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abstract

Let G and H be graphs and k be a positive number. An H-irregular labeling of G is an assignment

of integers from 1 up to k to either vertices, edges, or both in G such that each sum of labels in

a subgraph isomorphic to H are pairwise distinct. Moreover, a comb product of G and H is a

construction of graph obtained by attaching several copies of H to each vertices of G. Meanwhile,

an edge comb product of G and H is an alternate construction where the copies of H is attached on

edges of G instead. In this paper, we investigate the vertex, edge, and total H-irregular labeling of

G where both G and H is either a comb product or an edge comb product of graphs.

Keywords: graph covering, H-irregularity strength, comb product graphs, edge comb product graphs

1. Introduction

In 1988, Chartrand et al. [8] coined a notion of irregular assignment of a graph. An irregular

assignment of a graph involves assigning labels to the edges of a graph such that the resulting

weighted degrees�the sum of labels of edges incident to each vertex�are unique for all vertices.

This ensures that no two vertices share the same weighted degree, creating a form of irregularity in

the graph. In formal way, let G be a graph and k be a positive integer. A labeling f : E(G) → [1, k]

is called a irregular k-labeling if for every two distinct vertices x and z, it holds that wtf (x) ̸= wtf (z)

where wtf (x) is the sum of every labels of edges incident to x. The irregularity strength of the graph

G, denoted by s(G), is the least k such that there exists an irregular k-labeling of the graph G.

Decades later, a modi�cation of this graph irregularity is investigated by Ahmad et al. [2]. Let G

be a graph and k be a positive integer. A map f : V (G) → [1, k] is called an edge irregular labeling if
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for every two distinct edges vx and yz, it holds that f(v)+f(x) ̸= f(y)+f(z). The edge irregularity

strength of the graph G, denoted by es(G), is the minimum k such that there exists an edge irregular

k-labeling of the graph G. Ahmad et al. [2] investigated the bounds of the edge irregularity strength

of any graph G. In addition, they determined that es(Pn) =
⌈n
2

⌉
for the path graph Pn, es(K1,n) = n

for the star graph K1,n, and es(Sm,n) = n for the double star graph Sm,n where 3 ≤ m ≤ n.

Further, Ba£a et al. [7] considered a combination of the vertex labeling and edge labeling. The map

f : V (G)∪E(G) → [1, k] is said to be total edge k-irregular labeling of G if for every edges vx and yz,

f(v)+f(vx)+f(x) ̸= f(y)+f(yz)+f(z). The invariant tes(G) is the least number k such that there

exists a total edge k-irregular ofG, called total edge irregularity strength ofG. Ivan£o and Jendrol' [11]

proved that the total edge irregularity strength of any trees T is either

⌈
|E(T )|+2

3

⌉
or

⌈
∆(T ) + 1

2

⌉
based on which one is the largest. Meanwhile, Rajendran and Kathiresan [14] investigated the edge

irregularity strength of graphs related to cycles. Moreover, the total edge irregularity strength of

triangular grid graphs and its certain subgraphs is determined by Huda and Susanti [9].

In 2016, Ashraf et al. [4] introduced two variants of irregularity labeling. The �rst one is a vertex

H-irregularity labeling for a graph H. A graph G is said to have H-covering if for every edge e in G

there exists a subgraph H ′ of G, which is isomorphic to H, such that e is contained in H ′. For a graph

G which admits H-covering, the map f : V (G) → [1, k] is said to be vertex H-irregular k-labeling

if for every subgraphs H1 and H2 that is isomorphic to H it holds that wtf (H1) ̸= wtf (H2) where

wtf (H1) =
∑

v∈V (H1)
f(v). The smallest k such that there exists a vertex H-irregular k-labeling is

called vertex H-irregularity strength of G, denoted by vhs(G,H). Tilukay [17] considered the vertex

H-irregularity strength of grid graphs. In addition, Labane investigated the vertex H-irregularity

strength of diamond graphs.

The second variant introduced by Ashraf et al. [4] is called edge H-irrgularity labeling. Let G

be a graph that admits H-covering. The labeling f : E(G) → [1, k] is de�ned as edge H-irregular

labeling if every subgraphs H1 and H2 that is isomorphic to H it holds that wtf (H1) ̸= wtf (H2)

where wtf (H1) =
∑

e∈E(H1)
f(e). The least number k such that there exists an edge H-irregular

k-labeling, denoted by ehs(G,H), is said to be edge H-irregularity strength of G. The study of edge

H-irregularity strength has been conducted in grid graphs [17], prisms, antiprisms, triangular ladders,

diagonal ladders, wheels, gears [13], hexagonal and octagonal grid graphs [10], diamond graphs [12],

and cartesian product of graphs [1].

Furthermore, another variant called total H-irregularity labeling is also considered by Ashraf

et al. [5] in 2017. A map f : V (G) ∪ E(G) → [1, k] is called total H-irregular k-labeling if

every subgraphs H1 and H2 which is isomorphic to H, wtf (H1) ̸= wtf (H2) where wtf (H1) =∑
v∈V (H1)

f(v) +
∑

e∈E(H1)
f(e). The smallest integer k such that there exists a total H-irregular

k-labeling for G is called total H-irregularity strength, denoted by ths(G,H). Investigations of total

H-irregularity labeling is conducted for many kind of graphs which includes cartesian product of cy-

cles and paths [3], ladders, fan graphs [6], grid graphs [17], and cycles [12]. In particular, Wahyujati

and Susanti [18] considered the total H-irregularity strength of edge comb products G⊵H for some

graph G.

The following part is the description of comb product and edge comb product of two graphs. Let

G and H be any graphs and v ∈ V (H). The comb product G▷vH is a graph obtained from a graph

G and |V (G)| copies of H such that each vertex u ∈ V (G) is identi�ed by the vertex v of a copy of

H [15]. Similarly, the edge comb product G ⊵e H is a graph obtained from a graph G and |E(G)|
copies of H such that each edge e′ ∈ E(G) is identi�ed by the edge e of a copy of H [16].
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In this paper, we investigate the vertex, edge, and total (F ▷v H)-irregularity strength of G▷v H

and the vertex, edge, and total (F ⊵eH)-irregularity strength of G⊵eH for a 2-connected graph H.

2. Preliminaries

Throughout this paper, we only consider graphs with non-empty edges. We use the notations of VG
which is the vertex set of G and EG which is the edge set of G. Ashraf et al. [4] proved the lower

bound for vertex and edge H-irregularity strength of any graph G.

Theorem 2.1. [4] Let G be a graph that admits H-covering. Let t be the number of distinct subgraphs

of G which are isomorphic to H. We have

vhs(G,H) ≥
⌈
1 +

t− 1

|VG|

⌉
.

Theorem 2.2. [4] Let G be a graph that admits H-covering. Let t be the number of distinct subgraphs

of G which are isomorphic to H. We have

ehs(G,H) ≥
⌈
1 +

t− 1

|EG|

⌉
.

Moreover, a lower bound for the total H-irregularity strength of any graph G is also determined a

year later.

Theorem 2.3. [5] Let G be a graph that admits H-covering. Let t be the number of distinct subgraphs

of G which are isomorphic to H. We have

ths(G,H) ≥
⌈
1 +

t− 1

|VG|+|EG|

⌉
.

To have our result, we need to de�ne a notion called optimal multiset. A multiset is an extension

of sets where repetition of elements are allowed. Let n and k be positive integers where n ≥ k. An

optimal multiset-(n, k), denoted by On,k, is a multiset consisting of k positive integers not larger than⌈n
k

⌉
and not smaller than

⌊n
k

⌋
such that the sum of every elements equals to n. For example, the

optimal multisets O21,6 and O30,7 are

O21,6 = {3, 3, 3, 4, 4, 4},
O30,7 = {4, 4, 4, 4, 4, 5, 5}.

This notion of optimal multiset is used in every proof we presented in the following sections.

3. Comb product of graphs

Let G be a graph with VG = {u1, u2, . . . , um} and H be a 2-connected graph with VH = {v =

v1, v2, . . . , vn} for some positive integers m,n. Let Hi with VH(i) = {v(i)1 , v
(i)
2 , . . . , v

(i)
n } be a copy of

H such that vjvk ∈ EH if and only if v
(i)
j v

(i)
k ∈ EH(i) for some i ∈ [1,m]. Then, the comb product

G▷v H is a graph de�ned by the vertex set

V (G▷v H) =
m⋃
i=1

VH(i) ,
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and the edge set

E(G▷v H) =
m⋃
i=1

EH(i) ∪ {v(i)1 v
(j)
1 | uiuj ∈ EG}.

Observe that |V (G▷vH)|= |VG||VH | and |E(G▷vH)|= |EG|+|VG||EH |. In addition, if G admits an

F -covering, then G▷vH admits an (F▷vH)-covering. First, we deal the vertex (F▷vH)-irregularity

strength of G▷v H.

Theorem 3.1. Let H be a 2-connected graph and v ∈ V (H). Let G be a graph which admits

F -covering and does not contain H. It follows that

vhs(G▷v H,F ▷v H) =

⌈
1 +

vhs(G,F )− 1

|VH |

⌉
.

Proof. Let VG = {u1, u2, . . . , um} and VH(i) = {v(i)1 , v
(i)
2 , . . . , v

(i)
n } for some positive integers m,n and

i ∈ [1,m]. Let t be the number of subgraph of G which is isomorphic to F . Let (F▷vH)(i) be the i-th

subgraph of G▷vH that is isomorphic to F ▷vH. Since H is 2-connected and G does not contain H,

then there exists F (i) ∼= F which is a subgraph ofG such that (F▷vH)(i) = F (i)▷vH. This implies the

number of subgraph of G▷vH that is isomorphic to F ▷vH is also t. Let s =

⌈
1 +

vhs(G,F )− 1

n

⌉
.

First, we will show that vhs(G▷v H,F ▷v H) ≤ s. Let φ : V (G) → Z be a vertex F -irregularity

labeling of G and let αi = φ(ui) + n − 1. Let wtφ : {F (i) | i ∈ [1, t]} → Z be a weight function

induced by φ. For every i ∈ [1,m], choose a bijection σi from V (H(i)) to the optimal multiset-(αi, n).

De�ne a labeling σ : V (G▷v H) → Z such that the restriction σ|V
H(i)

is exactly σi. In other words,

σ|V
H(i)

(v
(i)
j ) = σi(v

(i)
j ) for every i ∈ [1,m] and j ∈ [1, n]. Now, we will show that σ is a vertex (F▷vH)-

irregularity labeling. Observe that σ induces a weight function wtσ : {(F ▷v H)(i) | i ∈ [1, t]} → Z
such that

wtσ((F ▷v H)(i)) = wtσ(F
(i) ▷v H),

=
∑

uk∈V (F (i))

 ∑
a∈Oαk,n

a

 ,

=
∑

uk∈V (F (i))

αk,

= wtφ(F
(i)) + |VF |(n− 1).

Since wtφ(F
(i)) is unique for every i ∈ [1, t], then wtσ((F ▷vH)(i)) is also unique for every i ∈ [1, t].

Therefore, σ is a vertex (F ▷v H)-irregular labeling. Moreover, the largest label of σ must be

contained in Ovhs(G,F )+n−1,n that is

⌈
vhs(G,F ) + n− 1

n

⌉
=

⌈
1 +

vhs(G,F )− 1

|VH |

⌉
= s. This shows

that vhs(G▷v H,F ▷v H) ≤ s.

To show vhs(G ▷v H,F ▷v H) ≥ s, suppose there exists a vertex (F ▷v H)-irregular labeling

σ : V (G▷v H) → [1, s− 1]. Let wtσ : {(F ▷v H)(i) | i ∈ [1, t]} → Z be the weight function induced

by σ. De�ne a labeling φ : V (G) → Z such that

φ(ui) =
n∑
j=1

σ(v
(i)
j )− n+ 1, for i ∈ [1,m].
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Let wtφ : {F (i) | i ∈ [1, t]} → Z be the weight map induced by φ. Observe that

wtφ(F
(i)) =

∑
uk∈V (F (i))

φ(uk),

=
∑

uk∈V (F (i))

(
n∑
j=1

σ(v
(i)
j )− n+ 1

)
,

=
∑

uk∈V (F (i))

(
n∑
j=1

σ(v
(i)
j )

)
− |VF |(n− 1),

= wtσ((F ▷v H)(i))− |VF |(n− 1).

Therefore, φ is a vertex F -irregularity labeling of G. However, it holds that

φ(ui) ≤ n(s− 1)− n+ 1,

≤ n

⌈
vhs(G,F ) + n− 1

n

⌉
− 2n+ 1,

≤ n

(
vhs(G,F ) + 2n− 2

n

)
− 2n+ 1,

≤ vhs(G,F )− 1.

This is a contradiction to the minimality of vhs(G,F ). Therefore, vhs(G▷vH,F ▷vH) ≥ s. This

shows the theorem.

As an example, consider a vertex P3-irregular labeling of P7 in Figure 1(a) and a 2-connected graph

with a �xed vertex v depicted in Figure 1(b). Then, we have the vertex (P3 ▷v H)-irregular labeling

of P7 ▷v H in Figure 1(c).

Fig. 1. The (a) vertex P3-irregular labeling of P7, (b) a 2-connected graph, and (c) vertex (P3▷vH)-irregular labeling

of P7 ▷v H.

Observe that every graph admits K2-covering. Recall that any edge irregular labeling is also a

vertex K2-irregular labeling for any graph G. Hence, we have the following corollary.
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Corollary 3.2. Let H be a 2-connected graph and v ∈ V (H). Let G be a graph which does not

contain H. It follows that

vhs(G▷v H,K2 ▷v H) =

⌈
1 +

es(G)− 1

|VH |

⌉
.

Next, we deal with the edge (F ▷v H)-irregularity. The proof will follow in a similar way given in

Theorem 3.1.

Theorem 3.3. Let H be a 2-connected graph and v ∈ V (H). Let G be a graph which admits F -

covering and does not contain H. Let t be the number of subgraph of G which is isomorphic to F . It

follows that ⌈
1 +

t− 1

|EF |+|VF ||EH |

⌉
≤ ehs(G▷v H,F ▷v H) ≤

⌈
1 +

vhs(G,F )− 1

|EH |

⌉
,

and the bound is sharp.

Proof. The lower bound is just an implication of Theorem 2.2. To show the upper bound, let

VG = {u1, u2, . . . , um} and EH(i) = {y(i)1 , y
(i)
2 , . . . , y

(i)
q } for some positive integers m, q and i ∈ [1,m].

Let t be the number of subgraph of G which is isomorphic to F . Let (F ▷vH)(i) be the i-th subgraph

of G▷vH that is isomorphic to F ▷vH. Hence, the number of subgraph of G▷vH that is isomorphic

to F ▷v H is also t. Let s =

⌈
1 +

vhs(G,F )− 1

q

⌉
.

Let φ : V (G) → Z be a vertex F -irregularity labeling of G and let βi = φ(ui) + q − 1. Let

wtφ : {F (i) | i ∈ [1, t]} → Z be a weight map induced by φ. For every i ∈ [1, q], choose a bijection σi
from E(H(i)) to the optimal multiset-(βi, q). De�ne a labeling σ : E(G▷v H) → Z such that

σ(e) =

σi(y
(i)
j ), if e = y

(i)
j , i ∈ [1,m], j ∈ [1, q],

1, otherwise.

We will show that σ is an edge (F ▷v H)-irregularity labeling. Observe that σ induces a weight

function wtσ : {(F ▷v H)(i) | i ∈ [1, t]} → Z such that

wtσ((F ▷v H)(i)) = wtσ(F
(i) ▷v H),

=
∑

x∈E(F (i))

1 +
∑

uk∈V (F (i))

 ∑
b∈Oβk,q

b

 ,

= |EF |+
∑

uk∈V (F (i))

βk,

= wtφ(F
(i)) + |EF |+|VF |(q − 1).

Since wtφ(F
(i)) is unique for every i ∈ [1, t], then wtσ((F ▷vH)(i)) is also unique for every i ∈ [1, t].

Therefore, σ is an edge (F ▷v H)-irregular labeling. The largest label of σ must be contained in

Ovhs(G,F )+q−1,q that is

⌈
vhs(G,F ) + q − 1

q

⌉
=

⌈
1 +

vhs(G,F )− 1

|EH |

⌉
= s. Hence, ehs(G ▷v H,F ▷v

H) ≤ s.
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To show the sharpness of the bound, let F be a graph and G ̸∼= F be a graph which admits

F -covering. Consider a 2-connected graph H such that |EH |> vhs(G,F )− 1. Since
t− 1

|EF |+|VF ||EH |
is positive, then⌈

1 +
t− 1

|EF |+|VF ||EH |

⌉
≤ ehs(G▷v H,F ▷v H) ≤

⌈
1 +

vhs(G,F )− 1

|EH |

⌉
,

2 ≤ ehs(G▷v H,F ▷v H) ≤ 2,

ehs(G▷v H,F ▷v H) = 2.

Hence, the theorem holds.

Since |V (K2)|= 2 and |E(K2)|= 1, we have the following corollary.

Corollary 3.4. Let H be a 2-connected graph and v ∈ V (H). Let G be a graph which does not

contain H. Let t be the number of subgraph of G which is isomorphic to F . It follows that⌈
1 +

|EG|−1

1 + 2|EH |

⌉
≤ ehs(G▷v H,K2 ▷v H) ≤

⌈
1 +

es(G)− 1

|EH |

⌉
.

Moreover, we also have the bound for total (F ▷v H)-irregularity strength. Again, the proof will

follow in similar manner.

Theorem 3.5. Let H be a 2-connected graph and v ∈ V (H). Let G be a graph which admits F -

covering and does not contain H. Let t be the number of subgraph of G which is isomorphic to F . It

follows that⌈
1 +

t− 1

|EF |+|VF |(|VH |+|EH |)

⌉
≤ ths(G▷v H,F ▷v H) ≤

⌈
1 +

vhs(G,F )− 1

|VH |+|EH |

⌉
,

and the bound is sharp.

Proof. The lower bound is just an implication of Theorem 2.3. To show the upper bound, let

VG = {u1, u2, . . . , um}, VH(i) = {v(i)1 , v
(i)
2 , . . . , v

(i)
n } and EH(i) = {y(i)1 , y

(i)
2 , . . . , y

(i)
q } for some positive

integers m, q and i ∈ [1,m]. Let t be the number of subgraph of G which is isomorphic to F . Let

(F ▷v H)(i) be the i-th subgraph of G ▷v H that is isomorphic to F ▷v H. Hence, the number of

subgraph of G▷v H that is isomorphic to F ▷v H is also t. Let s =

⌈
1 +

vhs(G,F )− 1

n+ q

⌉
.

Let φ : V (G) → Z be a vertex F -irregularity labeling of G and let γi = φ(ui)+n+ q−1. Let wtφ :

{F (i) | i ∈ [1, t]} → Z be a weight map induced by φ. For every i ∈ [1, q], choose a bijection σi from

V (H(i))∪E(H(i)) to the optimal multiset-(γi, n+q). De�ne a labeling σ : V (G▷vH)∪E(G▷vH) → Z
such that

σ(v
(i)
j ) = σi(v

(i)
j ), for i ∈ [1,m], j ∈ [1, n],

σ(e) =

σi(y
(i)
j ), if e = y

(i)
j , i ∈ [1,m], j ∈ [1, q],

1, otherwise.
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We will show that σ is a total (F ▷v H)-irregularity labeling. Observe that σ induces a weight

function wtσ : {(F ▷v H)(i) | i ∈ [1, t]} → Z such that

wtσ((F ▷v H)(i)) = wtσ(F
(i) ▷v H),

=
∑

x∈E(F (i))

1 +
∑

uk∈V (F (i))

 ∑
c∈Oγk,n+q

c

 ,

= |EF |+
∑

uk∈V (F (i))

γk,

= wtφ(F
(i)) + |EF |+|VF |(q − 1).

Since wtφ(F
(i)) is unique for every i ∈ [1, t], then wtσ((F ▷v H)(i)) is also unique for every i ∈

[1, t]. Hence, σ is a total (F ▷v H)-irregular labeling. The largest label of σ must be contained

in Ovhs(G,F )+n+q−1,n+q which is

⌈
vhs(G,F ) + n+ q − 1

n+ q

⌉
=

⌈
1 +

vhs(G,F )− 1

|VH |+|EH |

⌉
= s. Therefore,

ehs(G▷v H,F ▷v H) ≤ s.

To show the sharpness of the bound, let F be a graph and G ̸∼= F be a graph which ad-

mits F -covering. Consider a 2-connected graph H such that |VH |+|EH |> vhs(G,F ) − 1. Since
t− 1

|EF |+|VF |(|VH |+|EH |)
is positive, then

⌈
1 +

t− 1

|EF |+|VF |(|VH |+|EH |)

⌉
≤ ths(G▷v H,F ▷v H) ≤

⌈
1 +

vhs(G,F )− 1

|VH |+|EH |

⌉
,

2 ≤ ths(G▷v H,F ▷v H) ≤ 2,

ths(G▷v H,F ▷v H) = 2.

Therefore, the theorem holds.

Likewise, we have the following corollary if we choose F = K2.

Corollary 3.6. Let H be a 2-connected graph and v ∈ V (H). Let G be a graph which does not

contain H. Let t be the number of subgraph of G which is isomorphic to F . It follows that⌈
1 +

|EG|−1

1 + 2(|VH |+|EH |)

⌉
≤ ths(G▷v H,K2 ▷v H) ≤

⌈
1 +

es(G)− 1

|VH |+|EH |

⌉
.

4. Edge comb product of graphs

Let G be a graph with VG = {u1, u2, . . . , um} and EG = {x1, x2, . . . , xp} for some positive integers

m and p. Let H be a 2-connected graph with VH = {v1, v2, . . . , vn} and EH = {e = y1, y2, . . . , yq}
for some positive integers n, q and i ∈ [1,m]. Let Hi with VH(i) = {v(i)1 , v

(i)
2 , . . . , v

(i)
n } be a copy of H

such that vjvk ∈ EH if and only if v
(i)
j v

(i)
k ∈ EH(i) for some i ∈ [1,m]. Then, the edge comb product

G⊵e H is a graph de�ned by the vertex set

V (G⊵e H) =

p⋃
i=1

VH(i) ,
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where if uiuj ∈ EG then v
(i)
1 = ui and v

(j)
2 = uj along with the edge set

E(G▷v H) =

p⋃
i=1

EH(i) .

Note that |V (G⊵eH)|= |VG|+|EG|(|VH |−2) and |E(G⊵eH)|= |EG||EH |. Moreover, if G admits an

F -covering, then G⊵eH admits an (F⊵eH)-covering. Now, we present the edge (F⊵eH)-irregularity

strength of any G⊵e H.

Theorem 4.1. Let H be a 2-connected graph and e ∈ E(H). Let G be a graph which admits

F -covering and does not contain H. It holds that

ehs(G⊵e H,F ⊵e H) =

⌈
1 +

ehs(G,F )− 1

|EH |

⌉
.

Proof. Let VG = {u1, u2, . . . , um} and EG = {x1, x2, . . . , xp}. Let EH(i) = {y(i)1 , y
(i)
2 , . . . , y

(i)
q } for some

positive integers m, p, q and i ∈ [1, p]. Let t be the number of subgraph of G which is isomorphic

to F . Let (F ⊵e H)(i) be the i-th subgraph of G ⊵e H that is isomorphic to F ⊵e H. Since H is

2-connected and G does not contain H, then there exists F (i) ∼= F which is a subgraph of G such

that (F ⊵e H)(i) = F (i) ⊵e H. This implies the number of subgraph of G⊵e H that is isomorphic to

F ⊵e H is also t. Let s =

⌈
1 +

ehs(G,F )− 1

q

⌉
.

To show that ehs(G⊵eH,F⊵eH) ≤ s, let ψ : E(G) → Z be an edge F -irregularity labeling ofG and

αi = ψ(xi)+q−1. Let wtψ : {F (i) | i ∈ [1, t]} → Z be a weight map induced by ψ. For every i ∈ [1, p],

�x any bijection σi from E(H(i)) to the optimal multiset-(αi, q). Let σ : E(G⊵eH) → Z be a labeling

such that the restriction σ|E
H(i)

is exactly σi for every i ∈ [1, p]. Next, we will show that σ is an edge

(F ⊵eH)-irregularity labeling. Note that σ induces a weight map wtσ : {(F ⊵eH)(i) | i ∈ [1, t]} → Z
such that

wtσ((F ⊵e H)(i)) = wtσ(F
(i) ⊵e H),

=
∑

xk∈E(F (i))

 ∑
a∈Oαk,q

a

 ,

=
∑

xk∈E(F (i))

αk,

= wtφ(F
(i)) + |EF |(q − 1).

For every i ∈ [1, t], since wtψ(F
(i)) is unique then wtσ((F ⊵e H)(i)) is also unique. Hence, σ is an

edge (F ⊵e H)-irregular labeling. Further, the maximum label of σ is contained in Oehs(G,F )+q−1,q

which is

⌈
ehs(G,F ) + q − 1

q

⌉
=

⌈
1 +

ehs(G,F )− 1

|EH |

⌉
= s. Thus ehs(G⊵e H,F ⊵e H) ≤ s.

Next, we will show that ehs(G⊵eH,F ⊵eH) ≥ s. Assume there exists an edge (F ⊵eH)-irregular

labeling σ : E(G ⊵e H) → [1, s − 1]. Let wtσ : {(F ⊵e H)(i) | i ∈ [1, t]} → Z be the weight map

induced by σ. Let ψ : E(G) → Z such that

ψ(xi) =

q∑
j=1

σ(y
(i)
j )− q + 1, for i ∈ [1, p].
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Let wtψ : {F (i) | i ∈ [1, t]} → Z be the weight function induced by ψ. It holds that

wtψ(F
(i)) =

∑
xk∈E(F (i))

ψ(xk),

=
∑

xk∈E(F (i))

(
q∑
j=1

σ(v
(i)
j )− q + 1

)
,

=
∑

xk∈E(F (i))

(
q∑
j=1

σ(v
(i)
j )

)
− |EF |(q − 1),

= wtσ((F ⊵e H)(i))− |EF |(q − 1).

This shows that ψ is an edge F -irregularity labeling of G. Nevertheless, observe that

ψ(xi) ≤ q(s− 1)− q + 1,

≤ q

⌈
ehs(G,F ) + q − 1

q

⌉
− 2q + 1,

≤ q

(
ehs(G,F ) + 2q − 2

q

)
− 2q + 1,

≤ ehs(G,F )− 1.

This is a contradiction to the minimality of ehs(G,F ). Hence, ehs(G⊵e H,F ⊵e H) ≥ s and the

proof is complete.

For example, consider an edge P3-irregular labeling of C8 in Figure 2(a) and K4 with any edge e

shown in Figure 2(b). Then, we have the edge (P3 ▷v H)-irregular labeling of C8 ▷v K4 in Figure

2(c).

Fig. 2. The (a) vertex P3-irregular labeling of P7, (b) a 2-connected graph, and (c) vertex (P3▷vH)-irregular labeling

of P7 ▷v H.
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It is not hard to show that ehs(G,K2) = |EG| for any graph G. Since K2 ⊵e H = H and any

irregular labeling of G is also an edge K2-irregular labeling of G, then the following statement is

immediate.

Corollary 4.2. Let G be a graph, H be a 2-connected graph and e ∈ E(H). It holds that

ehs(G⊵e H,H) =

⌈
1 +

|EG|−1

|EH |

⌉
.

The example presented in Figure 2 gives a hint that an edge H-irregular labeling of G is also an

irregular labeling of G for some particular graph H and G. That is, if G is a r-regular graph then an

edge K1,r-irregular labeling G is also an irregular labeling of G. Hence, we can utilize the irregularity

strength of a regular graph when we choose F to be a star.

Corollary 4.3. Let r ≥ 2 be an integer. Let G be a r-regular graph with, H be a 2-connected graph

and e ∈ E(H). It holds that

ehs(G⊵e H,K1,r ⊵e H) =

⌈
1 +

s(G)− 1

|EH |

⌉
.

Further, we can determine the upper bound for the vertex (F ⊵e H)-irregularity strength for any

edge comb product G⊵e H. The proof will be similar to the proof of Theorem 4.1.

Theorem 4.4. Let H be a 2-connected graph and e ∈ E(H). Let t be the number of subgraph of G

which is isomorphic to F . It holds that

⌈
1 +

t− 1

|VF |+|EF |(|VH |−2)

⌉
≤ vhs(G⊵e H,F ⊵e H) ≤

⌈
1 +

ehs(G,F )− 1

|VH |−2

⌉
,

and the bound is sharp.

Proof. Let VG = {u1, u2, . . . , um} and EG = {x1, x2, . . . , xp}. Let VH(i) = {v(i)1 , v
(i)
2 , . . . , v

(i)
n } for some

positive integers m,n, p and i ∈ [1, p]. Let t be the number of subgraph of G which is isomorphic

to F . Hence, the number of subgraph of G ⊵e H that is isomorphic to F ⊵e H is also t. Let

s =

⌈
1 +

vhs(G,F )− 1

n− 2

⌉
.

To show that vhs(G ⊵e H,F ⊵e H) ≤ s, let ψ : E(G) → Z be an edge F -irregularity labeling of

G and βi = ψ(xi) + n − 3. Let wtψ : {F (i) | i ∈ [1, t]} → Z be a weight function induced by ψ. For

every i ∈ [1, p], �x any bijection σi from V (H(i)) to the optimal multiset-(βi, n−2). De�ne a labeling

σ : E(G⊵e H) → Z such that

σ(z) =

σi(v
(i)
j ), if z = v

(i)
j , i ∈ [1,m], j ∈ [3, n],

1, otherwise.

We will show that σ is a vertex (F ⊵e H)-irregularity labeling. Note that σ induces a weight
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function wtσ : {(F ⊵e H)(i) | i ∈ [1, t]} → Z such that

wtσ((F ⊵e H)(i)) = wtσ(F
(i) ⊵e H),

=
∑

uk∈V (F (i))

1 +
∑

xk∈E(F (i))

 ∑
b∈Oβk,n−2

b

 ,

= |VF |+
∑

xk∈E(F (i))

βk,

= wtφ(F
(i)) + |VF |(n− 2).

For every i ∈ [1, t], since wtψ(F
(i)) is unique then wtσ((F ⊵e H)(i)) is also unique. Hence, σ is a

vertex (F ⊵eH)-irregular labeling. Further, the maximum label of σ is contained in Oehs(G,F )+n−3,n−2

which is

⌈
ehs(G,F ) + n− 3

n− 2

⌉
=

⌈
1 +

ehs(G,F )− 1

|VH |−2

⌉
= s. Therefore, ehs(G⊵e H,F ⊵e H) ≤ s.

Now, we will show that the bound is sharp. Consider a graph F and a graph G ̸∼= F that admits F -

covering. Let H be a 2-connected graph such that |VH |−2 > ehs(G,F )−1. Since
t− 1

|VF |+|EF |(|VH |−2)
is positive, then⌈

1 +
t− 1

|VF |+|EF |(|VH |−2)

⌉
≤ vhs(G⊵e H,F ⊵e H) ≤

⌈
1 +

ehs(G,F )− 1

|VH |−2

⌉
,

2 ≤ vhs(G⊵e H,F ⊵e H) ≤ 2,

vhs(G⊵e H,F ⊵e H) = 2.

This shows the theorem.

Likewise, the following corollary also holds.

Corollary 4.5. Let G be a graph, H be a 2-connected graph and e ∈ E(H). It holds that⌈
1 +

|EG|−1

|VH |

⌉
≤ vhs(G⊵e H,H) ≤

⌈
1 +

|EG|−1

|VH |−2

⌉
.

Corollary 4.6. Let r ≥ 2 be an integer. Let G be a r-regular graph, H be a 2-connected graph and

e ∈ E(H). It holds that⌈
1 +

|VG|−1

1 + r(|VH |−1)

⌉
≤ vhs(G⊵e H,K1,r ⊵e H) ≤

⌈
1 +

s(G)− 1

|VH |−2

⌉
,

and the bound is sharp.

Lastly, we prove the upper bound for the total (F ⊵e H)-irregularity strength for any edge comb

product G⊵e H.

Theorem 4.7. Let G be a graph, H be a 2-connected graph and e ∈ E(H). It holds that⌈
1 +

t− 1

|VF |+|EF |(|VH |+|EH |−2)

⌉
≤ ths(G⊵e H,F ⊵e H) ≤

⌈
1 +

ehs(G,F )− 1

|VH |+|EH |−2

⌉
,

and the bound is sharp.
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Proof. Let VG = {u1, u2, . . . , um} and EG = {x1, x2, . . . , xp}. Let VH(i) = {v(i)1 , v
(i)
2 , . . . , v

(i)
n } and

EH(i) = {y(i)1 , y
(i)
2 , . . . , y

(i)
n } for some positive integers m,n, p, q and i ∈ [1, p]. Let t be the number of

subgraph of G which is isomorphic to F . Hence, the number of subgraph of G⊵eH that is isomorphic

to F ⊵e H is also t. Let s =

⌈
1 +

vhs(G,F )− 1

n+ q − 2

⌉
.

To show that vhs(G⊵eH,F ⊵eH) ≤ s, let ψ : E(G) → Z be an edge F -irregularity labeling of G

and γi = ψ(xi) + n+ q − 3. Let wtψ : {F (i) | i ∈ [1, t]} → Z be a weight function induced by ψ. For

every i ∈ [1, p], �x any bijection σi from V (H(i)) ∪ E(H(i)) to the optimal multiset-(γi, n + q − 2).

De�ne a labeling σ : V (G⊵e H) ∪ E(G⊵e H) → Z such that

σ(y
(i)
j ) = σi(y

(i)
j ), for i ∈ [1, p], j ∈ [1, q],

σ(v
(i)
j ) =

σi(v
(i)
j ), if i ∈ [1,m], j ∈ [3, n],

1, otherwise.

We will show that σ is a total (F⊵eH)-irregularity labeling. Note that σ induces a weight function

wtσ : {(F ⊵e H)(i) | i ∈ [1, t]} → Z such that

wtσ((F ⊵e H)(i)) = wtσ(F
(i) ⊵e H),

=
∑

uk∈V (F (i))

1 +
∑

xk∈E(F (i))

 ∑
c∈Oγk,n+q−2

c

 ,

= |VF |+
∑

xk∈E(F (i))

γk,

= wtφ(F
(i)) + |VF |(n+ q − 2).

For every i ∈ [1, t], since wtψ(F
(i)) is unique then wtσ((F ⊵e H)(i)) is also unique. There-

fore, σ is a vertex (F ⊵e H)-irregular labeling. Further, the maximum label of σ is contained

in Oehs(G,F )+n+q−3,n+q−2 which is

⌈
ehs(G,F ) + n+ q − 3

n+ q − 2

⌉
=

⌈
1 +

ehs(G,F )− 1

|VH |+|EH |−2

⌉
= s. Hence,

ehs(G⊵e H,F ⊵e H) ≤ s.

Now, we will show that the bound is sharp. Consider a graph F and a graph G ̸∼= F that

admits F -covering. Let H be a 2-connected graph such that |VH |+|EH |−2 > ehs(G,F ) − 1. Since
t− 1

|VF |+|EF |(|VH |+|EH |−2)
is positive, then

⌈
1 +

t− 1

|VF |+|EF |(|VH |+EH |−2)

⌉
≤ vhs(G⊵e H,F ⊵e H) ≤

⌈
1 +

ehs(G,F )− 1

|VH |+|EH |−2

⌉
,

2 ≤ vhs(G⊵e H,F ⊵e H) ≤ 2,

vhs(G⊵e H,F ⊵e H) = 2.

Therefore, the theorem holds.

Corollary 4.8. Let G be a graph, H be a 2-connected graph and e ∈ E(H). It holds that⌈
1 +

|EG|−1

|VH |+|EH |

⌉
≤ ths(G⊵e H,H) ≤

⌈
1 +

|EG|−1

|VH |+|EH |−2

⌉
.
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Results from Wahyujati et al. [18] presents several examples of graphs whose total H-irregularity

strength is contained within the bounds. If G = Cm and H = Cn for some integers m,n ≥ 3, then

ths(Cm ⊵e Cn, Cn) =

⌈
1 +

|ECm|−1

|VCn|+|ECn|

⌉
.

Moreover, for any graph H if G = Pm for some integer m ≥ 2, then

ths(Pm ⊵e H,H) =

⌈
1 +

|EPm |−1

|VH |+|EH |

⌉
.

In addition, for any graph H if G = K1,m for some integer m ≥ 3, then

ths(K1,m ⊵e H,H) =

⌈
1 +

|EK1,m|−1

|VH |+|EH |−1

⌉
.

Corollary 4.9. Let r ≥ 2 be an integer. Let G be a r-regular graph, H be a 2-connected graph and

e ∈ E(H). It holds that⌈
1 +

|VG|−1

1 + r(|VH |+|EH |−1)

⌉
≤ ths(G⊵e H,K1,r ⊵e H) ≤

⌈
1 +

s(G)− 1

|VH |+|EH |−2

⌉
.
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