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ABSTRACT 
This study aims to build a framework called Tucker Reasoning Learning Method to train the upper layer 
knowledge graph (KG) making explainable and reasonable decisions. The numerical experiments show 
that the accuracy is 84%. The contributions are as follows: (i) It overcomes in-explainable problems of 
using deep learning method; (ii) It has more feedback rings and reasonable paths than decision tree 
method; (iii) Compared with RESCAL’s application in reasoning domain, it enhances 22 percentage points. 
It is suitable for application scenarios like ϐinancial, justice, and medical decision-making, which require 
explainable and reasoning paths. This study builds a framework called Tucker Reasoning Learning 
Method to train the upper layer knowledge graph to make explainable and reasonable decisions. The 
method has the accuracy of 84%, which enhances 22 percentage points compared to the SOTA methods.  
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1. Introduction 

Knowledge graph is a popular research direction in the ϐield of artiϐicial intelligence in recent years, which 
is a method of representing and organizing knowledge in the form of graphs. By constructing a knowledge 
graph, information can be integrated from different data sources in multiple domains, and potential 
connections and laws can be discovered through knowledge reasoning methods [1]. Knowledge reasoning 
is an important part of knowledge mapping, which refers to the use of knowledge in the knowledge map 
to generate new knowledge or evaluate existing knowledge. It utilizes the extracted and represented 
knowledge for logical reasoning and data analysis to discover associations and patterns among the 
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knowledge [2]. A typical reasoning task is to uncover and infer additional information in the graph based 
on the conditions in the query [3]. Relational reasoning based on knowledge graph can utilize information 
such as contextual relationships and entity attributes in the knowledge graph to obtain new relationships 
through transfer and inference between relationships. In knowledge graph, reasoning techniques are 
usually categorized into logic-based reasoning and statistical reasoning [4]. Knowledge graph technology 
is widely used in various ϐields. For example, in the medical ϐield, knowledge graphs are used to store 
medical knowledge and can be used to communicate with medical research and practice [5]. In ϐinance, 
knowledge graphs are used to represent assets and risks to help organizations make better ϐinancial 
decisions [6]. In the ϐield of education, knowledge graphs are used to store and analyze learners' learning 
data in order to provide learners with customized educational programs [7]. With the rise of big data and 
artiϐicial intelligence, tensor decomposition, as an important data analysis method, has more and more 
extensive applications[8].Tucker decomposition is one of the classical tensor generalized decomposition 
methods, which can represent high-dimensional tensor with low-dimensional approximation, thus 
helping us to better understand and process the data[9], and has been widely used in data dimensionality 
reduction, pattern recognition, image processing, machine learning, computer vision, data mining and 
other ϐields [10-13]. 

This study aims to build a framework called Tucker Reasoning Learning Method to train the upper layer 
knowledge graph making explainable and reasonable decisions. Instead of using a KG as feature matrix 
inputs of machine learning and deep learning to support decision-making, the proposed method 
conserves the explainability of reasoning paths. 

2. Research thought 

To explain the application expectations of this method, we propose two possible application scenarios. 
The ϐirst example is related to a behaviour ϐinance situation where gossip about a listed company director 
is broadcast. As visualized in Figure 1(a), it is possible to happen following things in the company 
simultaneously that: 
1) The director resigns; 
2) The board of directors reorganizes; 
3) To control the company, the new directors make block trade; 
4) The stock price goes up. 

For the folks: 
1) Gossip brings about emotional risks among investors with negative sentiments; 
2) the stock price slumps. 

In this scenario, whether the stock price goes up or slumps is hard to predict. 
Another example relates to a pandemic. The COVID-19 epidemic used to be rampant in the world. With 

good immune escape and infection ability, COVID-19 infected patients were hard to be judged whether 
they were cured. In Figure 1(b), it is possible to happen on patients simultaneously that they were: 
1) Asymptomatic; 
2) Passing the IgM and IgG antibody test; 
3) Passing the nucleic acid test. Still, their medical records were under seven days, and the C-reactive 
protein was high, showing inϐlammation in the body. 
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(a) Scenario of public health 

 

(b) Scenario of behavior ϐinance 

Fig. 1. (a) Depicts the decision network for stock price change in behavior ϐinance scenario; (b) Depicts the decision 
network for quarantine release in public health scenario 

Note: The two highlighted nodes on the top of each ϐigure are decision nodes. The dash nodes mean the 
impact is uncertain and the relationship is not clear; the black line denotes weak connection; the yellow 
line denotes mid connection; the red line denotes strong connection. 

In scenario 2, it is also hard to say whether the patient is cured or not. The proposed model can train 
related cases accumulated in clinical records and help to make a judgement. The two examples show the 
necessity of a multiple-step reasoning method of knowledge graph that conserves the explainability of 
reasoning paths. 

Compared to Link Prediction and Subgraph Matching, the proposed Tucker Reasoning Learning Method 
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has two advantages on making decisions: (1) It is based on human constructed upper layer KG, which is 
more reliable; (2) The KG’s scale and variable scale is small and ϐixed while making decisions. 

The rest of the study is organized as follows. Section 2 introduces related works of other reasoning 
methods in the KG domain. Section 3 polishes the research objectives in one more step. In Section 4, we 
propose our method and study it mathematically. The object function and learning algorithms are deϐined. 
Section 5 summarizes the comprehensive experiments. In Section 6, based on the ϐindings, the 
conclusions are drawn, including the research contributions, limitations, and subsequent research 
directions. The notations in following sections are deϐined in Table 1. 

Table 1. Notations 

, ,h p t  head node, path, tail node 

C core tensor in Tucker Decomposition belong to 
l m n   

Ĉ unique best approximation solution on parameter 
p pS  set of all symmetric matrices of size p p  

K  column-wise orthogonal matrices 

Z  knowledge graph embedding tensor 

  kronecker product 

 ò
 edge set function 

 Tr 
 matrix trace 

3. Related work 

Before moving to next section, we give a short introduction about the KG notations of head, tail, and 

relation type. A knowledge graph is composed of three components: the head node-set  h , the tail node-

set  t , and the relation type-set ( )r . Generally, the head node-set is the reason set, and the tail node-set 
is the result set. Consider the knowledge graph in Figure 1(b) as an example. Since there is an arrow 
pointing from the node “asymptomatic” to the node “> 7 day check”, the node “asymptomatic” lies in the 
head node-set, the node “> 7 day check” lies in the tail node-set, and the yellow arrow representing mid 
connection lies the relation type-set. Traditionally, two types of reasoning relationships (either exist or 
not) are considered. However, traditional approach cannot reϐlect various types of relationships in KG. For 
instance, the node “Gossip” in Figure 1(a) deϐinitely causes “Emotional risk state” and only possibly causes 
“Resign”. On the other hand, knowledge graphs are not restricted to certain types of relationships. But this 
ϐlex feature can lead to a sparsity problem in tensor representation. In face of this dilemma, we refer to 
the earlier version of knowledge graph technology called semantic web, which has limited relationships 
to cluster various types of relationships. And semantic web relationships can cover all the relationships 
in knowledge graph technology. Based on literature reviews on semantic web, the knowledge graph (KG) 
relationship classiϐication map is listed in Table 2. Thus, we only consider three types of reasoning 

relationships: strong reasoning relationship  S , mid reasoning relationship  M , and weak reasoning 

relationship  W . This literature review result is applied in the embedding process of KG to a three frontal 
slice tensor. 

Table 2. The relationship types in knowledge graph 
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Connection types 
Beynon-Davies 

classification 
Gao et al. classification Chowdhary classification 

Strong 

connection 
“ISA”, “AKO” “ISA”, “AKO” “ISA”, “AKO” 

Mid connection 

- “a-member of” “a-member of” 

- “subset-of” “subset-of” 

“association” - - 

“part-of” “a-part-of” “similar-to” 
“attributes” “has-parts” “shaped-

like” 

- “composed of” - 

- - “instance-of” 

“has-a” “have” - 

- “possible reason” - 

Weak connection 

- “before-after” - 

- “located-at” - 

- - “agent” 

4. Objectives 

Following the motivations in Section 1, our objectives are as follows: 
1) We train the model to predict the decision based on upper layer KG and give the most reliable paths 
that support the decision. Thus, the inputs are numerous tagged samples of sub-graphs in the upper layer 
KG and the outputs are decision results, likelihood value, and most reliable reasoning paths. The tagged 
samples can be easy extracted from unstructured clinical records with KG techniques. 
2) When we train the model, we try to improve the accuracy on condition of conserving explain-ability, 
since many scenarios like ϐinance, justice, and medical treatment have this kind preference. Even if some 
alternatives provided by machine may be more accurate, the in-evident decisions will not be adopted. 
Thus, in this research, we only use tensor-based score function and MLE method instead of neural 
networks. 
3) We want to enhance the baseline of famous RESCAL model in the domain of KG reasoning and decision-
making. Traditional RESCAL model and its score function is used in KG completion task and link prediction 
task, which lacks a baseline in KG reasoning and decision-making. Compared to RESCAL, Tucker 
Reasoning model possesses one more information channel, the edge feature matrices. We want to check 
whether the model can perform better after adding this feature. 

The holistic framework is depicted in Figure 2. We propose representing binary decision choices as two 
decision nodes in a KG. All the decision-related features are regarded as nodes in KG. They can contain the 
feedback structure in the KG. We consider three type of relations: strong connection, mid connection and 
weak connection. Then, we apply the Tucker Decomposition to obtain three feature embedding matrices 
and a core tensor. The three feature matrices store the cause, the effect, and the strength of causality 
separately. The core tensor store their tacit relationships. Combined with their reliability parameters 
generated by random walk, we compute the likelihood function L  based on the weighted paths to the 
decision nodes (“Yes” node and “No” node) by maximizing or minimizing the weighted scores according 
to the sample tags. We then update the parameters in the feature matrices and the core tensor during 
training. After training, we can predict the binary decisions when there is a new input. 
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Fig. 2. Tucker-Reasoning learning framework 

5. Method 

Now we discuss how to learn a model from the observed data, which can help us predict the binary 
outcomes based on our framework. We term the method as the Tucker Reasoning method. Tucker-
Reasoning method aims to establish the score function relying on each edge to ensure the projection is 
explainable. The likelihood function is generated by composing the score function of each edge on sample 
paths. In the likelihood function, the decision-targeted correction coefϐicients are embedded, working as 
learning parameters. To summarize, the proposed method includes ϐive steps. 
1) Decomposing the samples into three features matrices and one core tensor H , E , G , and C. 
2) Searching the paths. 
3) Calculating the reliability of each path triple. 
4) Training the Tucker-Reasoning model. 
5) Predicting the binary outcomes according to the trained Tucker-Reasoning model. 

We explain each step in details. 
1) Sample and decompose the KG:This step aims to obtain initial demonised features, e.g., head node 
matrix H , tail node matrix E , relation matrix G  and core tensor C. In the Tucker-Reasoning method, we 
use Tucker Decomposition to obtain the feature matrices and a core tensor, which can avoid the pattern 
noises in learning. In details, we sample batches of tagged samples, some of which support node “Go up” 
(A) and the others support node “Slump” (B) respectively. Then, we embed all the generated knowledge 
graphs into tensor form, with three frontal slices representing three types of relationships and each slice 
encoded as an adjacent matrix. Finally, we calculate the Tucker Decomposition of each sample tensor Z  
in a batch, obtaining feature matrices H  , E  , G   and core tensor C . We make modiϐications on 
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initialization method and core tensor estimation method to obtain better performances (See Algorithm 
1). 
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Algorithm 1 M-TUCKALS3 
Input: The tensor data Z  

1: function FEATUREMATRIX  Z  

2: 0H , 0E , 0G ←INITIALIZE( )⊳uniform initialization. 

3: While U(H,E,G) increase do 

4:  T T T
i i i i iP H H EE Z Z  

5:  
1

2 2
1

T
i i i i i iG PG G P G



   

6:  1 1
T T T

i i i i iQ EE G G  Z Z  

7:  
1

2 2
1

T
i i i i i iH QH H Q H



   

8:  1 1 1 1
T T T

i i i i iR G G H H    Z Z  

9:  
1

2 2
1

T
i i i i i iE R E E R E



   

10:  T T TG H E C Z  

11: return H , E ,G ,C  

Since most readers are not familiar with tensor. We provide following introduction to Tucker 
Decomposition (see Figure 3) and TUCKALS3 algorithm. 

 

Fig. 3. Tucker Decomposition and its variable notations 

In Tucker Decomposition, the whole tensor Z  can be decomposed into three feature matrices H , E ,
G  and one core tensor C. Mathematically, the Tucker Decomposition states 

  Z GC H E   (1) 

for some H , E ,G , and C. Usually, the Tucker Decomposition is not unique. However, under the setting 

of H , E ,G  are orthogonal matrices, and the decomposition result is unique. 
We have stated that Tucker Decomposition may not be uniquely determined. We, therefore ϐirst study 

the conditions such that the Tucker Decomposition is unique. Let 
m pH K ,

n qE K ,
l oG K ,

 l m n C , 

where C is a tensor expanded in matrix form. 
To start with, we introduce Lemma 1, which helps study the uniqueness and the best approximation of 

the Tucker Decomposition. 
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Lemma 1. 
 l m n  RP , we have 

 
   
   

2

22

T T T

T T T

G H E GG H H E E

G H E GG H H E E

   

    

P Z Z

P Z Z
 (2) 

We now move to study the uniqueness and the best approximation of the Tucker Decomposition. Indeed, 

we have to ϐind H , G , E , and C such that 
  2

G H E C Z
 is minimized. Under the assumptions that 

TH H I  , 
TE E I  , and 

TG G I  , we can show that the best approximation is uniquely given as 

 ˆ T T TG H E C Z
. Lemma 2 summarizes the results. 

Lemma 2. Given H , E , and G ,  ˆ T T TG H E C Z
 is the best approximation solution on parameter 

C. Besides, it is uniquely determined. 

Let      ˆ ˆ, ˆ T

f Tr      
Z Z Z Z Z Z  . Substituting  ˆ ˆG H E Z C   and  ˆ T T TG H E C Z   into 

 , ˆf Z Z , we can express  , ˆf Z Z  in terms of H , E ,G . The corresponding quantity is 

      , , T T T T Tg H E G Tr Z Tr G Z H H E E G    Z Z  (3) 

Next, we consider what H  , E  ,G   should be such that  , ,g H E G   is minimized. In fact, we have to 
consider the following optimization problem: 

 
 

, ,
min , ,

. . , ,
H E G

T T T

g H E G

s t H H I E E I G G I  
 (4) 

Our objective is ϐinding optimal G  , H  , and E   such that  , ,g H E G   in Eqn. (3) is minimized. Let 

   , , T T T TU H E G Tr G H H E E G   Z Z
. The optimal solution of Eqn. (3) is the same optimal solution 

for the following optimization problem: 

 
 

, ,
max             , ,

. . , ,

H E G

T T T

U H E G

s t H H I E E I G G I  
 (4*) 

The Lagrangian function  , , ; , ,H E G N M LV  corresponding to Eqn. (4*) is 

 
   
   

, , T

T T

U H E G Tr L G G I

Tr M H H I Tr N E E I

   
         

 (5) 

where 
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 
   
   
   

, ,

,

,

,

T T T

T T T

T T T

T T T

U H E G Tr G PG Tr H QH Tr E RE

P P H E H H E E Z

Q Q E G E E G G Z

R R H G G G H H Z

            

  

  

  

Z

Z

Z

 (6) 

and 
p pL S , 

o oM S , and 
q qN  S . According to the Lagrangian function in Eqn.(5), we can obtain 

the ϐirst order conditions of (4*) which are stated as follows: 

 

 
 
 

,

,

,

, ,

, , , , ,

T T T

T p p o o q q

Q E G H HM

R G H E EN

P H E G GL

H H I E E I G G I

U Tr M L N   







  

    S S SZ Z

 (7) 

Our objective is to ϐind  ,ˆˆ ,ˆ ˆ, , , ˆ ˆH E G L M N  which satisϐies Eqn. (7). We are going to use the proposed 

method to obtain the feature tensors. With little modiϐications, the generated features tensors satisfy Eqn. 
(7). We summarize the corresponding algorithm in Algorithm 1. In addition, we prove that the modiϐied 
algorithm can generate feature tensors that satisfy Eqn. (7) in Theorem 1. 

Theorem 1.  Let  l m n  Z , m pH K , n qE K , l oG K , and R , Q , P  be deϐined as in Eqn. (6). Let 
 , ,n n nH E G  be a sequence generated using Algorithm 1. We have: 

(1) the generated sequence satisϐies Eqn. (7). 
(2) the sequence converges to a tuple of limit matrices  , ,S H E G  such that S  is a stationary set of 
 , ,U H E G . 

2) Search the paths:Generally, we search all the paths of samples and store them (path: one start node and 
one end node without an extra divergent path), in which each path can support one possible reasoning 
process. These paths are searched and stored in preparation for reliability calculation, which can ϐinally 
be accumulated to support decision nodes. In detail, we apply Deep First Search (DFS), a well-deϐined 
algorithm, to search paths in samples. This algorithm can search all the paths between arbitrary two 
nodes. Refer to Richard (1985), we make the traditional DFS be capable of dealing with cyclic graphs by 
adding line 4 and line 9 (See Algorithm 2). 
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Algorithm 2 M-DFS 
Input: Start node u , end node v , and graph G  

1: function M-DFS(𝑢,𝑣,𝐺) 
2:  if visited[𝑢] == 1 then                                                    ⊳visited is label vector 
3:   return 

4:  Visited   1u    

5: 
 currentpath.append  u   ⊳current path is being searching      

  path, append is function add        element to 
the end of vector 

6:  if u == v then       
7:   currentpath1 ← currentpath 
8:   simplepath.append(currentpath1)   ⊳output paths 

9:   visited   0u   

10: 
 currentpath.pop()   ⊳pop is function delete and return    

    the last element of vector 
11:   return 
12:  for next = 0 to range(len(G[u])) do 
13:   if G[u,next] == 1 then  

14:   DFS  , ,next v G  

15:  currentpath.pop() 

16:  visited   0u   

17:  return simplepath 

3) Calculate the reliability:Next, we calculate the stable reliability of each reasoning path in samples which 
requires the reliability of nodes of the graph. If a node is assigned with more in-degrees (i.e., arrows 
pointing towards the node) and fewer out-degrees (i.e., arrows pointing out to other nodes), then the node 
is a conclusive node and it should have high reliability. Reasoning paths passing through the conclusive 
nodes should therefore have higher reliability. 

To ϐind the stable reliability of the reasoning paths, we ϐind the stable reliability of the nodes ϐirst. 
Traditional methods require that the graph is irreducible. However, graphs can be reducible in general. 

The proposed approach requires the adjacent matrix A   of a given graph as an input. The adjacent 

matrix A  in the proposed approach can be obtained as follows. The  ,
th

j i
 entry of A  is 1 if there is a 

directed edge pointing from node i  to node j , or 0  if no such edges occur. If the node i  does not have 

any out-degrees (i.e., arrows pointing out to other nodes), then the  ,
th

j i
 entries for any j  are 1. As an 

illustration, we demonstrate how to obtain A  in Example 1. 
Example 1. Consider the graph given in Figure 4. Since there are directed edges from node 1  to nodes 

2  and 3 , and from node 2  to nodes 1  and 3 , the entries        2,1 , 3,1 , 1, 2 , 3, 2  equal 1  and all the other 

entries are 0 . Consequently, the adjacent matrix 
TA  is 

0 1 1

1 0 1

0 0 0

 
 
 
 
  . 
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1 2

3
 

Fig. 4. Calculation of node reliability 

After obtaining the adjacent matrix A  , we can substitute it into Algorithm 3 to obtain the stable 
reliability of the nodes. 
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Algorithm 3 Reliability 
Input: A  is the adjacent matrix of graph G  

Output: The reliability  R k  for each node k  in graph G  

1: function RELIABILITY(𝐴) 
2: DCOLUMNNORMALIZEMATRIX(𝐴) 

3: 
1

v e
n

  ⊳𝑛 is length of column of matrix D  

4: 
 1T TS D ve     ⊳𝛼 is damping coefficient that usually is 0.85, 𝑒 is unit column vector 

5: 0k   ⊳times of iteration 

6: 
100,000e   ⊳Initialize a large e 

7: 1S S    

8: while e < 10e-6 and k < 1000 do 

9: 2 1S S S   

10:    2 1e Averg S Averg S


   

11: 1 2S S  

12: 1k k   

13: return S1,k,e ⊳entry in the 𝑘th-row of 𝑆1 is 𝑅(𝑘) (The entries are same in same row) 

Moreover,  0 1R k  . Finally, we can obtain the reliability  pR I  for each path p  whose ϐinal node is 
I  which is deϐined as follows: 

    p
k p

R I R k


  (8) 

As an illustration, we demonstrate how to obtain the reliability  pR I  in Example 2. 
Example 2.  Consider the graph given in Figure 4 again. Suppose the path p   is the path such that 

2 1 3node node node   . Then I   is 3node   and      2 1pR I R R  , where  1R   and  2R   are obtained 
after substituting A  in Example 1 into Algorithm 3 

The reliability deϐinition of paths satisϐies the property that the longer the reasoning path is, the less 
reliability of the path is. 

Corollary 1.  For a directed graph G, if weights of all the vertices  v  is summed up to 1, and weights of 

all the paths  p  is deϐined as product of weights of the v  on the p , then the sum weights of all the path 
is no more than 1. 

It is easy to check that the reliability deϐinition of paths (step2-step3) also satisϐies Corollary 1. 
4) Train the Tucker-Reasoning model:To train the Tucker-Reasoning model, we need to construct the 
path-based likelihood function. The likelihood function consists of two essential components. The ϐirst 
component is the reliability of paths which has been introduced before. The second component is the 
edge-based score function. 

The score function is used to evaluate the strength of a certain connection. It is deϐined as 

    , , ,i j k i j kS G H E G H E C C  (9) 

Here, iG   is the thi  -row of G  , jH   is the thj  -row of H  , and kE   is the thk  -row of E  . We believe the 
reason node feature matrix should not share the same space with the result node feature matrix, though 
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they are the same entity. Since certain node is only reason faced with certain node, the compressed storage 
alternatives is not good in multiple step reasoning tasks. 

After deϐining the score function, we can deϐine the path-based likelihood function. Let   1

1 x
x

e
 


 

be the sigmoid function. Moreover, let 
1
, ,

l

TT T
G G G       , 

1
, ,

m

TT T
H H H       , and 

1
, ,

n

TT T
E E E       

which are the hyper-parameters. The likelihood function L  (which depends on  , , ,H E G core    ) is given 
as follows: 

 
   

   
   

 
, , , , {( ,

, )| }

1 log
I i j k

p
I A B p G H E X w

Y w T w w p

I R I 
  



  L B
 (10a) 

where 

 

 
 

, , ,

1
1

1

i j ki G core j H k ES G H E

I A
I

I B

       


  

B C

 (10b) 

Here, I   is the path set supporting the decision node I  . A   and B   are two decision nodes. w   is a 

certain edge on path p .  wX ,  wY  and  wT  are extraction functions for matrices G , H  and E . For 

example, for a certain edge w  , if its position in Z   is  2, 4, 5  ,  wX   obtains 2G  ,  wY   obtains 4H   and 
 wT  obtains 5E . The parameters are correction coefϐicients that diminish unrelated patterns in random 

samples, e.g., G  is in the same size as G , and core  is in the same size as C. 
Our objective is to ϐind the optimal hyper-parameters which can distinguish the decisions. To update 

the parameters, we need to derive the gradients. For tagged A samples,  , , ,H E G core   L  is maximized 

over , , ,H E G core    . For tagged B samples,  , , ,H E G core   L  is minimized over , , ,H E G core    . 

Let lmn  represent the  , ,
th

l m n  element in core .   

      
, , , ,

1
1
I

ijk ijk ijk
p

I A B p i j klmn ijk lmn

S
I R I

 

   

 


  L
 (11) 

    ijk i core j kG H E    C  (12) 

 , , ,
, ,

ijk
i l j m k n

i j klmn

S
G H E





   (13) 

The update method is as follows: 

 
 , , ,H E G core

lmn lmn
lmn

   
  




 


L
 (14) 

where   is the step size. Tagged A sample training uses ‘  ,’ and tagged B sample training uses ‘  ’. 
Obtaining optimal *

core   in one batch learning, we use *C   to represent *
coreC   and derive 

     *

i j kijk i G j H k ES G H E        C , 
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     *

G j ki

T
T

ijk j H k ES H E C          (15) 
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      
, , ,

1 1
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p ijk ijk
I A B i j kG

I R I S
 


  

  L
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      
, , ,

1 1
Ek

j

p ijk ijk
I A B i j kH

I R I S
 
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      
, , ,

1 1
Ek

j

p ijk ijk
I A B i j kH

I R I S
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Then, we use 

 i i

i

G G
G

  



 


L
 (21) 

 j j

j

H H
H

  
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
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

L
 (22) 

 k k

j

E E
H

  



 


L
 (23) 

to update 
iG

 , jH , and 
kE

 . Again, Tagged A sample training uses ‘  ,’ and tagged B sample training uses 
‘ ’. 

In addition, if RESCAL is applied the gradient is as follows: 
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Therefore, we maximize or minimize the function L  according to whether it is sample batch tagged 
node A or B. we update the parameters with Algorithm 4. 

Algorithm 4 Train 

Input: , , , , ,G H E core    Z  ⊳The parameters scale can be chosen according to demands with restricted to not 

surpassing the original dimensions in Z  
1: function TRAIN() 

2: M-TUCKALS3  Z  

3: M-DFS() 
4: RELIABILITY() 

5: if Tagged A sample then 

6: 
 , , ,H E G core

lmn lmn
lmn

   
  




 


L
 

7: j j

j

H H
H

  



 


L
 

8: k k

k

E E
E

  



 


L
 

9: i i

i

G G
G

  



 


L
 

10: if Tagged B sample then 

11: 
 , , ,H E G core

lmn lmn
lmn

   
  




 


L
 

12: j j

j

H H
H

  



 


L
 

13: k k

k

E E
E

  



 


L
 

14: i i

i

G G
G

  



 


L
 

15: return , , ,G H E core     

5) Predict with the Tucker-Reasoning model:This step aims to give predictions based on comparing the 
number of weighted scores supporting two decision nodes. In detail, we derive the parameters into 
function L   of the prediction tensor. If the function value exceeds the threshold   , make a speciϐic 
decision, and vice versa (Algorithm 5). 

Algorithm 5 Predict 

Input: , , , , ,core    G H EZ   

1: function PREDICT() 

2: M-TUCKALS3  Z  

3: M-DFS() 
4: RELIABILITY() 

5: if ( , , ,G H E coreG H E C        L  then 

6: Predict decision A  

7: if ( , , ,   coreG H E C        G H EL  then 

8: Predict decision B  
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9: return Decision 

6. Numerical experiments and findings 

In this section, we will undergo two experiments: Experiment 1 is under no-conϐlict settings, and 
Experiment 2 is under conϐlict settings. The conϐlict is assumed as the main variety in the two experiments, 
and the prediction noise is assumed as the secondary variety. Before describing the numerical 
experiments, Deϐinition 1 is introduced. 

Deϐinition 1.  If    1 2e    G G  , then 1 2,G G   are conϐlict, where    is edge set function and G  is 
knowledge graph, e  is certain edge. 

In general, if 1 2,G G  are in conϐlict, they must share a certain same directed edge. 
Example 3.  The edge from node 8 to conclusive node B exists in both sub-ϐigures. Thus, the two sub-

ϐigures are in conϐlict. 

6.1. Data preparation 

This study uses simulation-generated data to take the place of real datasets. The holistic idea is to add 
noise connection between nodes on the upper layer KG. For the high noise case, the connection probability 
is 0.3. For the low noise case, the connection probability is 0.2. We use these data to train the Tucker 
Reasoning model and to recognize the real upper layer KG pattern that is without noise. In the following 
experiments, the upper layer KG embedded tensors are in size of 3 10 10   . Each epoch contains 100 
noise-added samples as the training set. Simultaneously, the prediction sets are generated in the same 
way. We choose the best performance epoch of each model as the ϐinal results. The upper layer KG is 
named as the simulation generation base in the following subsection. 

6.2. Experiment 1 settings 

In Experiment 1, the simulation uses no-conϐlict graphs in Figure 5. The left one is a simulation generation 
base tagged supporting node A. The right one is a simulation generation base tagged supporting node B. 
The training noise is from node 4 and node 5. The other nodes are randomly connected to nodes 4 and 5 
on a certain probability to generate different training samples. 

The aim of Experiment 1 is to check the prediction effects of the proposed method on the condition of 
no-conϐlict. With each batch containing 5 example tensors, Experiment 1 trains 40 batches of samples, 20 
tagged supporting node A and 20 tagged supporting node B. The tagged A batch and tagged B batch are 
trained A-B-A-B alternately. The optimization objective function is the total weighted scores in each batch. 
Moreover, the gradient is the average of gradients in a batch. 

High and low noise are added by using large or small probability to connect arbitrary two nodes while 
predicting. 

   



7708 XU ET AL. 

 

(a) Tagged A sample base    (b) Tagged B sample base 

Fig. 5. Simulation generation base on no-conϐlict condition 

6.3. Experiment 2 settings 

In Experiment 2, the simulation uses conϐlict graphs in Figure 6. The left one is used as a simulation 
generation base tagged supporting node A. The right one is a simulation generation base tagged 
supporting node B. 

   

(a) Tagged A sample base    (b) Tagged B sample base 

Fig. 6. Simulation generation base on conϐlict condition, tagged A on the left and B on the right 

With all the settings are similar to Experiment 1, the aim of Experiment 2 is to check the prediction 
effects of the proposed method on the condition of conϐlict. It is found that the prediction performances 
under low or high noise are worse than those in Experiment 1. This is because, on the condition of conϐlict 
graph learning, the tagged A sample shares the same parameters with the tagged B sample, while the 
former is maximizing the objective function and the latter is minimizing the objective function. The 
classiϐier effects can be reduced under this condition. 

6.4. Parameter Settings 

During conducting the above experiments, the RESCAL model is also applied to be compared with. The 
parameter scale of   and step size   are two hyper-parameters in both RESCAL model and our model. In 
the decomposition step, Tucker Reasoning’s core tensor size is tuned as 3 6 6  , thus its parameters core , 

G  , H  , E   have scale of 237. For the RESCAL model, the tuned  R k   is in size of 8 8  , thus its 

parameters R , A  have scale of 272. They are almost in the same scale, with RESCAL having a little bit 
more parameters. 

6.5. Discussions 

The discussions cover the following contents: the convergence of Tucker-Reasoning method, the ROC 
curve analysis of Tucker-Reasoning method, the P-R curve analysis of Tucker-Reasoning method, 
Precision & Recall & F1 analysis of Tucker-Reasoning method, and reasoning path score analysis of 
Tucker-Reasoning method. The last 3 analysis is compared with the baseline of RESCAL model. 

First, our algorithm can converge (See Figure 7). In the subϐigure (a), the likelihood value of tagged A 
samples attain certain upper bound after 12 steps. In the subϐigure (b), the likelihood value of tagged B 
samples become stable after 20 steps. From subϐigure (c),   weighted scores become 0 in the end. Thus, 
the proposed method is convergent and stable. 
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(a) A-sample learning in one batch 

 

(b) B-sample learning in one batch 



7710 XU ET AL. 

 

 

(c) Δ weighted scores in learning 

Fig. 7. Learning process 

Second, the ROC curve analysis is applied for comparisons, in which a more covered area indicates a 
higher AUC value and better model performance. In Figure 8, it is evident that the proposed method 
obtains acceptable results under no-conϐlict and low-noise conditions. However, when the settings change 
into conϐlict, all the experiment sets obtain bad results, which indicates that the conϐlict setting is the main 
experiment variety. The red line coverage area representing RESCAL performance under no-conϐlict and 
low-noise condition is 0.12 lower than our proposed model. It is proved that our model is better under 
same conditions and the objective 3 is achieved. 
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Fig. 8. ROC curve in Experiment 1 and 2 

The PR curve analysis is also applied in comparisons, in which the bigger Break-Event Point indicates 
the higher model performance. In Figure 9, the orange P-R curve possesses the biggest cross point with 
𝑦 = 𝑥. From the ϐigure, we can see that the precision results of Experiment 1 are better than Experiment 
2. Moreover, the results of low prediction noise settings perform better than those of high prediction noise 
settings. Also, the proposed model outperform 0.07 than the baseline model of RESCAL. 

In Table 3, the F1 index attains 0.84 on the condition of no-conϐlict and low prediction noise, indicating 
that the Tucker-Reasoning method is generally acceptable. However, in Experiment 2, the F1 index is 0.08 
and 0.23, respectively, which indicates that in the condition of conϐlict, no matter how high the noise is, 
the ϐinal results are usually not acceptable. Otherwise, under same conditions, the F1 index of RESCAL 
attains 0.58, which highlights our contributions to this area. 

 

Fig. 9. PR Curve in Experiment 1 and 2 

Table 3. Experiments results 

Experiment 1 
T-R no-conflict 

P(Macro) R(Macro) F1(Macro) 

low-noise 0.84 0.84 0.84 

high-noise 0.61 0.65 0.58 

Experiment 2 
T-R conflict 

P(Macro) R(Macro) F1(Macro) 

low-noise 0.08 0.08 0.08 

high-noise 0.24 0.23 0.23 

Baseline 

RESCAL no-conflict and low-noise 

P(Macro) R(Macro) F1(Macro) 

0.58 0.58 0.58 
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Finally, it is easy to see the score of each path in prediction, which can help point out which path is the 
main reason (See Table 4). Thus, the objective 1 is achieved. Simultaneously, the proposed model avoids 
to use neural networks in the whole process. Thus, it indicates that our objective 2 is achieved. Tucker 
reasoning is explainable and reasonable. 
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Table 4. Example of reasoning paths and related score 

Path Score 

2→A 
82.68 10  

3→A 0.0570  

3→2→A 
97.10 10  

9→3→A 0.0086  

9→3→2→A 
91.60 10  

10→9→3→A 0.0047  

10→9→3→2→A 0.0002  

7→B 
82.04 10  

8→B 
84.95 10  

8→7→B 
95.40 10  

10→8→B 
82.75 10   

10→8→7→B 
92.25 10  

To summarize, the proposed Tucker-Reasoning method is more sensitive to the conϐlict setting than 
high noise setting. Compared to RESCAL model, the proposed method can make good predictions and 
obtain excellent AUC results. 

7. Conclusions 

To make explainable and reasonable decisions based on upper layer KG, we build a framework called 
Tucker Reasoning Learning Method. In comparison to traditional decision-making methods in the 
knowledge graph domain, our method has advantages on accuracy, ϐixed scale, explainability, and 
providing reasoning paths. 

Our theoretical contribution lies in inventing a new embedding score function of KG edge that is pair-
wisely mapped with existence of each edge and used to form decision making objective function. This 
edge score function contain edge feature matrices information and this information make sense in 
measuring edge reasoning strength, which affects decision-makings. 

In practical applications, our proposed method has the potential to solve real-life decision-making 
problem in automatic justice based on articles of laws, deal decision based on ϐinancial blog texts, and 
smart diagnosis based on clinical records. 

The proposed method shows promising results but can only address decision-making problems under 
the assumption of no-conϐlict KGs. As a limitation of this research, we intend to further study conϐlict 
conditions and develop approximation methods to address them in future work. 
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