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ABSTRACT

Let G be a graph of order n and let A be an additive Abelian group with identity 0. A
mapping [ : V(G) — A\ {0} is said to be a A-vertex magic labeling of G if there exists
a € Asuch that w(v) = > [l(u) =pforall v € V and p is called a magic constant

u€Ng(v)
of . The group distance magic set of an A-vertex magic graph gdms(G, A) is defined
as gdms(G,A) := {\ : X is a magic constant of some A-vertex magic labeling}. In this

paper, we investigate under what conditions gdms(G, A) is a subgroup of A. We also
introduce the concept of the reduced group distance magic set, rgdms(G, A), which can
be used as a tool to determine gdms(G, A).
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1. Introduction

Throughout this paper, we consider finite, simple and connected graphs with vertex set
V(G) and edge set E(G). For a vertex v € V(G), let Ng(v) be the set of all vertices
adjacent to v in G and |Ng(v)|= dege(v). Let A be an additive Abelian group with
identity 0. A mapping [ : V(G) — A\ {0} is said to be a A-vertex magic labeling of G if

there exists a p in A such that w(v) = > [(u) = p for any vertex v of G. If G admits
u€ENG(v)
such a labeling, then it is called an A-vertex magic graph and p is called magic constant.

Several works have been done on A-vertex magic graphs in [1, 3, 2, 7].
For basic graph-theoretic notion, we refer to Bondy and Murty [5]. Let R be a commu-
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tative ring with unity, we denote the multiplicative group of all units in R by U(R). For
concepts in group theory, we refer to Herstein [6].

Definition 1.1. Let G be an A-vertex magic graph. Then gdms(G,A) ={A € A: Nisa
magic constant of some A-vertex magic labeling of G} is called the group distance magic
set of G with respect to the abelian group A.

Since gdms(G, A) C A, the following fundamental problem arises naturally, which is
the main focus of this paper.

Problem 1.2. For a given graph G and an Abelian group A, when gdms(G,A) is a
subgroup of A¥

We need the following definitions and results.

Definition 1.3. The tensor product G ® H of graphs G and H is a graph with vertex
set V(G) x V(H) and vertices (g, h) and (¢', h') are adjacent in G ® H if and only if ¢ is
adjacent to ¢’ in G and h is adjacent to A’ in H.

Observation 1.4. Let G and Go be two simple graphs. The graphs G, and Gy have odd
degree vertices if and only if G1 ® Gy has odd degree vertices.

Observation 1.5. Let G; (1 <i<k;k > 2) be simple graphs and G = ®@F_,G;. Then
G is Eulerian if and only if at least one of the G;'s is Eulerian.

Definition 1.6 (|1, 8|). Let H be a graph with V(H) = {vi,vq,...,0x}. Let F =
k

{G1,Gs,...,Gi} be a family of graphs. Then the graph G with V(G) = UV(GZ-)
i=1

k
and F(G) = (UE(GZ)) U{uv @ u € V(G;),v € V(G)) and vv; € E(H)} is called

i=1
the graph obtained by H-join operation of the graph G, G, ..., Gy is denoted as G =
H[Gy,Gy, ..., Gy). G = Gy, for 1 <i <k, then H[Gy, G, ...,Gy] is denoted by H[G'].
We observe that H|[G'], is the lexicographic product of H and G’.

Lemma 1.7. [2] Let A be an Abelian group with at least three elements. If n > 2 and
a € A, then there exists ay,as,...,a, in A\ {0} such that a = a;.
i=1

Observation 1.8. [3] A graph G is Zy magic if and only if degree of every verter in G
s of same parity.

The following Proposition is an interesting result in group theory whose proof is trivial.

Proposition 1.9. Let p;’s be distinct prime numbers and n = p{'ps*...p%m a; > 0 for



113

alli=1,2,...,m. The group A has an element a such that o(a)|n if and only if A has a
subgroup isomorphic to Z,, for some i =1,2,... ,m.

2. Basic results on gdms(G, A)

In this section, we present a few necessary conditions for gdms(G, A) to be a subgroup of
a given group A.

Lemma 2.1. Let G be an A-vertex magic graph with minimum degree 6 = 1. Then
gdms(G, A) is not a subgroup of A.

Proof. Let v be a pendent vertex of G and let Ng(v) = {u}. Let | be any A-vertex magic
labeling of G with magic constant p. Then p = w(v) = l(u) # 0. Thus 0 ¢ gdms(G, A)
and hence the result follows. ]

Lemma 2.2. Let G be an A-verter magic graph. If a € gdms(G,A), then —a €
gdms(G, A).

Proof. Let [ be an A-vertex magic labeling of G with magic constant a. It can be easily
verified that I’ : V(G) — A\ {0} defined by I'(v) = —I(v), is an A-vertex magic labeling
with magic constant —a. Hence —a € gdms(G, A). O

Corollary 2.3. gdms(G, A) is a subgroup of A if and only if 0 € gdms(G,A) and
gdms(G, A) is closed under addition.

Lemma 2.4. Let G be a Zsy-vertex magic graph. Then gdms(G,Zs) is a subgroup of Zs
if and only if G is Eulerian. In this case, gdms(G,Zs) = {0}.

Proof. Let [ be a Zs-vertex magic labeling of G. Clearly,

0 if deg(v) is even
w(v) =
1 if deg(v) is odd.

Hence
{0} if G is Eulerian

gdms(G,Zsy) =
{1} if deg(v) is odd for all v € V(G).

Since G is a Zg-vertex magic, by observation 1.8 it follows that the degree of all vertices
have same parity, gdms(G,Zy) = {0} if and only if G is Eulerian. O

Lemma 2.5. Let R be a commutative ring with identity and let a be a unit in R. Let A =
(R,+). Let G be an A-vertex magic graph. If u € gdms(G, A), then ap € gdms(G, A).
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Proof. Let [ be an A-vertex magic labeling of G with magic constant g. Then !’ : V(G) —
A\ {0} defined by I'(v) = al(v) is an A-vertex magic labeling of G with magic constant
ap. Hence ap € gdms(G, A). O

Corollary 2.6. Let A = (Z,,®), where p is a prime number. Let G be an A-vertex magic
graph. If a € gdms(G, A) and a # 0, then Z, \ {0} C gdms(G, A).

Proof. Since every non-zero element of Z, is a unit, the result follows. O

Corollary 2.7. Let G be an A-vertex magic graph where A = (Z,,®). Then gdms(G, A)
is a subgroup of G if and only if 0 € gdms(G, A).

We now proceed to prove that a similar result holds for the Klein 4-group V.

Lemma 2.8. Let G be a Vy-verter magic graph. Then gdms(G,Vy) is a subgroup of V,
if and only if 0 € gdms(G, Vj).

Proof. Let V, = {0,a,b,c}. If gdms(G,V,) = {0}, there is nothing to prove. Suppose
a € gdms(G,Vy) and let [ be a Vj-vertex magic labeling of G with magic constant a. Let
v € V(G). Since 2a = 2b = 2¢ = 0, it follow that a = w(v) = ria + rqb + rsc, where
ri € {0,1}. If rya # 0, then ria = a and 79b + r3¢ = @ = b+ ¢. Now, the labeling [y
obtained from [ by replacing the labels a, b, c by b, ¢, a respectively is a Vj-vertex magic
labeling of G and w(v) = ¢+ a = b. Hence b € gdms(G, V,). Similarly, ¢ € gdms(G, Vy)
and the result follows. O]

Corollary 2.9. If G is Vy-vertex magic and gdms(G,Vy) is a subgroup of Vi, then
gdms(G, V) =V, or {0}.

Theorem 2.10. Let p be a prime number and a € Z, \ {0}. If a € gdms(G,Z,), then
Zy \ {0} C gdms(G,Z,).

Proof. Let a € Z,\ {0}. Then there exists a labeling [ such that the label of every vertex
is a multiple of @ and w(v) = a, for all v € V(G). Let v € V(G). Since a generates Z,,
we have

wv) =ra+r2a+---+rga+---+r,_1(p—1)a, 0 <r; <dega(v),

forall j € {1,2,...,p—1}.
Hence,
wv)=(r1+2rg+---+ir;+---+ (p— Drp_1)a = a.
Therefore, (ry +2ry+---+ir;+---+ (p — 1)rp—1) = 1(mod p).
Hence (r; +2ro+ - +ir;+---+ (p — 1)rp_1)ka = ka, where 0 < k <p — 1.
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Now I' : V(G) — Z, \ {0} defined by I'(v;) = kl(v;) is a Z,-vertex magic labeling of G
with magic constant ka. Hence ka € gdms(G,Z,) and therefore Z, \ {0} C gdms(G,Z,).
[l

Corollary 2.11. Let G be a Z,-vertex magic graph. Then gdms(G,Z,) is a subgroup of
Zy if and only if 0 € gdms(G,Z,).

Since the existence of A-vertex magicness of any cycle C),, and any complete k-partite
graph are studied in [3], it is interesting to study their group distance magic set.

Theorem 2.12. gdms(C,, A) is a subgroup of A if and only if one of the following holds.
(i) n = 0(mod 4).
(ii) n 2 0(mod 4) and A has a subgroup isomorphic to Zs.

Proof. Let C,, = (v1,v9,...,v,,v1). Let [ be an A-vertex magic labeling of C,,. A simple
computation shows that,
I(vi) = l<v(i+4)(mod n))- (1)

Assume that gdms(C,,, A) is a subgroup of A. If n = 0(mod 4), then there is nothing
to prove. Let n # 0(mod 4). we consider two cases.

Case 1. n is odd.

It follows from Eq. (1) that i(v;) = l(v;) = a(say) for all 4,5 € {1,2,...,n}. Hence
w(v;) = 2a for all i. Therefore gdms(Cp, A) = {2a:a € A\ {0}}. Since gdms(C,, A) is
subgroup of A, it follows that 2a = 0 for some a € A\ {0}. Hence {0, a} is subgroup of
A which is isomorphic to Z,.

Case 2. n # 0(mod 4) and n is even.
It follows from Eq. (1) that I(vi) = l(vs) = l(vs5) = -+ = l(vn—-1)) and l(vs) = l(vy) =
[(vg) = -+ =I(v,). Assume that {(v;) = a and [(vy) = b. Then
{2@ if 7 is even,
w(v;) =
2b if 7 is odd.

Therefore, gdms(C,, A) = {2a : a € A\ {0}}. Since gdms(C,, A) is a subgroup of
A, it follows that 2a = 0 for some a € A\ {0}. Hence {0,a} is subgroup of A which is
isomorphic to Zs,.

Conversely, first let us assume that n # O(mod 4) and A has an element x of order
2. Then [, : V(C,) — A\ {0} defined by l;(v;) = =, for all i, 1 < i < nis an A-
vertex magic labeling of C,, with magic constant 0. Hence, 0 € gdms(C,, A). Also,
gdms(Cp, A) = {2a : a € A\ {0}}. Clearly gdms(C,,, A) is closed under addition and
0 € gdms(C,, A). Hence, by Corollary 2.3, gdms(C,, A) is a subgroup of A. Now, let
n = 0(mod 4). Let [ be any A-vertex magic labeling of ), with magic constant a. Then
a=1I(v1) + l(v3) = l(va) + l(vg). Thus gdms(C,, A) ={a+b:a,be A\ {0}}. Clearly
r —y € gdms(Cp, A) for all z,y € gdms(C,, A) and hence gdms(C,,, A) is a subgroup of
A. O
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We now proceed to study the group distance magic set of a complete k-partite graph.
Let G = Ky ny...myp- Let Vi, Vo, ..., Vi be the partite sets of G and let V; = {v;1, via, . . ., Vin, }

1 <i < k. For any function [ : V(G) — A\ {0}, let [(V;) = > l(v).
veV;

Proposition 2.13. A complete k-partite graph G is A-vertex magic if and only if there
exists a function 1 : V(G) — A\ {0} such that [(V;) = a, for all i, 1 <i <k.

Proof. Suppose G is A-vertex magic and let [ : V(G) — A\ {0} be an A-vertex magic
labeling of G. Then w(v;,) = (V1) +1(Va) + ... + 1(Vicq) + {(Vigr) + ... + 1(Vi), for all
v € Vi Since w(vi,) = w(v;s), it follows that [(V;) = {(V;). Thus, [(V;) = a for all
i, 1 < i < k. Conversely, if there exists a labeling ¢ with {(V;) = a, 1 < ¢ < k, then
w(v) = (k—1)a, for all v € V(G). Hence [ is an A-vertex magic labeling of G with magic
constant (k — 1)a. O

Theorem 2.14. Let G = K, ny,..n, Where 1 =nq <ng < ... <ny and k> 3. Let A be
an Abelian group with |A|> 3. Then gdms(G, A) is a subgroup of A if and only if there
exists an element x in A such that o(z)|(k — 1).

Proof. Let V; = {v1;}. It follows from Proposition 2.13 that for any A-vertex magic
labeling [ of G, the magic constant is (k — 1){(v11). Hence gdms(G,A) ={(k—1)a:a €
A\ {0}}. Clearly, gdms(G, A) is closed under addition. Hence gdms(G, A) is a subgroup
of A if and only if there exists z € A such that (k — 1)z = 0. Clearly, o(x)|(k —1). O

Corollary 2.15. Let G = K,,, where n > 3. Then gdms(G, A) is a subgroup of A if and
only if there exists an element x € A such that o(x)|n — 1.

Corollary 2.16. Let G = K, n,..n, where 2 <ny < ng... < ny. Let A be an Abelian
group with |A|> 3. Then gdms(G, A) is a subgroup of A. If G is complete bipartite, then
gdms(G, A) = A.

Proof. It follows from Proposition 2.13 and Theorem 2.14 that gdms(G, A) = {(k—1)a :
a € A}. Clearly, gdms(G, A) is a subgroup of A and gdms(G,A) = Aif k = 2. O

Thus, if A is an Abelian group with |A|> 3, then gdms(G,A) = A if G = Cy, or G is
complete bipartite. Hence the following problem arises.

Problem 2.17. Characterize A-vertex magic graphs G for which gdms(G, A) = A, where
|A|> 3.

3. The reduced graph : A tool for finding gdms(G, A)

In this section, we recall the concept of reduced graph H of a given graph G and prove that
gdms(H, A) = gdms(G, A), for any Abelian group A with |A|> 3. Since |V (H)|< |[V(G)|,
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this gives a nice tool for determining gdms(G, A).

Let G = (V(G), E(Q)) be a graph. The relation ~ defined on V(G) by u ~ v if and only
if Ng(u) = Ng(v) is an equivalence relation (see [1]). The equivalence class containing u
is denoted by [u]. Let S = {[ui], [ua],...,[ux]} be the set of all equivalence classes. The
reduced graph H of G is the graph with V(H) = S and two vertices [u;] and [u;] are
adjacent in H if and only if u; and u; are adjacent in G. Clearly, H is isomorphic to
the induced subgraph G[{uj,us,...,ux}] of G and each [u;] is an independent set in G.
Hence, the induced subgraph G; = G[[u;]] is K,,, where n; = |[u;]|. Also, G is isomorphic
to the H-join H[G1, G, ..., Gyl

Example 3.1. For the graph G given in Figure la, the reduced graph H and represen-
tation of G as H-join are given in Figure 1b.

[v1] [v2 (Vs [vs]

¥ . \\
(e Equivalence class of vy
>

Fig. 1.

Observation 3.2. Let A be an Abelian group with |A|> 3. If G is a graph and if |[u]|> 2
for every equivalence class [u] in G, then 0 € gdms(G, A).

Proof. Using Lemma 1.7, we can label the vertices of each equivalence class with elements
of A whose sum is zero. Hence 0 € gdms(G, A). O

Observation 3.3. Let A be an Abelian group with |A|> 2. Let G = H[K,,,, K,,, ..., Ky,]
where H be any graph of order k and |n;|> 2 for each i. Then 0 € gdms(G, A).

Proof. Since the reduced graph of G is H with V(K,,) as equivalence classes, the result
follows from the Observation 3.2. O]

Sabeel et al. [7] proved that any graph G is an induced subgraph of an A-vertex magic
graph, where A is a finite Abelian group. The following theorem is a generalization of the
above result.

Theorem 3.4. Any graph can be embedded as an induced subgraph of a group vertex
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magic graph.

Proof. Let G be any graph of order n and let A be an Abelian group. Let H be the
reduced graph of G. Let H' be the graph obtained from H by adding a new vertex x; to
each equivalence class [u;] where |[u;]| is odd and joining x; to all the vertices in Ng(u;).
Clearly, H' is an Eulerian graph. It follows from Lemma 2.4 and Observation 3.2 that H’
is A-vertex magic and G is an induced subgraph of H'. m

It has been proved in [2] that if the reduced graph H of G is A-vertex magic where
|A|> 3, then G is A-vertex magic.

Lemma 3.5. Let H be the reduced graph of G. Then gdms(H,A) C gdms(G, A).

Proof. Let b € gdms(H, A) and let V(H) = {[u1], [ua], ..., [ux]}. Let us assume that [ is
an A-vertex magic labeling of H with magic constant b and I([u;]) = a;, where a; € A\ {0},
fori=1,...,k Let u; € [u] for 1 < j <mn,;. Define I’ : V(G) — A\ {0} as follows, If
|[ui]| is odd, then

a; lfj = ]_,
U'(uij) =< a if j > 1 and j is odd,
—a if j is even,

for some a € A\ {0}. If |[w;]| is even, then define

a; +a if j =1,
U'(uij) =X a if 7 > 1 and j is odd,

—a if 7 is even,

where a; # —a. Let v € V(G). Then v € [u,], for some i. By our definition of I', we see
that w(v) = w([w]), corresponding to the labeling [ in H. Hence w(v) = b. Thus G is an
A-vertex magic graph with magic constant b and we have gdms(H, A) C gdms(G, A). O

We now introduce the reduced group distance magic set(rgdms) of a graph G and prove
that the gdms and rgdms of a graph G with respect to an abelian group A are the same
when |A[> 3.

Definition 3.6. Let GG be a graph and let A be an Abelian group. Let H be the reduced
graph of G. We say that H is A’-vertex magic if there exists a labeling [ : V(H) —
A such that 0 can also be used to label a vertex [u] € V(H) whenever |[u]|> 2 and

Z [([u]) = p, for all [v] € V(H). The collection of all such p is called the reduced

[u] € Npr ([v])
group distance magic set of the graph G with respect to the Abelian group A and is

denoted by rgdms(G, A).

Proposition 3.7. Let G be any graph and let A be an Abelian group with |A|> 3. Then
gdms(G, A) = rgdms(G, A).
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Proof. Let a € gdms(G, A). Let [ be an A-vertex magic labeling of G with magic constant

a. Then I' : V(H) — A defined by I'([u]) = Z [(v) is an A’-vertex magic labeling of
vENG(u)

H with magic constant a. Hence a € rgdms(G, A) and so gdms(G, A) C rgdms(G, A).

Now, let a € rgdms(G, A). Let I’ be an A’-vertex magic labeling of the reduced graph
H with magic constant a. We now define [ : V(G) — A\ {0} as follows. If |[v]|= 1,
define [(v) = U'(v). If |[v]|= n; > 2, by Lemma 1.7, we can choose ay, as, ..., a,, € A\ {0}

such that a; + ay + ... + a,, = a. Now label the elements of [v] with a,as, ..., a,,. It
can be easily verified that w(v) = a for all v € V(G) and hence a € gdms(G, A). Thus
rgdms(G, A) C gdms(G, A) and so gdms(G, A) = rgdms(G, A). O

The above theorem provides a nice tool for finding gdms(G, A) by transforming G to
its reduced graph. We illustrate this with an example.

Example 3.8. For the graph G given in Figure 2, the reduced graph H is Cy. Let A be
any Abelian group with |A|> 3. Figure 3 gives an A’-vertex magic labeling of C; with
magic constant 0. Figure 4 gives an A’-vertex magic labeling of C; with magic constant
a for any a € A\ {0}. Hence by Proposition 3.7, gdms(G) = rgdms(G) = A.

Fig. 2. A graph G with reduced graph Cjy

Theorem 3.9. Let A be an Abelian group with |A|> 3. Let P, = (uy,ug,...,ug) be
the path on k wvertices where k is even and let G = Py[K,,, Kn,,..., Ky,]. Then 0 €
gdms(G, A) if and only if n; > 2 for each i, 1 <i < k.

Proof. Let 0 € gdms(G, A). Let [ be an A-vertex magic labeling of G with magic constant
0. Clearly, [u;] = V(K,,), 1 <i < k are the equivalence classes of G. Let v € [u]. Since
Ng(v) = [ug—1], we have w(v) = Z [(u) = 0. Hence |[ug_1]|= ng-1 > 2.

u€lug_1]
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— H7 )
a+b
—a = -
—b /
—a b >7G
a
/

Fig. 4. Magic constant a # 0 and a,b € A\ {0} & a # —b

Now let v € [ug_s]. Since w(v) = 0, Ng(v) = [ug—_1] U [ug_3), Z l(u) = 0, and
u€ug—1]
w(v) = 0, it follows that Z [(u) = 0. Hence ng_; = |[ug—2]|> 2. Continuing this
'U,G[”Ltkfg}

argument, we get n; > 2 if ¢ is odd. Now let v € [uy]. Since Ng(v) = [ug], it follows that
no > 2 and proceeding as before we get n; > 2 if i is even. The converse follows from
Observation 3.3. N

Theorem 3.10. Let A be an Abelian group with |A|> 3. Let Py = (uy,ug,...,ux) be
the path on k vertices, where k is odd, and let G = Py[K,,, Ky,, ..., Ky ]. Then 0 €
gdms(G, A) if and only if n; > 1 if i is even and 1 < i < k.

Proof. If 0 € gdms(G, A), then proceeding as in Theorem 3.9, we get n; > 2 if i is even.
Conversely, suppose n; > 2 if i is even. The reduced graph of G is Py. Let [ : V(P,) — A
defined by

a if i = 1(mod 4),
l(u;)) =<} —a if i = 3(mod 4),
0 otherwise.

Clearly, [ is an A’-vertex magic labeling of P, with magic constant 0. Hence 0 €
rgdms(G, A) = gdms(G, A). O

Theorem 3.11. Let A be an Abelian group with |A|> 3. Let G be any graph with equiv-
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alence classes [v1], [va], ..., [vk], where |[v;]|> 2 for each i. Let G' be the graph obtained
from G by adding r; vertices to [v;|, where r; > 0 for at least one i and joining these r;
vertices to all vertices in Ng(v;). Then gdms(G, A) = gdms(G’, A).

Proof. Since G and G’ have the same reduced graph, rgdms(G) = rgdms(G’) and the
result follows from Proposition 3.7. O]

Theorem 3.12. Let {G1,Ga,...,G,} be a collection of graphs. If 0 € gdms(Gy, A), for
some k, then 0 € gdms(®}_, G, A).

Proof. Without loss of generality, we assume that 0 € gdms(Gy, A). Let [ be an A-vertex
magic labeling of G; with magic constant 0. Let v; € V(G;), where i = 1,2,... ,n. Let
N, (vi) = {tiy, Wiy -, ug, }. Then Ngn g, ((v1,v2,...,0,)) =

{uay sugy syt Uy, ) 2k = 1,2, and k= 1,2,...,n}. Now, define I :
V(®p_,Gr) — A\ {0} by I'((vy,v,...,v,)) = l(vy). Then

ni N
U)((Ul,vg, . ,'Un)) = Z e Z l/<(u1j1’u212’ . ,unjn>>

j1:1 jnzl
ni
=MNg: Nj* " Ny E l(U]1>
J1=1

=0.

Since (v, v, ..., v,) is arbitrary, w(v) = 0, for all v € V(®,G;). O

Definition 3.13. [8] Let H be a graph of order k and let V(H) = {vy,vq,...,v5}. Let
{G1,G3s,...,Gy} be a collection of k graphs. Then the graph obtained by joining v; to
all the vertices in G;, where 1 < i < k, is called the generalized corona and is denoted by
H3 AF_| G;. If G; = @G, for each i, then the resulting graph is called the corona of H and
G and is denoted by H o G.

Theorem 3.14. Let A be an Abelian group with |A|> 3. Let G = H5 NE_| K¢ where
n; > 2, for alli. Then gdms(G,A) = A\ {0}.

Proof. Let V(H) = {v1,vq,...,v;} and V(K,,,) = {vi1, V2, ..., Vi, }. Since §(G) = 1, it
follows Lemma 2.1, 0 € gdms(G, A). Now, let a € A\ {0}. Define [ : V(G) — A\ {0} as
follows. I(v;) = a for all 4, 1 <1i < k. By Lemma 1.7, we label the vertices v;; satisfying

the condition Z l(vij) = (1 — degpu(v;))a. Clearly, [ is an A-vertex magic labeling of G
j=1
with magic constant a. Hence gdms(G, A) = A\ {0}. O
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4. Conclusion and scope

In this paper, we have introduced the concept of group distance magic set of a graph.
Furthermore, we have constructed an infinite family of graphs with gdms containing zero.
Additionally, we have established sufficient conditions for the presence of 0 in gdms(G, A),
specifically in certain product graphs. We propose the following problems for further
investigation.

1) Identify family of graphs whose gdms forms a subgroup.

2) Establish necessary conditions for a graph’s group distance magic set to be a sub-
group.

3) Characterize graph G for which gdms(G, A) = A, where |A|> 3.
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