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ABSTRACT

Let G and H be graphs and k be a positive number. An H-irregular labeling of G is an assignment
of integers from 1 up to k to either vertices, edges, or both in G such that each sum of labels in
a subgraph isomorphic to H are pairwise distinct. Moreover, a comb product of G and H is a
construction of graph obtained by attaching several copies of H to each vertices of G. Meanwhile,
an edge comb product of G and H is an alternate construction where the copies of H is attached on
edges of GG instead. In this paper, we investigate the vertex, edge, and total H-irregular labeling of
G where both G and H is either a comb product or an edge comb product of graphs.

Keywords: graph covering, H-irregularity strength, comb product graphs, edge comb product graphs

1. Introduction

In 1988, Chartrand et al. [8] coined a notion of irregular assignment of a graph. An irregular
assignment of a graph involves assigning labels to the edges of a graph such that the resulting
weighted degrees—the sum of labels of edges incident to each vertex—are unique for all vertices.
This ensures that no two vertices share the same weighted degree, creating a form of irregularity in
the graph. In formal way, let G be a graph and k be a positive integer. A labeling f : E(G) — [1, k]
is called a irregular k-labeling if for every two distinct vertices x and z, it holds that wtf(x) # wt(z)
where wt () is the sum of every labels of edges incident to x. The irreqularity strength of the graph
G, denoted by s(G), is the least k such that there exists an irregular k-labeling of the graph G.
Decades later, a modification of this graph irregularity is investigated by Ahmad et al. [2]. Let G
be a graph and k be a positive integer. A map f: V(G) — [1, k] is called an edge irregular labeling if
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for every two distinct edges vz and yz, it holds that f(v)+ f(z) # f(y) + f(2). The edge irregularity
strength of the graph G, denoted by es(G), is the minimum k such that there exists an edge irregular
k-labeling of the graph G. Ahmad et al. [2] investigated the bounds of the edge irregularity strength
of any graph G. In addition, they determined that es(P,) = {g-‘ for the path graph P, es(K;,) =n

for the star graph K ,, and es(S,,,) = n for the double star graph S,,,, where 3 <m < n.
Further, Bac¢a et al. [7] considered a combination of the vertex labeling and edge labeling. The map
f:V(G)UE(G) — [1, k] is said to be total edge k-irreqular labeling of G if for every edges vz and yz,
f)+ flvx)+ f(z) # f(y)+ f(yz)+ f(z). The invariant tes(G) is the least number k such that there
exists a total edge k-irregular of G, called total edge irregularity strength of G. Ivanco and Jendrol’ [11]
|E(T)|+2w or [A(T) + 1}
3 2
based on which one is the largest. Meanwhile, Rajendran and Kathiresan [11] investigated the edge

irregularity strength of graphs related to cycles. Moreover, the total edge irregularity strength of

proved that the total edge irregularity strength of any trees T is either

triangular grid graphs and its certain subgraphs is determined by Huda and Susanti [9)].

In 2016, Ashraf et al. [4] introduced two variants of irregularity labeling. The first one is a vertex
H-irregularity labeling for a graph H. A graph G is said to have H-covering if for every edge e in G
there exists a subgraph H' of GG, which is isomorphic to H, such that e is contained in H’. For a graph
G which admits H-covering, the map f : V(G) — [1, k] is said to be vertex H-irreqular k-labeling
if for every subgraphs H; and H, that is isomorphic to H it holds that wt;(H;) # wts(Hy) where
wty(H1) = 32 ey f(v). The smallest k such that there exists a vertex H-irregular k-labeling is
called vertex H-irreqularity strength of G, denoted by vhs(G, H). Tilukay [17]| considered the vertex
H-irregularity strength of grid graphs. In addition, Labane investigated the vertex H-irregularity
strength of diamond graphs.

The second variant introduced by Ashraf et al. [4] is called edge H-irrgularity labeling. Let G
be a graph that admits H-covering. The labeling f : E(G) — [1,k] is defined as edge H-irregular
labeling if every subgraphs Hy and H, that is isomorphic to H it holds that wt;(H;) # wts(Hs)
where wty(H1) = > cpm,) f(e). The least number k such that there exists an edge H-irregular
k-labeling, denoted by ehs(G, H), is said to be edge H-irreqularity strength of G. The study of edge
H-irregularity strength has been conducted in grid graphs [17], prisms, antiprisms, triangular ladders,
diagonal ladders, wheels, gears [13], hexagonal and octagonal grid graphs [10], diamond graphs [12],
and cartesian product of graphs [1].

Furthermore, another variant called total H-irregularity labeling is also considered by Ashraf
et al. |5 in 2017. A map f : V(G) U E(G) — [1,k] is called total H-irreqular k-labeling if
every subgraphs H; and H, which is isomorphic to H, wt;(H;) # wt;(Hy) where wt;(H;) =
> vevin) [ (W) + 2 epm) f(e). The smallest integer k such that there exists a total H-irregular
k-labeling for G is called total H-irregqularity strength, denoted by ths(G, H). Investigations of total
H-irregularity labeling is conducted for many kind of graphs which includes cartesian product of cy-
cles and paths [3], ladders, fan graphs [6], grid graphs [17], and cycles [12]|. In particular, Wahyujati
and Susanti [18] considered the total H-irregularity strength of edge comb products G > H for some
graph G.

The following part is the description of comb product and edge comb product of two graphs. Let
G and H be any graphs and v € V/(H). The comb product G >, H is a graph obtained from a graph
G and |V(G)| copies of H such that each vertex u € V(G) is identified by the vertex v of a copy of
H [15]. Similarly, the edge comb product G >, H is a graph obtained from a graph G and |E(G)|
copies of H such that each edge ¢’ € E(G) is identified by the edge e of a copy of H [16].
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In this paper, we investigate the vertex, edge, and total (F' >, H)-irregularity strength of G >, H
and the vertex, edge, and total (F'>, H)-irregularity strength of G >, H for a 2-connected graph H.

2. Preliminaries

Throughout this paper, we only consider graphs with non-empty edges. We use the notations of Vg
which is the vertex set of G and Eg which is the edge set of G. Ashraf et al. [1] proved the lower
bound for vertex and edge H-irregularity strength of any graph G.

Theorem 2.1. [4]| Let G be a graph that admits H-covering. Let t be the number of distinct subgraphs
of G which are isomorphic to H. We have

t—1
vhs(G,H) > |1+ .
(G, H) { %J

Theorem 2.2. [1]| Let G be a graph that admits H-covering. Let t be the number of distinct subgraphs
of G which are isomorphic to H. We have

t—1
ehs(G,H) > |1+ —‘
( ) [ | Eg|

Moreover, a lower bound for the total H-irregularity strength of any graph G is also determined a
year later.

Theorem 2.3. [5] Let G be a graph that admits H-covering. Let t be the number of distinct subgraphs
of G which are isomorphic to H. We have

t—1
ths(G. H) > 1+—]
( ) [ \Val+|Eg|

To have our result, we need to define a notion called optimal multiset. A multiset is an extension
of sets where repetition of elements are allowed. Let n and k be positive integers where n > k. An
optimal multiset-(n, k), denoted by O, k, is a multiset consisting of k positive integers not larger than
[ﬁ-‘ and not smaller than LEJ such that the sum of every elements equals to n. For example, the

optimal multisets Ogz; ¢ and Ogg 7 are
021,6 - {37 37 37 47 47 4}7
Osor = {4,4,4,4,4,5,5}.

This notion of optimal multiset is used in every proof we presented in the following sections.

3. Comb product of graphs

Let G be a graph with Vo = {uj,us,...,u,} and H be a 2-connected graph with Vg = {v =
U1, Vg, ..., U, } for some positive integers m,n. Let H; with V) = {vgl)wg), e ,UT(;)} be a copy of
H such that vju, € Ey if and only if v](-l)v,(;)

G >, H is a graph defined by the vertex set

€ Eyw for some i € [1,m]. Then, the comb product

ViG>, H) = U Vi,
=1
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and the edge set
E(G >, H) = Eyo U{o"v” | uu; € Eg}.
i=1
Observe that |V (G, H)|= |Vg||Vu| and |E(G>, H)|= |Eg|+|Ve||Er|. In addition, if G admits an
F-covering, then G'>, H admits an (F't>, H)-covering. First, we deal the vertex (F't>, H)-irregularity

strength of G >, H.

Theorem 3.1. Let H be a 2-connected graph and v € V(H). Let G be a graph which admits
F'-covering and does not contain H. It follows that

hs(G,F) —1
vhs(G >y H, F >y H) = [1+U (G, F) w
V|
Proof. Let Vg = {uy,ug, ..., uy} and Vye = {UY), véi), o ,vﬁf)} for some positive integers m,n and

i € [1,m]. Let ¢ be the number of subgraph of G’ which is isomorphic to F. Let (F >, H)® be the i-th
subgraph of G, H that is isomorphic to F' >, H. Since H is 2-connected and G does not contain H,
then there exists F() 2 F which is a subgraph of G such that (Fi>,H)® = F)>, H. This implies the
vhs(G, F) — 1

EE

First, we will show that vhs(G >, H, F >, H) < s. Let ¢ : V(G) — Z be a vertex F-irregularity
labeling of G and let o; = ¢(u;) +n — 1. Let wt, : {FO | i € [1,#]} — Z be a weight function
induced by ¢. For every i € [1,m], choose a bijection o; from V(H®) to the optimal multiset-(a;,n).
Define a labeling o : V(G >, H) — Z such that the restriction ofy . is exactly o;. In other words,
olv. (vj(i)) = ai(vj(-i)) for every i € [1,m] and j € [1,n]. Now, we will show that o is a vertex (F'>>, H)-
irregularity labeling. Observe that o induces a weight function wt, : {(F >, H)® | i € [1,t]} — Z
such that

number of subgraph of G >, H that is isomorphic to F't>, H is also t. Let s = |1+

wto((F >y H)Y) = wt,(FO >, H),

- (¥

’lLkEV(F(i>) aeoak,,n
= >
up €V (F®)
= Wt (FO) + [V|(n — 1).

Since wt,,(F®) is unique for every i € [1,¢], then wt, ((F >, H)®) is also unique for every i € [1,1].
Therefore, o is a vertex (F >, H)-irregular labeling. Moreover, the largest label of o must be

vhs(G, F) +n — 1—‘ _ {1 + %—‘ = 5. This shows
H

contained in Oyps(@,F)+n—1,n that is {
n

that vhs(G >, H, F >, H) < s.

To show vhs(G >, H,F >, H) > s, suppose there exists a vertex (F' >, H)-irregular labeling
o:V(Gr>, H) = [1,s—1]. Let wt, : {(F >, H)® | i € [1,t]} — Z be the weight function induced
by o. Define a labeling ¢ : V(G) — Z such that

o(u;) = ZU(U](@)) —n+1, for i € [1,m].
j=1
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Let wt, : {F% | i€ [1,t]} — Z be the weight map induced by ¢. Observe that

wig(FO) = > o(u),

ukGV(F(l))

_ (Y _

= Y (et a1,
up€V(F®) \j=1

- > (Za<v§">)—|vF\<n—1>,
upeV(F®) \j=1

= wt, ((F >, H)?) — |Ve|(n — 1).
Therefore, ¢ is a vertex F-irregularity labeling of G. However, it holds that

o(u)) <n(s—1)—n+1,

<n Phs(G,F)—i—n—l-‘ o,
n

Sn(vhs(G,F)—|—2n—2> Cont 1,
n

<whs(G,F)— 1.

This is a contradiction to the minimality of vhs(G, F'). Therefore, vhs(G >, H, F >, H) > s. This
shows the theorem. O

As an example, consider a vertex Ps-irregular labeling of P; in Figure 1(a) and a 2-connected graph
with a fixed vertex v depicted in Figure 1(b). Then, we have the vertex (Ps >, H)-irregular labeling
of P; >, H in Figure 1(c).

(c)

Fig. 1. The (a) vertex Ps-irregular labeling of Pr, (b) a 2-connected graph, and (c) vertex (Ps >, H)-irregular labeling
of P7 >, H.

Observe that every graph admits Ks-covering. Recall that any edge irregular labeling is also a
vertex Ks-irregular labeling for any graph G. Hence, we have the following corollary.
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Corollary 3.2. Let H be a 2-connected graph and v € V(H). Let G be a graph which does not
contain H. It follows that

Vhs(G >y H, Ky > H) = [1 + ww .

\Z1

Next, we deal with the edge (F >, H)-irregularity. The proof will follow in a similar way given in
Theorem 3.1.

Theorem 3.3. Let H be a 2-connected graph and v € V(H). Let G be a graph which admits F-
covering and does not contain H. Let t be the number of subgraph of G' which s isomorphic to F'. It
follows that

—1
[1 t w <ehs(Gr>, H,F>,H) < [1+

N vhs(G, F) — 1—‘
|Ep|+|VE||Eq| ’

Bl

and the bound is sharp.

Proof. The lower bound is just an implication of Theorem 2.2. To show the upper bound, let
Vo = {ur,ug, ..., up} and Eyu = {yy), yéi), . ,y,gi)} for some positive integers m, ¢ and i € [1,m].
Let t be the number of subgraph of G which is isomorphic to F. Let (F't>, H)® be the i-th subgraph
of Gr>, H that is isomorphic to F't>, H. Hence, the number of subgraph of G>, H that is isomorphic
vhs(G,F) —1
+ f .
Let ¢ : V(G) — Z be a vertex F-irregularity labeling of G and let 8; = ¢(u;) + ¢ — 1. Let
wt, : {FY |i€[1,t]} — Z be a weight map induced by ¢. For every i € [1,q], choose a bijection o;
from E(H®) to the optimal multiset-(;, ¢). Define a labeling ¢ : E(G >, H) — Z such that

to FFr>, Hisalsot. Let s= |1

if e =y\" i€ [1,ml],j € [1,q,

(i))
) J

Ji(yj

ole) =

1, otherwise.

We will show that o is an edge (F' >, H)-irregularity labeling. Observe that ¢ induces a weight
function wt, : {(F >, H)? | i € [1,#]} — Z such that

wt,(F >y H)) = wt,(FO >, H),

= > 1+ > d v,

z€F(F®) up €V (F®) beOBk,q
= |Er[+ Z B
up €V (F®)
= wt,(FY) + |Ep|+|Vr|(q — 1).

Since wt,,(F®) is unique for every i € [1,¢], then wt, ((F >, H)®) is also unique for every i € [1,1].
Therefore, o is an edge (F' >, H)-irregular labeling. The largest label of o must be contained in

F -1 -1
vhs(G, F) +4 —‘ = [1 + %w = s. Hence, ehs(G >, H, F 1>,
q H

Ouhs(G,F)-i-q—l,q that is [
H) <s.
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To show the sharpness of the bound, let F' be a graph and G % F be a graph Wthh admlts

F-covering. Consider a 2-connected graph H such that |Ey|> vhs(G, F) — 1. Since

|EF|+|VF||EH|
is positive, then
t—1 vhs(G, F)
1+ <ehs(G>,H, F>,H [ —‘7
U e | < Enl
2<ehs(G>,H,Fr>,H) <2,
ehs(GDUH,FDvH) 2.
Hence, the theorem holds. O]

Since |V (K3)|= 2 and |E(K3)|= 1, we have the following corollary.

Corollary 3.4. Let H be a 2-connected graph and v € V(H). Let G be a graph which does not
contain H. Let t be the number of subgraph of G which is isomorphic to F. It follows that

|Eg|—1 es(G) —1
1+ ———| <ehs(G>,H Ko, H) < |1+ ———| .
[ 1+2[Ey|| ~ ( ? ) |Ex]
Moreover, we also have the bound for total (F >, H)-irregularity strength. Again, the proof will
follow in similar manner.

Theorem 3.5. Let H be a 2-connected graph and v € V(H). Let G be a graph which admits F-
covering and does not contain H. Let t be the number of subgraph of G which is isomorphic to F. It
follows that

—1
[1+ t W§th3(G>vH,F>UH)§{1+

vhs(G, F) — 1—‘
|Ee|+Vel(Val+Exl)

Vi |+|Ex|
and the bound is sharp.

Proof. The lower bound is just an implication of Theorem 2.3. To show the upper bound, let
Vo = {ur,ug, ... unt, Vo = {vl ,1)2 ,...,v,(f)} and Eyu = {yy),yg), . ,y,gi)} for some positive
integers m, q and i € [1,m]. Let t be the number of subgraph of G which is isomorphic to F. Let
(F >, H)® be the i-th subgraph of G 1>, H that is isomorphic to F >, H. Hence, the number of
vhs(G,F) —1
n—+q -‘ '

Let ¢ : V(G) — Z be a vertex F-irregularity labeling of G and let v; = ¢(u;) +n+¢g—1. Let wt,
{F® |4 e [1,t]} = Z be a weight map induced by . For every i € [1,q], choose a bijection o; from
V(HD)UE(H®™) to the optimal multiset-(~y;, n+¢). Define a labeling o : V(Gr>,H)UE(G>,H) — 7Z
such that

subgraph of G >, H that is isomorphic to F' >, H is also t. Let s = |1+

D) = i(ul"),  forie[1,m],j € [1,n],

if e :y@ '

]’Z

€[1,m],j €[l,q,

1, otherwise.
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We will show that o is a total (F' >, H)-irregularity labeling. Observe that o induces a weight
function wt, : {(F >, H) | i € [1,t]} = Z such that

wt,(F >y H)) = wt,(FO >, H),

221+Z Zc,

xGE(F(i)) 'u,kEV(F(i)) ceo’yk,nJrq
= |Ep|+ Z Vs
up €V (F©)
= wty,(FV) + |Ep|+|Ve|(g = 1).

Since wt,(F@) is unique for every i € [1,#], then wt,((F >, H)®) is also unique for every i €

[1,¢]. Hence, o is a total (F >, H)-irregular labeling. The largest label of ¢ must be contained

h F -1 h F)—-1

vhs(G, F) +n+q —‘ = { M—‘ = 5. Therefore,
n+q V|+|En|

in Ovhs(G7F)+n+q_17n+q which is ’V
ehs(Gr>, H, F >, H) < s.
To show the sharpness of the bound, let F' be a graph and G 2 F be a graph which ad-

mits F-covering. Consider a 2-connected graph H such that |Vy|+|Eg|> vhs(G,F) — 1. Since
t—1

|\ B[+ Ve|(|Va |+ Exl)

is positive, then

t—1 vhs(G, F) — 1
14 <ths(G>,H,F>,H { -‘
[ |EF\+|VF!(\VH\+|EHDW ( Vi |+ Exl
2 <ths(G>, H,F>, H) <2,
ths(G >, H, F >, H) 2.
Therefore, the theorem holds. ]

Likewise, we have the following corollary if we choose F' = K.

Corollary 3.6. Let H be a 2-connected graph and v € V(H). Let G be a graph which does not
contain H. Let t be the number of subgraph of G which is isomorphic to F. It follows that

[1%— |Ee|-1
1+ 2(|Vi|+|Enl)

es(G)—l—‘
<ths(Gr,H Ky>,H) < |1+ ——|.
]— ( 2P H) { Val +1Ex

4. Edge comb product of graphs

Let G be a graph with Vo = {u, ug, ..., up} and Eq = {x1,29,...,2,} for some positive integers
m and p. Let H be a 2-connected graph with Vi = {vy,vs,.. vn} and Fy = {e = Y1, Y2, -, Yq}
for some positive integers n,q and i E [1,m]. Let H; with Vo) = {vlz), ’Ué TS } be a copy of H

such that vjuy, € Eg if and only if v; )U,g) € Ey for some i € [1,m]. Then, the edge comb product

G B>, H is a graph defined by the vertex set

V(G H) UVH<>,
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where if u;u; € Eg then UY) = u; and véj) = u; along with the edge set

EGr>, H UEH”

Note that |V(G>.H)|= |Va|+|Ec|(|Vi|—2) and |E(G>.H)|= |Eg||En|. Moreover, if G admits an
F-covering, then G, H admits an (F'>>, H )-covering. Now, we present the edge (F'>, H)-irregularity
strength of any G >, H.

Theorem 4.1. Let H be a 2-connected graph and e € E(H). Let G be a graph which admits
F'-covering and does not contain H. It holds that

ehs(G>, H,F >, H) = {1 n Mw
|Enl

Proof. Let Vg = {u1,ug, ..., up} and Eq = {x1,29,...,2,}. Let Eyu = {y%i), ygi), . ,y(gi)} for some
positive integers m p, q and i € [1,p]. Let ¢t be the number of subgraph of G which is isomorphic
to F. Let (F >, H)® be the i-th subgraph of G >, H that is isomorphic to F >, H. Since H is
2-connected and G does not contain H, then there exists F() 2 [ which is a subgraph of G such

that (F'>, H)® = F® >_ H. This implies the number of subgraph of G >, H that is isomorphic to
h F)y—1
Fr>,Hisalsot. Let s = 1+M .
q

To show that ehs(G> H, F>.H) < s, let ¢ : E(G) — Z be an edge F-irregularity labeling of G and
a; = (r;)+q—1. Let wty, : {FY | i€ [1,#]} — Z be a weight map induced by 1. For every i € [1,p],
fix any bijection o; from E(H®) to the optimal multiset-(c;, ¢). Let o : E(G>.H) — 7Z be a labeling
such that the restriction o|g_, is exactly o; for every i € [1, p|. Next, we will show that o is an edge
(F >, H)-irregularity labeling. Note that o induces a weight map wt, : {(F>, H)9 | i € [1,t]} = Z
such that

wt,((F > H)Y) = wt,(FO >, H),

:Z Za,

2R€B(F@) \a€0aqy q

= E ay,

rp€B(F®)

= wt,(F") + |Erl(q - 1).

For every i € [1,], since wt,,(F®) is unique then wt,((F >, H)®) is also unique. Hence, o is an

edge (F >, H)-irregular labeling. Further, the maximum label of ¢ is contained in Oepg(c,F)+q-1,
hs(G, F -1 hs(G, F)—1
chs(G. F) +4q :[1—1—%—‘:s.Thusehs(GEeH,FEeH)Ss
q H

Next, we will show that ehs(G>. H, F'>, H) > s. Assume there exists an edge (F >, H)-irregular
labeling o : E(G >, H) — [1,5 — 1]. Let wt, : {(F >, H)® | i € [1,t]} — Z be the weight map
induced by o. Let ¢ : E(G) — Z such that

which is

() = Za(yj@) —q+1, for i € [1, p|.

J=1
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Let wty : {F® | i € [1,]} — Z be the weight function induced by v. It holds that

why(FO) = " ah(ay),

zREE(F®)
q .
= Z (Z O’(U]@) —q+ 1) :
zR€E(F®) \Jj=1
g .
= > (Z a(vﬁ”)) ~ | Erl(a—1),
ereB(FM) \j=1

= wt,((F . H)") — |Ep|(g - 1).
This shows that v is an edge F-irregularity labeling of G. Nevertheless, observe that

(i) <gq(s =1) =g+ 1,

Sq{ehs(G,F)%—q—l-‘_%]_i_L
q
h F)+2q—-2
Sq(e s(G,F) + 2q )—2q—|—1,
q
<ehs(G, F)— 1.

This is a contradiction to the minimality of ehs(G, F'). Hence, ehs(G >, H, F' >, H) > s and the
proof is complete. O

For example, consider an edge Ps-irregular labeling of Cg in Figure 2(a) and K, with any edge e
shown in Figure 2(b). Then, we have the edge (P; >, H)-irregular labeling of Cs >, Ky in Figure

(b)

(c)

Fig. 2. The (a) vertex Ps-irregular labeling of Py, (b) a 2-connected graph, and (c) vertex (Ps >, H)-irregular labeling
of P>, H.
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It is not hard to show that ehs(G, Ky) = |E¢| for any graph G. Since Ky >, H = H and any
irregular labeling of G is also an edge Ks-irregular labeling of G, then the following statement is
immediate.

Corollary 4.2. Let G be a graph, H be a 2-connected graph and e € E(H). It holds that

ehs(G>. H H) = [H |EG|_1W .

| Byl

The example presented in Figure 2 gives a hint that an edge H-irregular labeling of G is also an
irregular labeling of G for some particular graph H and G. That is, if G is a r-regular graph then an
edge K ,-irregular labeling G is also an irregular labeling of G. Hence, we can utilize the irregularity
strength of a regular graph when we choose F' to be a star.

Corollary 4.3. Let r > 2 be an integer. Let G be a r-reqular graph with, H be a 2-connected graph
and e € E(H). It holds that

—1
ehs(G>. H, K, ,>. H) = [1 + &—‘ )
|Enl

Further, we can determine the upper bound for the vertex (F' >, H)-irregularity strength for any
edge comb product G >, H. The proof will be similar to the proof of Theorem 4.1.

Theorem 4.4. Let H be a 2-connected graph and e € E(H). Let t be the number of subgraph of G
which s isomorphic to F. It holds that

t—1 ehs(G F)—l-‘
14 <ohs(G>, H, F>, H g{H’— ,
Vel B2 | = ) Va2
and the bound s sharp.
Proof. Let Vi = {u, ug, ..., un} and Eg = {1, 29,...,2,}. Let Vo) = {vgi),vg), o ,v,(f)} for some

positive integers m,n,p and i € [1,p|. Let t be the number of subgraph of G which is isomorphic
to F. Hence, the number of subgraph of G >, H that is isomorphic to F' >, H is also t. Let
vhs(G, F) — 1
s=|14 ——|.
n—2

To show that vhs(G >, H,FF >, H) < s, let v : E(G) — Z be an edge F-irregularity labeling of
G and B; = ¥(x;) +n — 3. Let wty : {FY | i € [1,#]} — Z be a weight function induced by . For
every i € [1,p], fix any bijection o; from V (H®) to the optimal multiset-(3;, n —2). Define a labeling
o: FE(G>, H) — Z such that

O'i(’UJ(»i)), if 2 ="

;1€ [1,m],j € [3,n],

o(z) =
1, otherwise.

We will show that o is a vertex (F' >, H)-irregularity labeling. Note that ¢ induces a weight
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function wt, : {(F >, H)® | i € [1,t]} — Z such that

wio((F 2 H)W) = wi,(FO >, H),

= ) 1+ > > b,

up €V (F @) rR€E(F®) \b€O0g, n_2
= [Vp|+ Z B
zLEE(F®)
= wt (FY) + |Ve|(n - 2).

For every i € [1,1], since wt,(F®) is unique then wt,((F >, H)®) is also unique. Hence, o is a
vertex (F'>, H)-irregular labeling. Further, the maximum label of o is contained in Ogps(c, 7)1n—3,n—2
hs(G, F -3 hs(G,F) —1
chs(G, F) +n = 1+M = 5. Therefore, ehs(G>, H F >, H) <s
Now, we will show that the bound is sharp. Consider a graph F" and a graph G 2 F that admits F-

t—1
covering. Let H be a 2-connected graph such that |Vy|—2 > ehs(G, F)—1. Since Ve B (V=2

which is

is positive, then

t—1 ehs(G,F) —1
1+ <vhsG>HF>H§( W
T | V-2
2<ovhs(GB . H,F>,H) <2
vhs(G>. H, F>, H)=2.
This shows the theorem. O

Likewise, the following corollary also holds.

Corollary 4.5. Let G be a graph, H be a 2-connected graph and e € E(H). It holds that

|Eg|—1—‘ [ |Eg|—1-‘
14 < ohs(G>, H, H) < |1+ .

Corollary 4.6. Let r > 2 be an integer. Let G be a r-reqular graph, H be a 2-connected graph and
e€ E(H). It holds that

Ve|—1 W { S(G)—ﬂ
I+ <vh GDeHaKTEeH S I+ )
{ T+ r(Val-1) | =" s(GB L ) Vir|—2

and the bound s sharp.

Lastly, we prove the upper bound for the total (F' >, H)-irregularity strength for any edge comb
product G >, H.

Theorem 4.7. Let G be a graph, H be a 2-connected graph and e € E(H). It holds that

t—1
1+
{ \Vel+|Ep|(IVa|+|Er|—2)

—‘SthS(GEeH,FEeH)S [1+M—‘

Vi |+|Eg|—2

and the bound s sharp.
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Proof. Let VG = {uy,ug, ..., up} and Eg = {z1,29,...,2,}. Let Vyu = {vl ,1)2 ,...,vg)} and
Eyo = {y1 ,y2 . ,yﬁf)} for some positive integers m,n, p,q and i € [1,p|. Let t be the number of

subgraph of GG which is isomorphic to F'. Hence, the number of subgraph of G, H that is isomorphic

h F)—-1
to F'>, H is also t. Let s = [1—1—%—‘.
n+q—2

To show that vhs(G>. H, F >, H) < s, let ¢ : E(G) — Z be an edge F-irregularity labeling of G
and v; = ¥(7;) +n+q— 3. Let wty, : {F® | i€ [1,#]} — Z be a weight function induced by 1. For
every i € [1,p], fix any bijection ¢; from V(H®) U E(H®) to the optimal multiset-(y;,n + ¢ — 2).
Define a labeling 0 : V(G >, H) U E(G >, H) — Z such that

o)) = oilyl”), forie[l,pl,jelq],
if i € [1,m], j € [3,n],
1, otherwise.

We will show that o is a total (F'>, H)-irregularity labeling. Note that o induces a weight function
o {(F>. H)D |ie[l,t]} — Z such that

wt,((F > H)Y) = wt,(FY >, H),

-y Y (T )

up €V (F®) oREE(F®) \ €04, ntq—2
= ‘VF’—i_ Z Vs
= wt,(FY) + [Ve|(n +q - 2).

For every i € [1,t], since wt,(F®) is unique then wt,((F >, H)®) is also unique. There-
fore, o is a vertex (F >, H)-irregular labeling. Further, the maximum label of ¢ is contained
ehs(G,F)+n+q—3 ehs(G,F) —1
= ————— | = s. Hence,

n+q—2 Vi |+|En|—2

in Oehks(G,F)+n+q—3,n+q—2 which is ’V
ehs(G>. H F>. H) <s
Now, we will show that the bound is sharp. Consider a graph F and a graph G 2 F that

admits F-covering. Let H be a 2-connected graph such that |Vg|+|Ey|—2 > ehs(G, F) — 1. Since
t—1

Vel +H Ee| (Ve |+ Ex|—2)

is positive, then

t—1 ehs(G,F) —1
1+ <vhs(G>.H,F>,H) < { —‘
TR < Via |+ B2
2<vhs(G>. . H,F>.H) <2,
vhs(G>. H, F>, H) = 2.
Therefore, the theorem holds. O]

Corollary 4.8. Let G be a graph, H be a 2-connected graph and e € E(H). It holds that

‘EG|_1-‘ |Eg|—1 W
1+ 26 (G HoH) < |14 —2C |
[ \Vi|+|Ex| ( ) Vi |+|Ey|—2
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Results from Wahyujati et al. [18] presents several examples of graphs whose total H-irregularity
strength is contained within the bounds. If G = C,, and H = C,, for some integers m,n > 3, then

|Ec,, |—1 _‘
ths(Cp, > Cn,Cp) = |1 + ——— 1| .
( = [+ et
Moreover, for any graph H if G = P, for some integer m > 2, then
|Ep, | -1 w
ths(P,>.HH)= |1+ —"——1|.
( = [+ T

In addition, for any graph H if G = K, ,, for some integer m > 3, then

|E1I(1,’m|_1 —‘

ths(Ky > H H) = |14 —0—tm —
- = |1+ T

Corollary 4.9. Let r > 2 be an integer. Let G be a r-reqular graph, H be a 2-connected graph and

e€ E(H). It holds that

+

s(G)—1 -‘
< ths(G, H Ky, B H) < |14 — =2 |
W— (Ge 8 ) { Vi |+ Er|—2
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