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ABSTRACT 
Image segmentation, as an important direction of computer vision, is gradually being applied to a 
variety of fields, however, the existing image segmentation methods still need to be improved in 
terms of segmentation accuracy and effect. In this paper, the variational level set method is used as 
the level set image segmentation method, and its theoretical basics and solution method (gradient 
descent flow method) are described in detail. For the problem of insufficient gradient vector flow in 
the traditional parametric active contour Sanke model, a global gradient vector flow model that can 
overcome the noise interference is given to obtain a more accurate gradient field, thus combining 
with the variational level set method to build an image segmentation model based on global gradient 
vector flow (GGF Snake). In the comparison experiments with three commonly used image 
segmentation algorithms, the DSC value of this paper's algorithm reaches more than 96.00%, and the 
time used is less than 15s, which is better than the remaining three algorithms, and verifies the 
superiority of this paper's algorithm. 

Keywords: image segmentation, variational level set method, GGF Snake model, gradient vector flow 
 

1. Introduction 

Image segmentation is an important task in computer vision, and its goal is to divide an image into 
different regions or objects. Image segmentation is widely used in many application fields, such as 
medical image analysis, target recognition and tracking. Traditional image segmentation methods 
usually rely on image features such as grayscale, color, and edges for processing, but the results are 
often not satisfactory in complex scenes. In the past decades, many image segmentation algorithms 
have been proposed, among which methods based on the variational segmentation method have 
attracted much attention due to their excellent performance [1-4]. Variational method is a 
mathematical optimization method which achieves image segmentation by minimizing an energy 
function. In the image segmentation based on variational method, the image is usually regarded as 
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the definition domain of an energy function, and the segmentation result is obtained under the 
minimization of the energy function, and the commonly used energy functions include the full 
variational difference, Chan-Vese model, etc [5-6]. 

There are many types and methods of image segmentation, besides the variational method there 
are gradient fields etc. Some segmentation algorithms can be used directly on any image, while 
others can only be applied to segment special classes of images. And some algorithms need to 
coarsely segment the image first, because they need the information extracted from the image. There 
is no unique standard approach and the good or bad segmentation results need to be measured 
according to the requirements of the specific occasion [7-8]. 

Literature [9] explored the problems of image restoration and image segmentation in image 
processing and pointed out that variational methods can provide optimal solutions when facing 
these problems, revealing that regularized variational methods are one of the most powerful 
techniques for solving many image processing tasks. Literature [10] proposes a two-phase selective 
segmentation method and an image smoothing model, revealing the effectiveness of the method and 
that the proposed model has attractive mathematical and physical properties to effectively attenuate 
complex backgrounds while preserving the edges of the target object. Literature [11] proposed an 
optimization-based multilayer algorithm to efficiently solve a class of selective segmentation models, 
which is also applicable to the solution of global segmentation models, and the proposed multilayer 
algorithm has the expected optimal efficiency for images in the level set function formulation. 
Literature [12] proposed a method combining multiverse optimization approach with variational 
modal decomposition, which uses the di-entropy function for image segmentation by determining 
the optimal threshold, revealing that the algorithm is more reliable than the existing algorithms in 
terms of results. Literature [13] emphasized the excellence of the variational method, and based on 
the research results of the variational methods for image segmentation, the variational methods 
were classified into boundary-based models and field-based models, which indicated the 
development direction of the variational methods for image segmentation. Literature [14] proposes a 
variational Bayesian based image segmentation method, aiming to demonstrate the framework 
provided by VB for generalizing existing segmentation algorithms that rely on expectation 
maximization formulas and increasing their robustness and computational stability. Literature [15] 
proposed a threshold extraction method based on Variational Modal Decomposition (VMD), 
indicating that thresholds can be easily extracted by either the Minimum Point Search (MPS) method 
or the Cross-Point Search (CPS) method, while the MPS scheme provides superior performance over 
the CPS scheme. Literature [16] proposed a variational level set model for multiscale image 
segmentation, which can extract the target from the background at different scales, revealing the 
robustness and effectiveness of the model for multiscale image segmentation, and is a promising 
model for image denoising. Literature [17] proposed an accurate image segmentation method based 
on Variational Modal Decomposition (VMD) and Correlation Coefficient (CC) and used K-means 
method to generate segmentation results, which proved to produce reasonable segmentation results 
as compared to existing image segmentation methods. Literature [18] investigated the phenomenon 
of variational methods in image processing that the best image quality can be obtained when the 
gradient flow process stops before converging to a smooth point and utilized this paradox to 
introduce the optimal stopping time in the gradient flow process and obtained the optimal stopping 
time through optimal control methods. The above study discusses the image segmentation of the 
variational method, and highlights the excellence of this method by comparing it with other 
segmentation methods, however, also as an image segmentation method, very few scholars have 
carried out research on the gradient field, and there is no way to talk about the combination of the 
gradient field and the variational method. 

In this paper, the variational level set method is used as the segmentation method for level set 
images, and the realization principle and process of its segmentation are explained. Subsequently, 
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from the perspective of improving image segmentation accuracy, the basic ideas and numerical 
algorithms of the classical active contour model (Snake) and GVF Sanke model in image 
segmentation algorithms are briefly analyzed, as well as the defects in convergence ability. Through 
the analysis and optimization of the GVF model, a global gradient flow (GGF) model is proposed by 
combining the variational level set method. Comparison and analysis with similar algorithms and 
evaluation of image segmentation results based on distributional prior are successively launched to 
test the effectiveness of the algorithm in this paper. 

2. Variational level set methodology 

The process of realizing variational level set segmentation of an image is a process of minimizing the 
energy generalization, and variational method and gradient descent flow are the most commonly 
used methods to find the extremes of the energy generalization. 

2.1. Principle of variability 

Function ( )f x  represents a mapping between numbers, with the independent variable being the 
set of numbers x . Generalized function ( )E   is a mapping between functions and numbers, with 
the independent variable being the set of functions ( )x . In general, the extremum of a function 
corresponds to the point that makes a first-order derivative ( ) 0f x  , and the extremum of an 

analogous generalized function corresponds to the function that makes a first-order variable 0
E







. 

For the one-dimensional case, the generalized function is used as in equation (1): 

  1

0

( ) , ,
x

xx
E F x dx     (1) 

To find the first-order variant of ( )E  , perturbation of ( )x  yields ( ) ( )x v x  , and when ( )v x  
and ( )v x  are sufficiently small, Eq. (2) is obtained from the Taylor expansion: 

    , , , ,
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F x v v F x v v   
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 

       
  

  (2) 

Thus there is equation (3): 
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Equation (4) is obtained based on the fact that the partial integrals and perturbation terms have a 
value of 0 at the endpoints: 
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
 (4) 

Substituting into equation (3) yields equation (5): 
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x

x

F d F
E v E v v dx

dx
 

 
   

         
  (5) 

When ( )E   reaches an extreme value, the value of any sufficiently small perturbation ( )v x , 
( )E   for ( )x  remains unchanged, hence Eq. (6): 
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 0
F d F

dx 
  

     
 (6) 

Equation (6) is called the Euler equation for the variational problem. 
For the two-dimensional case equation (7): 

  ( ) , , , ,x yE F x y dxdy   


   (7) 

The Euler equation obtained by the same analogy is shown in equation (8): 

 0
x y

F d F d F

dx dy  
    

           
 (8) 

After solving the variational components, the problem of solving the energy generalized function 
extrema is further transformed into solving the corresponding Euler equations. The Euler equations 
are solved using a gradient descent flow method, which transforms the problem of solving static 
nonlinear partial differential equations into a dynamic partial differential equation problem by 
introducing the time variable t , which is iterated continuously in the opposite direction along the 
gradient to achieve the minimization. 

2.2. Gradient descent flow method 

It is assumed that the required solution varies with time, denoted by ( , )t  , and that this variation 
with time always decreases ( ( , ))E t  . For the one-dimensional variational case, there is equation 
(9): 

 
1

0

( ) ( )
x

x

F d F
E v E v v dx

dx
 

 
   

         
  (9) 

The minimally used ( )v   in Eq. (9) is the amount of change produced by ( , )t   from t  to t t  , 
as in Eq. (10): 

 v t
t


 


 (10) 

Equation (9) can then be rewritten as equation (11): 
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It is only necessary to make Eq. (12): 

 
F d F d F F

t dx dx
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 (12) 

It is then possible to make ( ( , ))E t   continuously decreasing, which is then called Equation (13): 

 
d F F

t dx
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 
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 (13) 

is equation (14): 

  1

0

( ) , ,
x

xx
E F x dx     (14) 

corresponding gradient descent flow. 
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For the two-dimensional variational case, the gradient descent flow is similarly obtained as Eq. 
(15): 

 
x y

d F d F F

t dx dy


  

     
            

 (15) 

An initial level set function 0  is chosen to be computed iteratively according to the gradient 
descent flow until a stable solution is obtained, and the zero level set of the level set function at this 
point is taken as the segmentation result. 

3. Image segmentation model based on global gradient flow 

The goal of image segmentation is to divide the target region from the background region based on 
various image feature elements, or to divide the image into several regions that do not overlap each 
other. In this chapter, an image segmentation model for global gradient flow (GGF Snake) is proposed 
on the basis of Sanke's segmentation model, combined with the variational level set method above. 

3.1. Snake Model 

An active contour model based on edge information was first proposed in 1988. Since the model 
contains parametric information, the model is also known as the parametric active contour model. 
This model is the classical edge-based active contour model, and a large number of improved models 
have emerged since then based on this model. First, an initialized closed curve containing 
parameters is defined as in equation (16): 

 ( ) [ ( ), ( )]c q x q y q , [0,1]q  (16) 

Next the energy function is constructed see equation (17). By minimizing the following energy 
generalization, the initialization curve evolves towards the target edge under the internal force of its 
own curve as well as the external force constituted by the image information: 

 
1 12 2

0 0

  int   

1
( ( )) | ( ) | | ( ) | ( ( ))

2 ev

external energyernal energy

E c q c q c q dq E c q dq      (17) 

where the energy function consists of the internal energy of the curve itself and the external energy 
consisting of image information. The internal energy of the curve in the first term takes into account 
the geometry of the contour and imposes smoothness constraints on the contour so that the contour 
curve stretches and bends. In the first term of the first-order differential, the physical meaning of the 
second-order differential is the continuity of the contour curve and the curvature of each point, and 

,   is the weighting coefficient.   represents the tension coefficient, which controls the 
contraction amplitude of the contour curve, and the tension coefficient is proportional to the 
contraction speed of the curve.   is the stiffness coefficient, which controls the speed of movement 
of the contour curve along the normal direction toward the target boundary. The second term is the 
external energy term, which contains information about the data in the image and is related to the 
image features. 

The process of minimizing Eq. (17) by iteration is the process of driving the contour curve towards 
the edge of the target contour under the combined effect of internal and external energies. According 
to the variational method, the curve must satisfy the Euler-Lagrange equation as in Eq. (18): 

 
2 2

2 2
( ( )) 0external

c c
c q

q q q q
  

     
          

 (18) 
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where external  is the Gaussian external force field, and this parametric activity model based on 
Gaussian external forces is also known as the snake model. In order to solve Eq. (18), the model can 
be converted into a dynamic activity model by introducing the time parameter t  and considering 
the curve ( )c q  as a dynamic function ( , )c q t  of time t . Eq. (18) is transformed into Eq. (19): 

 
2 2

2 2
( ( )) 0extenal

c c c
c q

t q q q q
  

      
            

 (19) 

3.2. Global Gradient Flow Model (GGF) 

In response to the classical Snake model's lack of dependence on the initial contour line and the 
ability of the external force to converge to the depressed region, the GVFSnake model compensates 
for this by using external forces that do not depend on the position of the initial curve contour. 
However, the GVF model still suffers from the problem of having a limit on the ability to converge to 
deep recessed regions. If the concave region becomes very narrow, the GVF Snake model still cannot 
converge to the boundary of the target. For this reason, this section proposes the global gradient flow 
(GGF) model as in equation (20): 

 

2

2

2

1
( ( ) ( ) ( ) ( ))

| |
s
xy

L

E f x f y V x y x dydx

V





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

 


 (20) 

where   is the parameter. When 2

2 2 2 2 2
1 2 1 2L

V u u v v     . Here the weight function is defined as 

equation (21): 

 
2

2
2

| ( ) | exps
xy

y x
f x

S


 
   
 
 

 (21) 

The size of the weight function s
xy  is related not only to the distance between two points x  and 

y , but also to ( )f x . When f  takes a large value and point x  is located on (or near) the 

boundary, the first term in Eq. (22) plays a key role in estimating the gradient of point x  more 
accurately by using the information from the surrounding points. When f  takes a very small 

value and point x  is far away from the boundary, the second term in Eq. (22) plays a major role by 
making V  the vector field at the edges spread out to the surroundings, allowing the vector field V  
to change more smoothly. In addition, when the image contains noise or the background is complex, 
the first term is utilized to suppress the interference of noise and find the main edges. 

Similar to the GVFSnake model, the GGFSnake model first uses the GGF to find the vector field *V  
and then brings it into the computational formula to get Eqs. (22), (23): 

 
2

*

22

arg min

1
( ( ) ( ) ( ) ( ))

| |

V

s
xy L

V

f x f y V x y x dydx V 




 
       


 (22) 

 *( ) ( ) ( )tC x C x C x V       (23) 

3.3. Implementation of the GGF Snake model 

To solve Eq. (22), the Euler equations of the model are first given as Eq. (24): 
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The evolution equation can then be obtained as Eq. (25): 
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 (25) 

The discrete format of Eq. (25) is then obtained as Eq. (26) using the explicit Euler formula: 
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 (26) 

where i , j , and n  correspond to variables 1x , 2x , and t , respectively, with spatial steps of 1 , 

2 , and time steps of t .  ,k k k
i i iV u v ,  1 2,ix i i   . 

4. Application and analysis of the GGF Sanke model 

Comparing similar algorithms and evaluating segmentation results based on distributional priors is 
an effective way to test the performance of image segmentation models. In this chapter, the selection 
of the fractional order differential order of the model is firstly developed as the basis for numerical 
experiments of the model. Then the comparison between the model algorithm of this paper and 
three commonly used algorithms is developed, and finally the image segmentation results based on 
distributional prior of the model of this paper are evaluated. 

4.1. Selection of the fractional order of differentiation 

Fractional order differentiation can act on the narrowband neighborhood of each pixel in the image 
with arbitrary bandwidth, thus considering more neighborhood pixel features. The problem of 
selecting the differential order in the fractional order edge detection operator is analyzed below from 
the perspective of frequency characteristics. The amplitude-frequency characteristic response curves 
for several typical orders at differential order α ∈ (0,2.0] are given in Fig. 1. 
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(a) α∈(0,1.0] 

 

(b) α∈(1.0,2.0] 

Fig. 1. Amplitude-frequency response 

It is clear that when α ∈ (0,1.0], in the very low frequency part, which corresponds to the smooth 
region of the image, fractional order differencing enhances the contour characteristics of the image 
nonlinearly compared to first order differencing. In the mid-frequency part, which corresponds to 
the texture region of the image, fractional order differencing preserves the detail characteristics of 
the image compared to the first order differencing, while in the high frequency part, which 
corresponds to the edges and the noise components of the image, fractional order differencing has a 
significant reduction effect compared to the first order differencing. And when α ∈ (1.0,2.0], the 
amplitude-frequency characteristic curve shows a rapid nonlinear growth trend with the increase of 
frequency and differential order. In the very low-frequency part, fractional-order differentiation and 
first-order differentiation have similar weakening effects on the whorl features in the smooth region 
of the image. However, in the high-frequency part, the fractional-order differentiation is significantly 
better than the first-order differentiation in enhancing the high-frequency noise and edge 
information of the image. 

Taking into account the feature retention ability of edge detection for smooth and textured regions 
and the robustness to noise, the fractional order α ∈ (0,1.0] is selected in this paper for extracting 
more detailed information about the image edges. 
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4.2. Comparison experiments with similar algorithms 

This subsection unfolds the performance comparison between the model algorithm of this paper and 
three similar algorithms commonly used LHDCMG, CCZ, and Cai for segmenting images, specifically 
comparing the image segmentation performance, and evaluation of segmentation result indexes. 

4.2.1. Image Segmentation Performance. In the ϐirst experiment, a CT liver image A was selected as 
the original image. Figures A(A1)-(A2) represent the original image and the image with noise, 
respectively. Figure A(A3) shows the blurred image obtained by acting on the original image with a 
Gaussian kernel of size 15*15 and standard deviation 15. Fig. A(A4) shows the blurred image with 
motion kernel (15 pixels and angle 90°). 

The purpose of the second experiment is to test whether the model in this paper can handle 
blurred images well and compare it with LHDCMG, CCZ, and Cai models. In this paper, the two most 
popular Gaussian kernel and motion kernel are selected to de-blur the image to get image B. Figure B 
(b) is blurred by Gaussian kernel with size 15*15 and standard deviation 15, (g) is blurred by motion 
kernel (15 pixels and angle 90°), (1) is blurred by Gaussian kernel (size 15*15 and standard 
deviation 3) , (q) blurred by motion kernel (15 pixels and angle 45°). 

Table 1 shows the comparison experimental results of the commonly used algorithms LHDCMG, 
CCZ, Cai and the model algorithm of this paper. It can be seen that in the processing of image A, this 
paper's algorithm can achieve good segmentation results, the time used is shorter, are below 1.0s, 
and can achieve the highest DC with fewer iterations. in the processing of image B, CCZ algorithm and 
this paper's algorithm for selecting different fuzzy kernels are able to achieve good experimental 
results. However, the number of iterations and the time used by this paper's algorithm are still at the 
top of the list, i.e., this paper's model can distinguish more details in a short period of time. 

Table 1. Iteration steps and CPU time (seconds) 

 
Figure A Figure B 

A1 A2 A3 A4 B1 B2 B3 B4 

LHDCMG 
iteration 1200 4800 1800 500 50 50 50 50 

time 162.84 698.81 239.16 19.99 10.98 10.78 10.72 10.98 

CCZ 
Iteration 6 6 9 14 7 8 9 9 

Time 0.82 0.83 2.31 2.35 0.48 0.52 0.54 0.49 

Cai 
Iteration 7 16 6 6 25 25 25 25 

Time 1.42 2.82 1.37 1.39 2.01 1.83 1.82 1.77 

GGF Snake 
Iteration 6 5 6 6 3 3 3 3 

Time 0.67 0.60 0.69 0.74 0.45 0.49 0.49 0.50 

 
The parameter settings of the commonly used algorithms LHDCMG, CCZ, Cai and the model 

algorithm of this paper for processing image A in the comparison test are shown in Table 2. 
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Table 2. Compare the parameter Settings of the two algorithms in the experiment 

Figure A A1 A2 A3 A4 

LHDCMG 
λ 0.06*2552 0.02*2552 0.04*2552 0.05*2552 

μ 0.003 0.002 0.2 0.06 

CCZ 
λ 3 2 100 100 

μ 2 6 4 2 

Cai 
λ 5 11 25 6 

μ 100*λ 100*λ 100*λ 100*λ 

GGF Snake 
λ 100 23 150 150 

μ 2000*λ 3000*λ 2000*λ 2000*λ 

4.2.2. Assessment of Segmentation Outcome Indicators. Table 3 shows the DSC value, HD value, 
number of convergence iteration steps and convergence time of different algorithms in segmenting 
graph A. The DSC value is the Dice similarity coefϐicient. The DSC value is the Dice similarity 
coefϐicient, and the HD value is the Hausdorff distance, both of which are quantitative evaluation 
indexes of the segmentation accuracy of different algorithms. In this paper, when the algorithm 
segments the graph A, the DSC value reaches more than 95.00%, the corresponding HD value is the 
lowest among the four algorithms, which is below 1.800, and the number of iterative convergence 
steps is also the smallest among the four algorithms, which is between 0-50 steps, and the time used 
is only less than 10s, which indicates that this paper's algorithm not only converges fast, but also 
segments the segmentation with higher accuracy. 

Table 3. Figure A segmentation results performance of different algorithms 

Figure A evaluation index LHDCMG CCZ Cai GGF Snake 

A1 

DSC 77.79% 92.49% 92.63% 96.37% 

HD 3.8191 2.2156 1.701 1.2661 

Iter 25 485 601 25 

Time 112.32 73.01 88.86 7.78 

A2 

DSC 76.99% 85.63% 93.04% 95.41% 

HD 4.2859 3.1260 2.1252 1.7917 

Iter 385 500 4785 39 

Time 107.58 74.87 78.47 12.17 

A3 

DSC 74.96% 86.42% 92.88% 95.92% 

HD 3.7833 2.7438 1.8524 1.6729 

Iter 385 505 625 35 

Time 106.15 84.64 89.46 10.04 

A4 

DSC 75.23% 84.95% 90.61% 96.63% 

HD 3.5621 2.5361 1.7436 1.7216 

Iter 350 520 410 30 

Time 100.21 80.21 85.37 9.63 

 
Table 4 shows the DSC value, HD value, convergence iteration step, and convergence time of 

different algorithms in segmentation plot B. When dividing graph B, the DSC value of the proposed 
algorithm is more than 96.00%, the corresponding HD value is the lowest among the four algorithms, 
below 1.200, and the number of iterative convergence steps is also the least among the four 
algorithms, all between 0 and 50 steps, and the time taken is only less than 15s, indicating that 
compared with the LHDCMG algorithm, CCZ algorithm and Cai algorithm, the proposed algorithm 
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achieves the best segmentation effect, and its convergence time and iteration steps are also 
significantly better than those of other algorithms. 

Table 4. Figure B segmentation results performance of different algorithms 

Figure B evaluation index LHDCMG CCZ Cai GGF Snake 

B1 

DSC 88.93% 93.98% 96.44% 96.44% 

HD 0.9941 2.2063 1.1992 1.0871 

Iter 185 720 320 37 

Time 45.41 107.63 45.23 13.22 

B2 

DSC 88.68% 93.55% 96.34% 96.39% 

HD 1.0918 2.0745 1.1474 1.1337 

Iter 335 855 455 35 

Time 97.95 121.28 62.45 9.14 

B3 

DSC 88.29% 92.54% 96.38% 96.44% 

HD 1.2311 2.5351 1.1747 1.0991 

Iter 600 905 279 40 

Time 153.87 126.68 43.08 11.42 

B4 

DSC 88.30% 91.14% 95.24% 96.78% 

HD 1.3467 2.3416 1.2458 1.1436 

Iter 610 962 274 36 

Time 163.24 117.61 45.69 12.36 

4.3. Segmentation results based on distributional prior 

Distribution of prior information can effectively improve the segmentation effect and segmentation 
effect, based on this, this subsection uses the algorithm of this paper to segment the synthetic images 
C and D with different noises added to verify the effectiveness of the algorithm of this paper. 

Image C is a synthetic image with noise, Figure 2 shows the corresponding contour curve and 
probability density distribution of this paper's model on synthetic image C. Where Fig. 2(a)-(e) are 
the a priori contour, contour initialization, pre-segmentation process, post-segmentation process, 
and final segmentation result of this image, respectively. By observing Fig. 2(a) and Fig. 2(e), it can be 
found that the a priori contour and the final segmentation result are not different, i.e., the model in 
this paper can effectively segment the image. 

   

(a) Prior contour (b) Contour initialization (c) Prephase of segmentation 
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(d) Late partition (e) Final segmentation result  

Fig. 2. The segmentation process of Figure C by the algorithm in this paper 

Figure D shows an aerial photograph of an airplane whose target is a parked airplane, and Figure 3 
shows the corresponding probability density distribution of this paper's model over the synthetic 
image D. Its a priori image is a black and white photograph of an airplane. It is worth noting that the 
a priori contours in the a priori image are roughly selected by hand and are not strictly the contours 
of the aircraft, this is because the algorithm needs the a priori statistical information of the aircraft 
and the specific contours of the a priori aircraft are not important. Comparing the contour models in 
Fig. 3(a) and Fig. 3(e), the overall contour Pint of the a priori airplane is no different from the final 
segmentation result, which verifies the superior performance of this paper's algorithm in 
segmenting images. 

   

(a) Prior contour (b) Contour initialization (c) Prephase of segmentation 

  

 

(d) Late partition (e) Final segmentation result  

Fig. 3. The segmentation process of Figure D by the algorithm in this paper 
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5. Conclusion 

In this paper, a new image segmentation method is proposed by using the variational level set 
method as the energy generalized function to find the extreme value, and optimizing the traditional 
Snake image segmentation model in order to build an image segmentation model based on the global 
gradient flow. 

In the comparison experiments with similar algorithms, the DSC values of this paper's algorithm 
are all above 96.00%, and the time used is less than 15s. In the segmentation experiments based on 
distributional prior, the final results of the segmentation of artificial images by this paper's algorithm 
are consistent with the prior contour. That is, compared with other algorithms, the GGF snake model 
can converge well to the boundary of the deep concave region and has the advantage of good 
resistance to noise interference. 
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