmetry in these graphs is

important, as it focuses on measuring how the structure deviates from symmetry

The physicochemical properties of graphs can also be determined by quantifying their structural

asymmetry. In this regard, Dos̆lić et al. introduced the Mostar index, a novel distance-based topo-

logical index that measures asymmetry in edge neighborhoods [3]. It is calculated by summing the

absolute di�erences between the cardinalities γxy and γyx for each edge xy in the graph G:

MoI(G) =
∑

xy∈E(G)

|γxy − γyx|, (1)

where

MoI(xy) = |γxy − γyx|. (2)

Many researchers have studied the structural asymmetry of various classes of graphs. This includes

investigating its properties, computational methods and applications in areas such as mathematical

chemistry and network analysis. Recently, Mostar index and edge Mostar index of carbon structures

and maximum Mostar index of all n−vertex cacti with its upper bound is also computed (see [1,

7]). The application of Mostar index in identifying vulnerable links has been discussed (see [2]).

The di�erence between the Mostar index of the graph alongwith its irregularity has studied (see [5]).

Extremal hexagonal chains with respect to Mostar index are characterised and some conjectures

about the bicyclic graphs have been proved (see [8, 12]).

A graph that contains exactly two cycles is called a bicyclic graph such that |E(G)| = |V (G)|+1.

These two cycles can be connected by a path, an edge, or a common vertex. Bicyclic graphs have inter-

esting structural aspects that allow researchers to analyze how size or connectivity of cycles in�uence

the graph's overall properties. Recently, minimum Wiener index and extremal arithmetic�geometric

index of bicyclic graphs are investigated (see [9, 10]). The upper bounds of the edge Mostar index

with respect to bicyclic graphs and extremal bicyclic graphs with respect to Mostar index are studied

(see [12, 15]). This motivates us to compute Mostar index for the following classes of bicyclic graphs.

1.1. Mostar index of Bicyclic graph of class-I (B1(m,n))

The bicyclic graph B1(m,n) is obtained from a cycle Cm by joining its two vertices at distance n−1.

The vertex set and edge set of B1(m,n) are V (B1(m,n)) = {v1, v2, . . . , vm} and E(B1(m,n)) =

{vivi+1 | 1 ≤ i ≤ n} ∪ {v1vn} with cardinalities |V (G)|= m and |E(G)|= m + 1 respectively and

subscripts are taken as mod m. The bicyclic graph of class-I B1(12, 6) is shown in Figure 1.
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Fig. 1. Bicyclic graph of class-I (B1(12, 6))

In the following Lemmas, Mostar index corresponding to edge partitions for the graph B1(m,n)

for di�erent values of m and n is shown in Table 1 is computed.

Table 1. Edge partitions for the graph B1(m,n) for di�erent values of m and n

m = odd, n = even m = odd, n = odd m = even, n = even m = even, n = odd

E1(B1(m,n)) vn
2
vn+2

2
vn

2
vn+2

2
vn

2
vn+2

2
vn−1

2
vn+1

2
, vn+1

2
vn+3

2

E2(B1(m,n)) vivi+1, vivi+1, vivi+1, vivi+1,

1 ≤ i ≤ n−2
2
, 1 ≤ i ≤ n−3

2
, 1 ≤ i ≤ n−2

2
, 1 ≤ i ≤ n−3

2
,

n+2
2

≤ i ≤ n− 1. n+3
2

≤ i ≤ n− 1. n+2
2

≤ i ≤ n− 1. n+3
2

≤ i ≤ n− 1.

E3(B1(m,n)) vm+n−1
2

vm+n+1
2

, vm+n
2
vm+n+2

2
vm+n

2
vm+n+2

2
vm+n−1

2
vm+n+1

2
,

vm+n+1
2

vm+n+3
2

vm+n+1
2

vm+n+3
2

E4(B1(m,n)) vm+n−3
2

vm+n−1
2

, vm+n−2
2

vm+n
2
, vm+n−2

2
vm+n

2
, vm+n−3

2
vn+t−1

2
,

vm+n+3
2

vm+n+5
2

vm+n+2
2

vm+n+4
2

vm+n
2
vm+n+2

2
vm+n+3

2
vm+n+5

2

E5(B1(m,n)) vivi+1, vivi+1, vivi+1, vivi+1,

t ≤ i ≤ m+n−5
2

, t ≤ i ≤ m+n−4
2

, n ≤ i ≤ m+n−4
2

, n ≤ i ≤ m+n−4
2

,
m+n+5

2
≤ i ≤ m. m+n+4

2
≤ i ≤ m. m+n+2

2
≤ i ≤ m. m+n+2

2
≤ i ≤ n.

E6(B1(m,n)) v1vn v1vn v1vn v1vn

Lemma 1.1. Let xy ∈ E(B1(m,n)) for m is odd, n is even and 4 ≤ n < m+3
2

, then

MoI(xy) =



0, if xy ∈ E1(B1(m,n)),

m− n, if xy ∈ E2(B1(m,n)),
n−2
2
, if xy ∈ E3(B1(m,n)),

n− 2, if xy ∈ E4(B1(m,n)),

n− 2, if xy ∈ E5(B1(m,n)),

0, if xy ∈ E6(B1(m,n)).

Proof. Case i. For xy ∈ E1(B1(m,n)).

Let x = vn
2
and y = vn+2

2
, then γ(vn

2
, vn+2

2
) = {v1, . . . , vn

2
, vm+n+3

2
, . . . , vm} and (vn+2

2
, vn

2
) =

{vn+2
2
, . . . , vn+n−1

2
}. Hence, γvn

2
vn+2

2

= γvn+2
2

vn
2
= m−1

2
. Therefore, in view of Eq. (2), MoI(vn

2
vn+2

2
) =

0.

Case ii. For xy ∈ E2(B1(m,n)).
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Let x = vi and y = vi+1 for 1 ≤ i ≤ n−2
2
, then γ(vi, vi+1) = {v1, . . . , vi, vn+2i+2

2
, . . . , vm} and

γ(vi+1vi) = {vi+1, . . . , vn+2i
2
}. Hence, γvivi+1

= 2m−n
2

, and γvi+1vi = n
2
. Therefore, Eq. (2) implies

MoI(vivi+1) = m− n.

Case iii. For xy ∈ E3(B1(m,n)).

Let x = vn+n−1
2

and y = vm+n+1
2

, then γ(vn+n−1
2

, vm+n+1
2

) = {vn+2
2
, . . . , vn+n−1

2
} and γ(vm+n+1

2
, vn+n−1

2
) =

{vm+n+1
2

, . . . , vm}. Hence, γvn+n−1
2

vm+n+1
2

= m−1
2
, and γvm+n+1

2
vn+n−1

2

= m−n+1
2

. Therefore, applying

Eq. (2), MoI(vn+n−1
2

vm+n+1
2

) = n−2
2
.

Case iv. For xy ∈ E4(B1(m,n)).

Let x = vm+n−3
2

and y = vn+n−1
2

, then γ(vm+n−3
2

, vn+n−1
2

) = {v1, . . . , vm+n−3
2

} and γ(vn+n−1
2

, vm+n−3
2

) =

{vn+n−1
2

, . . . , vm−1}. Therefore, γvm+n−3
2

vn+n−1
2

= m+n−3
2

, and γvn+n−1
2

vm+n−3
2

= m−n+1
2

. Hence, using

Eq. (2), MoI(vm+n−3
2

vn+n−1
2

) = n− 2.

Case v. For xy ∈ E5(B1(m,n)).

Let x = vi and y = vi+1 for n ≤ i ≤ m+n−5
2

, the resolving neighbourhoods of (vi, vi+1) and (vi+1, vi)

are {v1, . . . , vi, vm−n+2i+4
2

, . . . , vm} and {vi+1, . . . , vm−n+2i+2
2

} respectively. Hence, γvivi+1
= m+n−2

2
and

γvi+1vi =
m−n+2

2
. Therefore, in view of Eq. (2), MoI(vivi+1) = n− 2.

Case vi. For xy ∈ E6(B1(m,n)).

Let x = v1 and y = vn, then we have γ(v1, vn) = {v1, . . . , vn
2
, vm+n+3

2
, . . . , vm} and γ(vn, v1) =

{vn+2
2
, . . . , vn+n−1

2
}. Hence, γv1vn = γvnv1 =

m−1
2
. Therefore, using Eq. (2), MoI(v1vn) = 0.

Lemma 1.2. Let xy ∈ E(B1(m,n)) where m, n are odd and 3 ≤ n ≤ m+1
2

, then

MoI(xy) =



m−n
2

, if xy ∈ E1(B1(m,n)),

m− n, if xy ∈ E2(B1(m,n)),

0, if xy ∈ E3(B1(m,n)),

n− 2, if xy ∈ E4(B1(m,n)),

n− 2, if xy ∈ E5(B1(m,n)),

0, if xy ∈ E6(B1(m,n)).

Proof. Case i. For xy ∈ E1(B1(m,n)).

Let x = vn−1
2

and y = vn+1
2
, then γ(vn−1

2
, vn+1

2
) = {v1, . . . , vn−1

2
, vm+n+2

2
, . . . , vm} and γ(vn+1

2
, vn−1

2
) =

{vn+1
2
, . . . , vn−1}. Hence, γvn−1

2
vn+1

2

= m−1
2

, and γvn+1
2

vn−1
2

= n−1
2
. Therefore, using Eq. (2),

MoI(vn−1
2
vn+1

2
) = m−n

2
.

Case ii. For xy ∈ E2(B1(m,n)).

Let x = vi and y = vi+1 for 1 ≤ i ≤ n−3
2
, then γ(vi, vi+1) = {v1, . . . , vi, vn+2i+3

2
, . . . , vm} and

γ(vi+1, vi) = {vi+1, . . . , vn+2i−1
2

}. Hence, γvivi+1
= 2m−n−1

2
and γvi+1vi = n−1

2
. Therefore, in view of

Eq. (2) implies MoI(vivi+1) = m− n.

Case iii. For xy ∈ E3(B1(m,n)).

Let x = vm+n
2

and y = vm+n+2
2

, then γ(vm+n
2
, vm+n+2

2
) = {v1, . . . , vn−1

2
, vm+n+2

2
, . . . , vm} and γ(vm+n+2

2
,

vm+n
2
) = {vn+3

2
, . . . , vm+n

2
}. Hence, γvm+n

2
vm+n+2

2

= m−1
2

and γvm+n+2
2

vm+n
2

= m−1
2

. Hence, Eq. (2) im-

plies MoI(vm+n
2
vm+n+2

2
) = 0.

Case iv. For xy ∈ E4(B1(m,n)).

Let x = vm+n−2
2

and y = vm+n
2
, then γ(vm+n−2

2
, vm+n

2
) = {v1, . . . , vm+n−2

2
} and γ(vm+n

2
, vm+n−2

2
) =
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{vm+n
2
, . . . , vm}. Therefore, γvm+n−2

2
vm+n

2

= m+n−2
2

and γvm+n
2

vm+n−2
2

= m−n+2
2

. Henceforth, applying

Eq. (2), MoI(vm+n−2
2

vm+n
2
) = n− 2.

Case v. For xy ∈ E5(B1(m,n)).

Let x = vi and y = vi+1 where n ≤ i ≤ m+n−4
2

, thenvivi+1 = {v1, . . . , vi, vm−n+2i+4
2

, . . . , vm} and

vi+1vi = {vi+1, . . . , vm−n+2i+2
2

}. Hence, γvivi+1
= m+n−2

2
and γvi+1vi = m−n+2

2
. Therefore, using Eq.

(2), MoI(vivi+1) = n− 2.

Case vi. The proof is same as discussed in Lemma 1.1 case i.

Lemma 1.3. Let xy ∈ E(B1(m,n)) for m and n are even where 4 ≤ n ≤ m+2
2

, then

MoI(xy) =



0, if xy ∈ E1(B1(m,n)),

m− n, if xy ∈ E2(B1(m,n)),

0, if xy ∈ E3(B1(m,n)),

n− 2, if xy ∈ E4(B1(m,n)),

n− 2, if xy ∈ E5(B1(m,n)),

0, if xy ∈ E6(B1(m,n)).

Proof. Case i. For xy ∈ E1(B1(m,n)).

Let x = vn
2
and y = vn+2

2
, then γ(vn

2
, vn+2

2
) = {v1, . . . , vn

2
, vm+n+2

2
, . . . , vm} and γ(vn+2

2
, vn

2
) =

{vn+2
2
, . . . , vm+n

2
}. Hence, γvn

2
vn+2

2

= m
2
and γvn+2

2
vn
2
= m

2
. Therefore, using Eq. (2), MoI(vn

2
vn+2

2
) =

0.

Case ii. For xy ∈ E2(B1(m,n)).

Let x = vi and y = vi+1 for 1 ≤ i ≤ n−2
2
, then γ(vi, vi+1) = {v1, . . . , vi, vn+2i+2

2
, . . . , vm} and

γ(vi+1, vi) = {vi+1, . . . , vn+2i
2
}. Therefore, γvivi+1

= 2m−n
2

and γvi+1vi = n
2
. Hence, Eq. (2) implies

MoI(vivi+1) = m− n.

Case iii. For xy ∈ E3(B1(m,n)).

Let x = vm+n
2

and y = vm+n+2
2

, then γ(vm+n
2
, vm+n+2

2
) = {vn+2

2
, . . . , vm+n

2
} and γ(vm+n+2

2
, vm+n

2
) =

{v1, . . . , vn
2
, vm+n+2

2
, . . . , vm}. Therefore, γvm+n

2
vm+n+2

2

= m
2
and γvm+n+2

2
vm+n

2

= m
2
. Hence, applying

Eq. (2), MoI(vm+n
2
vm+n+2

2
) = 0.

Case iv. For xy ∈ E4(B1(m,n)).

Let x = vm+n−2
2

and y = vm+n
2
, then γ(vm+n−2

2
, vm+n

2
) = {v1, . . . , vm+n−2

2
} and γ(vm+n

2
, vm+n−2

2
) =

{vm+n
2
, . . . , vm}. Hence, γvm+n−2

2
vm+n

2

= m+n−2
2

and γvm+n
2

vm+n−2
2

= m−n+2
2

. Therefore, in view of Eq.

(2), MoI(vm+n−2
2

vm+n
2
) = n− 2.

Case v. For xy ∈ E5(B1(m,n)).

Let x = vi and y = vi+1 for n ≤ i ≤ m+n−4
2

, then γ(vi, vi+1) = {v1, . . . , vi, vm−n+2i+4
2

, . . . , vm}
and γ(vi+1vi) = {vi+1, . . . , vm−n+2i+2

2
}. Hence, γvi,vi+1

= m+n−2
2

and γvi+1vi = m−n+2
2

. Therefore,

MoI(vi, vi+1) = n− 2.

Case vi. The proof is same as discussed in Lemma 1.1 case i.
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Lemma 1.4. Let xy ∈ E(B1(m,n)) for m is even and n is odd where 3 ≤ n ≤ m+2
2

, then

MoI(xy) =



m−n+1
2

, if xy ∈ E1(B1(m,n)),

m− n, if xy ∈ E2(B1(m,n)),
n−1
2
, if xy ∈ E3(B1(m,n)),

n− 2, if xy ∈ E4(B1(m,n)),

m− n− 3, if xy ∈ E5(B1(m,n)),

0, if xy ∈ E6(B1(m,n)).

Proof. Case i. For xy ∈ E1(B1(m,n)).

Let x = vn−1
2

and y = vn+1
2
, then γ(vn−1

2
, vn+1

2
) = {v1, . . . , vn−1

2
, vm+n+1

2
, . . . , vm} and γ(vn+1

2
, vn−1

2
) =

{vn+1
2
, . . . , vn−1}. Hence, γvn−1

2
vn+1

2

= m
2
and γvn+1

2
vn−1

2

= n−1
2
. Therefore, using Eq. (2), MoI(vn−1

2
vn+1

2
)

= 2
(
m−n+1

2

)
= m−n+1

2
.

Case ii. For xy ∈ E2(B1(m,n)).

Let x = vi and y = vi+1 for 1 ≤ i ≤ n−3
2
, then γ(vi, vi+1) = {v1, . . . , vi, vn+2i+3

2
, . . . , vm} and

γ(vi+1, vi) = {vi+1, . . . , vn+2i−1
2

}. Hence, γvivi+1
= 2m−n−1

2
and γvi+1vi = n−1

2
. Therefore, in view of

Eq. (2), MoI(vivi+1) = m− n.

Case iii. For xy ∈ E3(B1(m,n)).

Let x = vn+n−1
2

and y = vm+n+1
2

, then γ(vn+n−1
2

, vm+n+1
2

) = {vn+1
2
, . . . , vn+n−1

2
} and γ(vm+n+1

2
, vn+n−1

2
)

= {vm+n+1
2

, . . . , vn}. Therefore, γvn+n−1
2

vm+n+1
2

= m
2
and γvm+n+1

2
vn+n−1

2

= m−n+1
2

. Hence, Eq. (2)

implies MoI(vn+n−1
2

vm+n+1
2

) = 2
(
n−1
2

)
= n−1

2
.

Case iv. For xy ∈ E4(B1(m,n)).

Let x = vm+n−3
2

and y = vn+n−1
2

, we have γ(vm+n−3
2

, vn+n−1
2

) = {v1, . . . , vm+n−3
2

} and γ(vn+n−1
2

, vm+n−3
2

)

= {vn+n−1
2

, . . . , vm−1}. Hence, γvm+n−3
2

vn+n−1
2

= m+n−3
2

and γvn+n−1
2

vm+n−3
2

= m−n+1
2

. Therefore, ap-

plying Eq. (2), MoI(vm+n−3
2

vn+n−1
2

) = n− 2.

Case v. For xy ∈ E5(B1(m,n)).

Let x = vi and y = vi+1 where n ≤ i ≤ m+n−5
2

, then (vi, vi+1) = {v1, . . . , vi, vm−n+2i+5
2

, . . . , vn} and

(vi+1, vi) = {vi+1, . . . , vm−n+2i+1
2

}. Hence, γvivi+1
= m+n−3

2
and γvi+1vi =

m−n+1
2

. Therefore, using Eq.

(2), MoI(vivi+1) = n− 2.

Case vi. The proof is same as discussed in Lemma 1.1 case i.

The following theorem computes Mostar index of bicyclic graph of class-I B1(m,n).

Theorem 1.5. Let B1(m,n)) be a bicyclic graph where m ≥ 9 and n ≥ 3, then

MoI(B1(m,n)) =


2(n− 2)(m− n), if m is odd,

2(n− 2)(m− n), if m is even, n is odd,

2(n− 2)(m− n) + 2, if m is even, n is even.
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Proof. Case i. When m = odd.

Using Lemma 1.1 and Eq. (1), we have

MoI(B1(m,n)) =
∑

xy∈E1(B1(m,n))

|γxy − γyx|+
∑

xyE2(B1(m,n))

|γxy − γyx|+
∑

xy∈E3(B1(m,n))

|γxy − γyx|

+
∑

xy∈E4(B1(m,n))

|γxy − γyx|+
∑

xy∈E5(B1(m,n))

|γxy − γyx|+
∑

xy∈E6(B1(m,n))

|γxy − γyx|

=1× 0 + (t− 2)× (n− t) + 2× (t− 2)

2
+ 2× (t− 2)

+ (n− t− 3)× (t− 2) + 1× 0

=2(n− 2)(m− n).

Case ii. When m = even, n = odd.

In view of Lemma 1.3 and Eq. (1),

MoI(B1(m,n)) =
∑

xy∈E1(B1(m,n))

|γxy − γyx|+
∑

xyE2(B1(m,n))

|γxy − γyx|+
∑

xy∈E3(B1(m,n))

|γxy − γyx|

+
∑

xy∈E4(B1(m,n))

|γxy − γyx|+
∑

xy∈E5(B1(m,n))

|γxy − γyx|+
∑

xy∈E6(B1(m,n))

|γxy − γyx|

=1× 0 + (t− 2)× (n− t) + 2× (t− 2)

2
+ 2× (t− 2)

+ (n− t− 3)× (t− 2) + 1× 0

=2(n− 2)(m− n).

Case iii. When m = even, n− = even.

By using Lemma 1.4 and Eq. (1),

MoI(B1(m,n)) =
∑

xy∈E1(B1(m,n))

|γxy − γyx|+
∑

xyE2(B1(m,n))

|γxy − γyx|+
∑

xy∈E3(B1(m,n))

|γxy − γyx|

+
∑

xy∈E4(B1(m,n))

|γxy − γyx|+
∑

xy∈E5(B1(m,n))

|γxy − γyx|+
∑

xy∈E6(B1(m,n))

|γxy − γyx|

=2× n− t+ 1

2
+ (t− 3)× (n− t) + 2× (t− 1)

2
+ 2× (t− 2)

+ (n− t− 3)× (t− 2) + 1× 0

=2(n− 2)(m− n) + 2.

1.2. Mostar index of Bicyclic graph of class-II B2(l,m, n)

The bicyclic graph B2(l,m, n) has two cycles of lengths l and n connected by a path of a length

m where l, n ≥ 3, m ≥ 1 and l ≥ n. The vertex set of B2(l,m, n) is given by {ua | 0 ≤ a ≤ l − 1}
∪ {vb | 0 ≤ a ≤ n− 1} ∪ {wc | 0 ≤ c ≤ m− 2} and |V (B2(l,m, n))|= l +m + n− 2. The edge set of

B2(l,m, n) is de�ned as: E(B2(l,m, n)) =
{
uau(a+1), ul−1u0, | 0 ≤ a ≤ l − 2

}
∪
{
vbv(b+1), vn−1v0 |, 0 ≤

a ≤ n− 2} ∪ {u0w0, ωm−2v0, wc−1wc | 1 ≤ c ≤ m− 2} and |E(B2(l,m, n))|= l + m + n. The graph

B2(9, 3, 7) is shown in Figure 2.
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Fig. 2. Bicyclic graph of class-II (B2(9, 3, 7))

In bicyclic graph B2(l,m, n), the parameter j play an important role in computing its Mostar

index. It a�ects the structural properties of B2(l,m, n) under two conditions: m ≥ l − n + 2 and

m < l − n+ 2. Further, assuming l ≥ n simpli�es our computations.

Now, we will provide proof of lemmas to compute the Mostar index of bicyclic graph of class-II

B2(l,m, n) for the case m ≥ l − n+ 2.

Lemma 1.6. For xy ∈ E1(B2(l,m, n)) where l, n ≥ 3, m ≥ 1 then MoI(xy) = |m+ n− 1|.

Proof. The proof is divided into the following two cases:

Case i. When l is even.

The graph's symmetry helps us to compute the Mostar index for the following types of edges;{
u l−2

2
u l

2
, ul−1ul | 1 ≤ l ≤

⌈
l−2
2

⌉}
. Let xy ∈ E1(B2(l,m, n)) where x = u l−2

2
and y = ul

2
then

γ
(
u l−2

2
, u l

2

)
=

{
u0, . . . , u l−2

2

}
∪{x0, . . . , xn−1} ∪ {w0, . . . , wm−2} and γ

(
u l

2
, u l−2

2

)
=

{
u l

2
, . . . , ul−1

}
.

Hence, γ
(
u l−2

2
u l

2

)
= l

2
+ n +m − 1 and γ

(
u l

2
u l−2

2

)
= l

2
. Let xy ∈ {ul−1ul | 1 ≤ l ≤

⌈
l−2
2

⌉}
, then

γ(ul−1, ul) = {u0, . . . , ul−1, u l+2l
2
, . . . , ul−1} ∪ {v0, . . . , vn} ∪{w0, . . . , wm−2} and γ (ul, ul−1) = {ul, . . . ,

u l
2
+l−1}. It can be seen, γ (ul−1ul) =

l
2
+n+m−1 and γ (ul−1ul) =

l
2
. Hence, for xy ∈ E1(B2(l,m, n)),

MoI(xy) =
∣∣ l
2
+ n+m− 1− l

2

∣∣ = |n+m− 1|. Therefore, using Eq. (2), MoI(xy) = |n+m− 1|.
Case ii. When l is odd.

The graph's symmetry helps us to compute the Mostar index for the following types of edges:{
u l−1

2
u l+1

2
, ui−1ui | 1 ≤ i ≤

⌈
l−2
2

⌉}
. Let xy ∈ E1(B2(l,m, n)) where x = u l−1

2
, y = u l+1

2
, then

MoI(xy) = 0. If xy ∈ {ui−1ui | 1 ≤ i ≤
⌈
l−2
2

⌉}
, the proof will be the same as discussed in case i

i.e. MoI(xy) = |n+m− 1|.

Lemma 1.7. For xy ∈ E2(B2(l,m, n)) where l, n ≥ 3 and m ≥ 1 then MoI(xy) = |l +m− 1|.

Proof. The proof is divided into the following two cases:

Case i. When n is even.

The graph's symmetry helps us to compute the Mostar index for the following types of edges:{
vn−2

2
vn

2
, vl−1vl | 1 ≤ l ≤

⌈
n−2
2

⌉}
. Let xy ∈ E2(B2(l,m, n)) where x = vn−2

2
and y = vn

2
then

γ
(
vn−2

2
, vn

2

)
=

{
v0, . . . , vn−2

2

}
∪{u0, . . . , ul−1} ∪ {w0, . . . , wm−2} and γ

(
vn

2
, vn−2

2

)
=

{
vn

2
, . . . , vn−1

}
.

Hence, γ
(
vn−2

2
vn

2

)
= l + n

2
+ m − 1 and γ

(
vn

2
vn−2

2

)
= n

2
. Let xy ∈ {vl−1vl | 1 ≤ l ≤

⌈
n−2
2

⌉}
,

then γ(vl−1, vl) = {v0, . . . , vl−1, vn+2l
2
, . . . , vn−1} ∪ {u0, . . . , ul−1} ∪{w0, . . . , wm−2} and γ (vl, vl−1) =
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{vl, . . . , vn
2
+l−1}. It can be seen, γ (vl−1vl) = l + n

2
+ m − 1 and γ (vl−1vl) = n

2
. Hence, for

xy ∈ E2(B2(l,m, n)), MoI(xy) =
∣∣ l
2
+ n+m− 1− l

2

∣∣ = |l +m− 1|.
Case ii. When n is odd.

The graph's symmetry helps us to compute the Mostar index for the following types of edges;{
vn−1

2
vn+1

2
, vi−1vli | 1 ≤ i ≤

⌈
n−2
2

⌉}
. Let xy ∈ E2(B2(l,m, n)) where x = vn−1

2
, y = vn+1

2
, then

MoI(xy) = 0. If xy ∈ {vi−1vi | 1 ≤ i ≤
⌈
n−2
2

⌉}
, the proof will be same as discussed in case i i.e.

MoI(xy) = |l +m− 1| .

Lemma 1.8. Let xy ∈ E3(B2(l,m, n)) for l, n ≥ 3 and m ≥ 1 then MoI(xy) = |l−m− n+ 2p+ 1|.

Proof. Let xy ∈ E3(B2(l,m, n)) where x = u0 and y = w0 then γ (u0w0) = {u0, . . . , ul−1} and

γ (w0u0) =
{
w0, . . . , wm+2p+n−l−1

2

}
∪ {v0, . . . , vn−1}. Let xy ∈ E3(B2(l,m, n)) where x = wp−1

and y = wp then γ (wp−1wp) = {u0, . . . , ul−1} ∪ {w0, . . . , wp−1} and γ (wpwp−1) = {v0, . . . , vn−1} ∪
{wp, . . . , wm−2}. It can be seen, γ (wp−1vp) = p + l and γ (wp−1wp) = |m + n − p − 1|. Hence, for

xy ∈ E3(B2(l,m, n)), MoI(xy) = |l −m− n+ 2p+ 1|.

The following theorem computes Mostar index of bicyclic graph of class-II B2(l,m, n) for m <

l − n+ 2.

Theorem 1.9. For a bicyclic graph B2(l,m, n)) where l, n ≥ 3 and m ≥ 1, the following holds:

MoI(B2(l,m, n)) =



⌈
(l+m+n)2−2l−2n−1

2

⌉
, if l = even, n = even⌈

(l+m+n)2−2(2l+n+m)+1
2

⌉
, if l = even, n = odd⌈

(l+m+n)2−4(l+n+m)+3
2

⌉
, if l = odd, n = odd⌈

(l+m+n)2−2(l+m+2n)+1
2

⌉
, if l = odd, n = even .

Proof. Case i. When l = even, n = even.

In view of Lemmas 1.6-1.8 and Eq. (1), we have

MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=l(n+m− 1) + n(l +m− 1) +

⌈
l2 +m2 + n2 − 2ln− 1

2

⌉
=

⌈
(l +m+ n)2 − 2l − 2n− 1

2

⌉
.

Case ii. When l = even, n = odd.

With reference to Lemmas 1.6-1.8 and Eq. (1), we have
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MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=l(n+m− 1) + (n− 1)(l +m− 1) +

⌈
l2 +m2 + n2 − 2ln− 1

2

⌉
=

⌈
(l +m+ n)2 − 2 (2l + n+m) + 1

2

⌉
.

Case iii. When l = odd, n = odd.

Using Lemmas 1.6-1.8 and Eq. (1), we have

MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=(l − 1)(n+m− 1) + (n− 1)(l +m− 1) +

⌈
l2 +m2 + n2 − 2ln− 1

2

⌉
=

⌈
(l +m+ n)2 − 4 (l + n+m) + 3

2

⌉
.

Case iv. When l = odd, n = even.

With reference to Lemmas 1.6-1.8 and Eq. (1), we have

MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=(l − 1)(n+m− 1) + n(l +m− 1) +

⌈
l2 +m2 + n2 − 2ln− 1

2

⌉
=

⌈
(l +m+ n)2 − 2 (l +m+ 2n) + 1

2

⌉
.

Now, we will provide proof of lemmas to compute the Mostar index of bicyclic graph of class-I

B2(l,m, n) for the case m < l − n+ 2.

Lemma 1.10. For xy ∈ E1(B2(l,m, n)) where i, k ≥ 3 and j ≥ 1 then MoI(E1(B2(l,m, n))) =

|k + j − 1|.

Proof. The proof follows directly from the arguments established in Lemma 1.6.

Lemma 1.11. For xy ∈ E2(B2(l,m, n)) where i, k ≥ 3 and j ≥ 1 then MoI(E1(B2(l,m, n))) =

|i+ j − 1|.

Proof. The proof follows directly from the arguments established in Lemma 1.7.

Lemma 1.12. For xy ∈ E3(B2(l,m, n)) where i, k ≥ 3 and j ≥ 1, then MoI(E3(B2(l,m, n))) =

|i− k − j + 1|+|i+ j − k − 1|+(j − 2)(|i− k − j + 1)|+j2 − 3j + 2.
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Proof. Let xy ∈ E3(B2(l,m, n)), where x = u0, and y = w0, then, γ (u0, w0) = {u0, . . . , ul−1}
and γ (w0, u0) = {v0, . . . , vn−1} ∪ {w0, . . . , wm−2}. Hence, γ (u0w0) = l and γ (w0u0) = n + m − 1.

Using Eq. MoI (u0w0) = |l − n − m + 1|. Now, let x = wm−2, and y = v0. Then, γ (wm−2, v0) =

{u0, . . . , ul−1}∪{w0, . . . , wm−2} and γ (v0, wm−2) = {v0, . . . , vn−1}. Hence, γ (wm−2, v0) = l+m−1 and

γ (v0wm−2) = n. Using Eq. MoI (wm−2v0) = |l+m−n−1|. Also, for xy ∈ {wd−1wd | 1 ≤ d ≤ m−2}
then γ (wd−1wd) = {u0, . . . , ul−1}∪{w0, . . . , wd−1} and γ (wdwd−1) = {v0, . . . , vn−1}∪{wd, . . . , wm−2}.
It can be seen, γ (wd−1wd) = l+ d and γ (wdwd−1) = n+m− d− 1 and MoI (wd−1wd) = |l−n−m+

2d+ 1|.

The following theorem computes Mostar index of class-II B2(l,m, n) for j < i− k + 2.

Theorem 1.13. Let B2(l,m, n)) be a bicyclic graph where i, k ≥ 3 and j ≥ 1 then

MoI(B2(l,m, n)) =


2ik + ij + kj − i− k +MoI(E3(B2(l,m, n))), if i = even, k = even

2ik + ij + kj − 2i− j − k + 1 +MoI(E3(B2(l,m, n))), if i = even, k = odd

2ik + ij + kj − i− 2k − j + 1 +MoI(E3(B2(l,m, n))), if i = odd, k = odd

2ik + ij + kj − 2i− 2k − 2j + 2 +MoI(E3(B2(l,m, n))), if i = odd, k = even .

Proof. Case i. When i = even, k = even.

With reference to Lemmas 1.10-1.11 and Eq. (1), we have

MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=2ln+ lm+mn− l − n+ |l − n−m+ 1|
+ |l +m− n− 1|+|(m− 2)(l − n−m+ 1)|+m2 − 3m+ 2.

Case ii. When i = even, k = odd.

Using Lemmas 1.10-1.11 and Eq. (1), we have

MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=2ln+ lm+mn− 2l −m− n+ 1 + |l − n−m+ 1|
+ |l +m− n− 1|+|(m− 2)(l − n−m+ 1)|+m2 − 3m+ 2.

Case iii. When i = odd, k = odd.

In view of Lemmas 1.10-1.11 and Eq. (1), we have

MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=2ln+ lm+mn− l − 2n−m+ 1 + |l − n−m+ 1|+
+ |l +m− n− 1|+|(m− 2)(l − n−m+ 1)|+m2 − 3m+ 2.

Case iv. When i = odd, k = even.

Using Lemmas 1.10-1.11 and Eq. (1), we have

MoI(B2(l,m, n)) =
∑

xy∈E1(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E2(B2(l,m,n))

|γxy − γyx|+
∑

xy∈E3(B2(l,m,n))

|γxy − γyx|

=2ln+ lm+mn− 2l − 2n− 2m+ 2 + |l − n−m+ 1|
+ |l +m− n− 1|+|(m− 2)(l − n−m+ 1)|+m2 − 3m+ 2.
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1.3. Mostar index of bicyclic graph of class-III (B3(l,m))

The bicyclic graph of class-III (B3(l,m)) has two cycles of length l and m with one vertex in common,

where l,m ≥ 3. The vertex set of B3(l,m) is given by {ua | 0 ≤ a ≤ l − 1} ∪ {vb | 1 ≤ a ≤ m} and

|V (B2(l,m))|= l+m. The edge set of B3(l,m) is de�ned as: E(B3(l,m)) =
{
uau(a+1), ul−1u0, | 0 ≤ a ≤

l − 2}∪
{
vbv(b+1), vm−1v0, |, 0 ≤ a ≤ m− 2

}
and |E(B3(l,m))|= l+m+1. The bicyclic graph of class-

III B3(9, 6) is shown in the Figure 3.

u0

u1

u2u3

u4

u5

u6 u7

u8

v0

v1

v2

v3

v4

v5

v6

Fig. 3. Bicyclic graph of class-III (B3(9, 6))

The following theorem computes Mostar index of bicyclic graph of class-III B3(l,m).

Theorem 1.14. Let (B3(l,m)) be a bicyclic graph of class-III where l,m ≥ 3 then

MoI(B3(l,m)) =


l(m− 1) +m(l − 1), if l = even,m = even

l(m− 1) + (m− 1)(l − 1), if l = even,m = odd

(l − 1)(m− 1) +m(l − 1), if m = even, l = odd

(l − 1)(m− 1) + (m− 1)(l − 1), if m = odd, l = odd .

Proof. Case i. When l = even, m = even.

In view of Lemmas 1.6-1.8 and Eq. (1), we have

MoI(B3(l,m)) =
∑

xy∈E1(B3(l,m))

|γxy − γyx|+
∑

xy∈E2(B3(l,m))

|γxy − γyx|

=l(m− 1) +m(l − 1).

Case ii. When l = even, m = odd.

With reference to Lemmas 1.6-1.8 and Eq. (1), we have

MoI(B3(l,m)) =
∑

xy∈E1(B3(l,m))

|γxy − γyx|+
∑

xy∈E2(B3(l,m))

|γxy − γyx|

=l(m− 1) + (m− 1)(l − 1).

Case iii. When l = even, m = odd.

Using Lemmas 1.6-1.8 and Eq. (1), we have

MoI(B3(l,m)) =
∑

xy∈E1(B3(l,m))

|γxy − γyx|+
∑

xy∈E2(B3(l,m))

|γxy − γyx|

=(l − 1)(m− 1) +m(l − 1).
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Case iv. When l = odd, m = odd.

With reference to Lemmas 1.6-1.8 and Eq. (1), we have

MoI(B3(l,m)) =
∑

xy∈E1(B3(l,m))

|γxy − γyx|+
∑

xy∈E2(B3(l,m))

|γxy − γyx|

=(l − 1)(m− 1) + (m− 1)(l − 1).
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