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ABSTRACT

A {2}-dominating function ({2}DF) on a graph G = (V(G), E(G)) is a function f :
V(G) — {0,1,2} such that f(N[v]) > 2 for every v € V(G), where N[v] is the closed
neighourhood of v. The {2}-domination number of G is the minimum weight w(f) =

Y>> f(v) among all {2}-dominating functions on G. In this article, we prove that if G
veV(Q)
and H are graphs with no isolated vertex, then for any vertex v € V(H) there are six

closed formulas for the {2}-domination number of the rooted product graph G o, H. We
also characterize the graph G and H that satisfy each of these formulas.
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1. Introduction

Let G be an undirected graph with vertex set V(G) and edge set E(G). The order
|[V(G)| of G is denoted by n(G). The open neighborhood of v € V(G) is N(v) = {w €
V(G) : vw € E(G)} and its closed neighborhood is N[v] = N(v) U {v}. When expressing
the given graph G, N(v) is denoted as Ng(v). The {2}-domination in graphs has been
studied in [1, 2, 6, 8, 11]. A {2}-dominating function ({2}DF) on a graph G is a function
f:V(G) = {0,1,2} such that f(N[v]) > 2 for every v € V(G). A {2}DF f gives an
ordered partition f(Ag, A1, As), where A; := {z € V(G) : f(z) = i}. The {2}-domination

number of G, denoted by v{23(G), is the minimum weight w(f) := > f(v) among all
veV(G)
{2}-dominating functions on G. A 7y (G)-function is a {2}DF of G' with the weight

V(23(G)-
In 3], Godsil and McKay introduced the concept of rooted product graph. Given a
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graph G of order n(G) and a graph H with root vertex v, the rooted product graph
G o, H is the graph obtained from G and H by taking one copy of G and n(G) copies
of H and identifying the i¢th vertex of G with the root vertex v in the ith copy of H for
every i € {1,...,n}. For each z € V(G), the copy of G o, H containing x is denoted by
H,, and for every function f on G o, H, the restriction of f to V(H,) and V(H,) \ {z}
is denoted by f, and f_, respectively.

Various domination parameters on rooted product graphs have been studied in [4, 5, 7,
9, 10, 12|. In this article, we study the {2}-domination number of rooted product graphs
following the methodology of [9].

In the rest of this section, we present some definition and basic results. Given a graph
G, a leaf of G is a vertex of degree one. A support vertex is a vertex adjacent to a leaf.
We denote the sets of leaves and support vertices by L(H) and S(H), respectively. For a
subset S of V(G), G — S denotes the subgraph of G induced by V(G) \ S.

Theorem 1.1. Let G be a graph with no isolated vertex. Then v(G) + 1 < v(G) <
29(G).

Now, we introduce a new domination parameter which is expressed as one of possible
values in our main theorem (See Theorem 2.5). An ordered pair (K, ¢) is a quasi {2}-
dominating pair of G if K C V(G) and ¢ is a {2}DF of G — K. The quasi {2}-domination
number of G is defined to be v,(23(G) := min{|K|+w(¢) : K C V(G) and ¢ is a {2}DF of G—
K} A 7423 (G)-pair is a quasi {2}-dominating pair (K, ¢) which satisfies the condition
Yai2}(G) = |K|+w(9).

2. {2}-domination in rooted product graphs

In this section, firstly we show that for any vertex v € V(H) there are six possible ex-
pressions, in terms of domination parameters of the factor graphs, for the {2}-domination
number of the rooted product graph G o, H. Secondly, we characterize the graphs G and
H that satisfy each of these expressions

2.1.  Siz types of {2}-domination number

Proposition 2.1. The following statements hold for graphs G and H with no isolated
vertex, and any v € V(H).

(1) 23 (G on H) < n(G) 2y (H).

(ii) If v € S(H), then vi2y(G oy H) = n(G)ypay (H).

(i) 1F v € V(H) \ S(H), then 102y(G 0, H) < 7(2)(G) + n(G)ypay (H — v).

Proof. (i) Let f be a y(o,(H)-function, and let g : V/(Go,H) — {0,1,2} be a function such
that g, is the function on H, induced by f for each x € V(G). Then it is easy to see that g

is a {2}DF of Go,H. This implies that v, (Go, H) <w(g) = > w(fe) =n(G)yy(H).
zeV(Q)

(ii) Let f(Ao, A1, As) be a y{93(G o, H)-function, and let € V(G). Assume that
v e S(H). Since f,(N[y]) > 2 for each y € L(H,) N N(x), f, is a {2}DF of H,. This
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implies that w(f;) > 723 (H). Thus, 423 (G o, H) = w(f) = X%G)w(fx) > n(G)yy (H).
eV

By (i), the equality follows.

(iii) Assume that v € V(H)\ S(H). Let f be a vy (H — v)-function, and let g be a
function on (G o, H) \ V(G) such that g|g,_, is the function on H, — x induced by f for
each x € V(G). For any (s (G)-function h, it follows that g U h is a {2}DF of G o, H.
Thus, v2}(G oy H) < w(g U h) = y23(G) + n(G)yzy(H — ). 0

By Proposition 2.1(ii), we consider rooted product graphs where the root vertex is not
a support vertex.

Lemma 2.2. Let H be a graph with no isolated vertex. Ifv € V(H)\S(H), then vy (H —
v) > 23 (H) — 2. Furthermore, if oy (H —v) = yq3(H) — 2, then N(v) N (A1 U As) =10
for every vy (H — v)-function f(Ao, Ay, Az).

Proof. Let v € V(H) \ S(H), and let f(Ap, A1, Az) be a v{93(H — v)-function. For every
u € N(v), the function g(Ap, A1 U {v,u}, As) is a {2}DF of H. Thus, v (H) — 2 <
w(g) =2 < w(f) =y (H —v).

Assume that vy (H —v) = y(21(H) — 2. If there exists a vertex u € (A; U Ay) NN (v),
then h(Ag, AjU{v}, As) is a {2}DF of H, a contradiction. Thus, N(v)N(A;UAp) =0. O

Lemma 2.3. If f is a v2)(G o, H)-function and x € V(G), then w(fz) > v (H) — 2.
Furthermore, if w(fy) = 23 (H) — 2, then f(Ny[z]) = 0.

Proof. Let f(Ag, A1, As) be a 793 (G o, H)-function and « € V(G). Define a function f’
on H, by f'(z) =2 and f'(v) = f, (v) for v € V(H,) \ {z}. Then f’is a {2}DF of H,.
Thusa 7{2}(H) —2= ’7{2}(Hx) —-2< (.U(f/) —-2< w(fa:)

Let = be a vertex of V(G) such that w(f,;) = v(23(H) — 2. Suppose that there exists
y € V(G) such that y € Ny, [z] N (A1 U Ay). If f(y) = 2, then clearly f, is a vy (H,)-
function, a contradiction. If f(y) = 1, then the function replaced the value of f(y)
by 2 is a {2}DF of H, with the weight v (H) — 1, a contradiction. Thus, we have
f(Nulz]) = 0. o

For every (2 (G o, H)-function f, define the following sets

A ={r € V(Q) : w(fs) = vy (H)},

By ={z € V(G) 1 w(fs) = vz (H) — 1},
and

Cr={r € V(G) :w(fs) = 2y (H) — 2}.

Lemma 2.4. Given a vi23(G o, H)-function f(Ao, A1, As) with By # 0 and Cp = 0, the
following statements hold.
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(i) If By N (A1 U Az) # 0, then v23(G o, H) = n(G) (v (H) — 1).
(it) If BfN(A1UAg) = 0, then vy (H —v) = v23(H)—1, and y(G)+n(G)(v2y(H)—1) <
Y23 (G oy H) < 923 (G) + n(G) (o3 (H) — 1).

Proof. (i) Let z € By N (A; U Ay), and let g be a function on G o, H such that g, is the

function on H, induced by f, for each x € V(G). Then it is easy to see that g is a {2}DF

of G o, H. This implies that v (G o, H) < w(g9) = > w(gz) = n(G) (v (H) — 1).
zeV(G

Since Cy = ), we deduce that vy (G o, H) = w(f) > n((G;(v{g}(H) — 1). The equality

follows.

(i) Let z € By. Since z ¢ (A1 UA;), we deduce that z ¢ S(H,), which implies that f, is
a {2}DF of H, — z. Thus, o3 (H —v) = vy (H: — 2) < w(f.) = 423 (H) — 1. By Lemma
2.2, it follows from the above inequality that vy (H —v) € {23 (H) — 1,72y (H) — 2}

If vo3(H — v) = vy23(H) — 2, then by Proposition 2.1(iii) and C; = (), we have that
n(G)(yey(H) = 1) < v21(G oy H) < 7(23(G) + n(G) (7423 (H) — 2), which implies that
Y23(G oy H) = n(G)(y3(H) — 1) and so By = V(G). Since By N (A1 U Ay) = (), this
implies that f, is a {2}DF of H with the weight 5 (H) — 1, a contradiction. Thus,
Yy (H —v) = 3 (H) — L.

Now, we prove the upper bound of (G o, H). Let (K, ¢) be a 742 (G)-pair, h a
Yi23 (H — v)-function and g a 7y (H)-function. We construct a {2}DF f of G o, H as
follows. If x € K, then f, is equal to g. If x € V(G) \ K, then f_ is equal to h. The
flvie)nk is defined to be the vy (G — K)-function ¢. Then it is easy to see that f is a
{2}DF of G o, H, which implies that

Y2y (G oy H) Sw(f) = |[Klyy(H)+w(@) + (n(G) — [ K])(v2y(H) — 1)
= Y2 (Q) +n(G) (v (H) — 1).

We prove the lower bound of (G o, H). Note that f,(N[z]) < 1 for each z € By,
which implies that Aj is a dominating set of GG. Thus,

Yp(Goy H) = Y w(fe)+ Y w(f)

xE.Af Z‘GBf

|Aglviy (H) + |By|(vgey (H) — 1)
| A [4+n(G) (v (H) — 1)
Y(G) +n(G) (v (H) = 1).

AV VAR,

]

Theorem 2.5. Let G and H be graphs with no isolated vertex. Ifv € V(H), then 23 (Go,
H) € {n(G)yay (H), n(G) (vi2y (H) = 1), 7(G) +n(G) (23 (H) = 1), 71 (G) +n(G) (23 (H) —
1), %21 (G) + n(G) () (H) — 1), 7423 (G) + 1(G) (23 (H) — 2)}-

Proof. Let f(Ay, A1, As) be a 123 (G o, H)-function, and let Ay, By and Cy be the subsets
of V(G) defined above. We consider the following cases.
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Case 1. Bf UCy = 0. Then Ay = V(G) and so vy23(G o, H) > n(G)yi2y(H). By
Proposition 2.1(i), we have that v (G o, H) = n(G)v2y (H).

Case 2. By # 0 and C; = 0. If By N (A1 U Ay) # 0, then it follows from Lemma 2.41(i)
that v2)(G o, H) = n(G)(v2y(H) — 1).

From now on, assume that By N (A; U Ay) =0 in Case 2. Observe that if x € By, then
f(M) <1, where M := Npg, (z) N (A3 U Ay). Otherwise, f, is a {2}DF of H, with the
weight less than (o (H), a contradiction.

Now we define the following subsets. Let B} = {z € By : [Ny, (v) N Ai[= 1} and
Bf = {z € By : [Ny, (z) N Ai[= 0}, and let A} = {z € A; : w(fs) = v2(H)} and
Ab = {r € A; : w(fs) > v2y(H) + 1}. Note that A} C (A3 U Ap). We consider the
following three subcases in Case 2.

Subcase 2.1. B} # 0.

Let y € B}. Define a function g : V(G o, H) — {0,1,2} by g, = f, for each
z € V(G) and gly(c) is a {0, 1}-function such that the inverse image of 1 is a minimum
dominating set of G. Then ¢ is a {2}DF of G o, H. Tt follows that w(g) = v(G) +
n(G)(v23(H) — 1) > 7123(G o, H). By the lower bound of Lemma 2.4(ii), we have
Y23 (G oy H) = 4(G) + n(G) (23 (H) — 1)

Subcase 2.2. B} = () and there exists z € A’ such that f, is a y{o)(H.)-function with
f(z) > 0.

Subcase 2.2.1. There exists no z € A’ such that f is a vy (H.)-function with f(2) = 2.
This implies that w(f.) = vy (H) + 1 for u € A%

To construct a {2}DF of G'o, H, let v € By, and let y € A such that f, is a vy (H,)-
function with f(y) = 1. Let s € A}, and let (By, By, By) be a v;(G)-function. Without
loss of generality, we can assume that f(s) = 2. Define a function g on Go, H by ¢, = f,
for x € By, g, = fs for x € By and g, = f, for x € By. Then g is a {2}DF of G o, H.
Thus,

7{2}<G o, H) < Z w(ge) + Z w(ge) + Z w(ga)

= | Bo|(vgey(H) — 1) + | Bi|v2y (H) + | Ba| (723 (H) + 1)
| B1[+2|Bo|+n(G) (7423 (H) — 1)
= 7(G) +n(G)(vgey(H) = 1).

Since By = BY, it follows that By N (A; U Ay) = 0. This condition and C; = @ imply
that f|v(g) is an IDF of G. So, 71(G) < w(flv(e)) < [A}[+2[A%[. Thus,

7{2}(G Oy H) = Z w(fac) + Z w(fac) + Z w(fac)

’ "
ze Al ze Al x€By

> | Aflyey (H) + [Af | (vi2y (H) + 1) + By (vgey (H) — 1)
= A2 Af+n(G) (vgey (H) — 1)
> 1(G) +n(G) (v (H) = 1).

It follows from the above inequalities that v2y (G o, H) = 7;(G) + n(G) (423 (H) — 1).
Subcase 2.2.2. There exists z € A’ such that f. is a vy (H.)-function with f(z) = 2.
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Without loss of generality, we can assume that f(x) =2 for v € Ay. Let y € Bf.
Define a function g by g, = f, for x € X, where X is a minimum dominating set of G,
and g, = f, for x € V(G) \ X. Then g is a {2}DF of G o, H. Thus,

Yp(Goy H) < Y wlg)+ Y, wloa)

zeX 2V (G)\X

= [X[(vz1(H)) + [V(G) \ X (23 (H) — 1)
= [ X|+n(G) (v (H) — 1)

YG) + n(G) (v (H) — 1).

Since By = BY, it follows that By N (A; U Ay) = 0. This condition and C; = () imply
that A is a dominating set of G. So, v(G) < |A¢|. Thus,

Yoy (Goy H) = > w(fs)+ > wlfy)

xE€Af x€B;

|A [ (vgey (H) + |By| (vgey (H) — 1)
= |As|+n(G) (v (H) — 1)

> Y(G) +n(G) (v (H) = 1).

v

It follows from the above inequalities that 2y (G o, H) = v(G) + n(G) (v (H) — 1).

Subcase 2.3. By = (), and

(1) A} =0 or (2) for any = € A, either f, is not a vy (H, )-function or x € Ay,

Note that the condition (2) means that A} # () and every = € A} satisfies one of the
following statements.

(a) fz is a y(o3(H,)-function such that x € Aj.

(b) fr is not a {2}DF of H, and z € A;.

(c) fr is not a {2}DF of H, and = € A,.

Since (c) is can be replaced by (a), we only assume the cases of (a) and (b).

Let A}, = {z € A} | z satisfies the condition (a)}. Define a function b : V/(G)\ A} —
{0,1} by h(z) = 0 for z € By, h(z) = 1 for A} \ A}y, h(z) = 1 for every x € A} with
N(z) N (A3 U Ay) # 0 and h(x) = 2 for every x € A with N(z) N (A; U Ay) = (. Then
it is easy to see that h is a {2}DIF of G — A’,. This implies that (A%, h) is a quasi
{2}-dominating pair of G. So, 7402} (G) < A% gl+w(h) < [ A% g4+ ([ A} \ Al o +2|A%]) =
| A’ |+2|A%|. Thus,

7{2}(G o, H) = Z w(fe) + Z w(fe) + Z w(fz)

€AY €A} x€By

| A (v (H) + 1) + [ Al ygey (H) + Bl (23 (H) — 1)
= 2 Af |+ A +n(G) () (H) — 1)

> Y23 (G) +n(G) (v (H) — 1).

It follows from Lemma 2.4(ii) that v{21(G oy H) = Y4123 (G) + n(G)(v(23 (H) — 1).

v
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Case 3. Cy # (). Let x € Cy. By Lemma 2.3, f(Ng[z]) = 0. This implies that v ¢ S(H).
So, f; is a {2}DF of H, — x. Thus, 23 (H —v) = v (He — ) < w(f;) = 23 (H) — 2.
It follows from Lemma 2.2 that v (H —v) = v (H) — 2.

Now, to prove that w(f) > v23(G) + n(G)(v(23(H) — 2), we show that g(Cy, By, Ay)
is a {2}DF of G. If © € Cy, then f,(N[z]) = 0. So, f(N(x) NV (G)) > 2, which implies
that g(N[z]) > 2. If x € Ay, then clearly g(N[z]) > 2. Assume that x € B;. Note that
f(x) # 2 for each € By. Then either f,(N(z)) = 0 or f,(N(z)) =1 and f,(z) =0,
since f, is not a {2}DF of H,. In either case, N(x) N (Af U Bys) # 0 and so g(Nx]) > 2.
Thus,

7{2}(G Oy H) = Z w(fa:) + Z w(fa:) + Z w(fx)

€Ay xEBy z€Cy

|Af|vi2y (H) + [By|(v2y (H) — 1) + [Cy| (7423 (H) — 2)
2| Af|+|Bs|+n(G) (vg2y (H) — 2)

Y2y (G) +n(G) (vey (H) — 2).

AVARAVAN1V]

By Proposition 2.1(iii) and the above fact that v (H —v) = v23(H) — 2, we have

Y23 (G 0y H) = v2y(G) + n(G) (vy (H) — 2).
]

2.2.  Characterization of six types

Lemma 2.6. Let f be a v{23(G o, H)-function and assume that vp2y(G) < n(G). Then
Cy # 0 if and only if v, (H — v) = ypa3 (H) — 2.

Proof. Let © € C;. Then f(Ng[z]) = 0 by Lemma 2.3. This implies that f, is a {2}DF
of H, — x, since x € S(H,). Thus, vy (H —v) = vy (Hy — ) < w(fz) = v (H) — 2.
By Lemma 2.2, the equality follows.

If ypo3(H —v) = yq3(H) — 2, then it follows from Proposition 2.1(iii) that w(f) <
Y23 (G) + n(G) (23 (H) — 2). Since v23(G) < n(G), it follows from Lemma 2.3 that
Cy # 0. O

Theorem 2.7. Assume that v23(G) < n(G). Then the following statements are equiva-
lent.

() 121(G 0y H) = 723(G) + n(G) (vi23(H) = 2).

(i1) g2y (H = v) = 723 (H) = 2.

Proof. Assume that (ii) holds. Let f be a 2 (G o, H)-function. By Lemma 2.6, (ii) is
equivalent to Cy # (). By Case 3 of the proof of Theorem 2.5, (i) holds.

Conversely, assume that (i) holds. Then w(f) = v{23(G) +n(G)(v21 (H) —2) < n(G) +
n(G)(vq2y(H) —2) = n(G) (423 (H) — 1), which implies that C; # 0. Thus, it follows from
Lemma 2.6 that (ii) holds. O
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Theorem 2.8. Let G and H be graphs with no isolated vertex and v € V(H). Then
Y23 (G oy H) = n(G) (23 (H) — 1) if and only if one of the following conditions holds.

() Y23 (H = v) = v23(H) = 2 and y(23(G) = n(G).

(ii) vy (H —v) > vy (H) — 1 and there exists a {2} DF h(By, By, B2) on H — N [v] with
the weight 2y (H) — 2 such that By U By is a dominating set of H — v.

Proof. Assume that o (Go,H) = n(G)(vg23(H)—1). Let f(Ag, A1, Az) be a vy (Go, H)-
function. By Proposition 2.1(ii), we deduce that v € V(H)\S(H). It follows from Lemma
2.2 that oy (H — v) > 723 (H) — 2. We consider the following cases.

Case 1. vy (H —v) = vy(H) — 2. By Proposition 2.1(iii), w(f) < v(G) +
n(G) (23 (H) — 2). This implies that v} (G) = n(G). Thus, (i) holds.

Case 2. vy (H —v) > o3 (H) — 1. If C; # 0, then it follows from Lemma 2.3 that
f(Nglz]) = 0 for z € C;. This implies that v € S(H). So, f, is a {2}DF of H, — «
and vy (H —v) = 23 (Hy — 2) < w(f, ) = vpo3(H) — 2. It follows from Lemma 2.2 that
Y2y (H —v) = vp21(H) — 2, a contradiction. Thus, C; = 0, which implies that By = V(G).
By Lemma 2.4, there exists € V(G) N A;. If Ny(z)N (A3 UAg) # 0, then f, is a {2}DF
of H,, a contradiction. Thus, Ny (x) C Ay and f|v (g, )\~ is a {2}DF on H — N{z] with
the weight v (H) — 2, and (V(H,) \ {z}) N (A1 U A,) is a dominating set of H, — .
Thus, (ii) holds.

Conversely, assume that one of the conditions (i) and (ii) holds. First, suppose that
(i) holds. By Proposition 2.1(iii) and the first condition of (i), 423 (G 0o, H) < v(23(G) +
n(G)(’y{g}(H) — 2). By Theorem 2.5 and ’y{g}(G) = n(G), 7{2}(G Oy H) = ’}/{2}((;) +
n(G)(vey(H) = 2) = n(G) (v (H) — 1)

Second, suppose that (ii) holds. Let h(By, By, B2) be a {2}DF on H — N[v] with the
weight o1 (H) — 2. Define g on G o, H by g, = (V(H,) \ (B1U{z}U By), By U {z}, By)
for each x € V(G). Then g is a {2}DF of G o, H and so yj23(G o, H) < w(g) =
n(G)(w(h) + 1) = n(G) (23 (H) — 1). By Theorem 2.5, v(23(G o, H) € {n(G)(vi2y(H) —
1), %23 (G) +1(G) (viy (H) = 2)}. If 723 (G) = n(G), then we are done. If v (G) < n(G),
then it follows from Theorem 2.7 and the first condition of (ii) that v, (G o, H) #
Y423 (G) + 1n(G) (23 (H) = 2). Thus, v49y(G oy H) = n(G) (23 (H) — 1). 0

Proposition 2.9. Let G be a graph such that v51(G) < n(G). Let H be a graph with
no isolated vertex and v € V(H)\ S(H). If o3 (H —v) > vq23(H), then v93(G o, H) €
{n(G) (23 (H) — 1), n(G)y2 (H) }-

Proof. Let f(Aoy, A1, As) be a 2y (G o, H)-function. It follows from Theorem 2.5 that
w(f) < n(G)vpay(H). If w(f) = n(G)vpey(H), then we are done. Suppose that w(f) <
n(G)yg2y(H). Then C; = () by Lemma 2.6. If By = ), then V(G) = Ay, a contradiction
to w(f) < n(G)vypy(H). Thus, By # 0. By Lemma 2.4 and v (H — v) > vo3(H),
By N (A1 UAy) # 0 and so w(f) = n(G) (v (H) — 1). O

Proposition 2.10. Let G be a graph such that v (G) < n(G). Let H be a graph with
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no isolated vertex and v € V(H) \ S(H). If vio(H — v) > vq23(H) and g(v) = 0 for any
Yi2y (H)-function g, then vi2y(G oy H) = n(G)ypay (H).

Proof. By Proposition 2.9, v42y(G o, H) is either n(G)y2 (H) or n(G) (v (H) —1). Let
f(Ao, A1, Ag) be a v423(G o, H)-function, and suppose that w(f) = n(G)(vyp(H) — 1).
Since y423(G) < n(G), if Cy # 0, then by Lemma 2.6 we can construct a {2}DF of G o, H
with the weight v(o1(G) +n(G)(vq2y (H) —2) less than n(G)(yy23 (H) — 1), a contradiction.
Thus, C; = 0, which implies that By # . By Lemma 2.4 and v (H — v) > 21 (H),
let + € By N A;. Define a function g : V(H,) — {0,1,2} by g(z) = 2 and g(y) = f(v)
for y € V(H,) \ {z}. Then g is a ) (H)-function satisfying g(x) = 2, a contradiction.
Thus, v423(G oy H) = n(G)vyp2y (H). O

Theorem 2.11. Let G be a graph such that vy (G) < n(G). Let H be a graph with no
isolated vertex and v € V(H). Then vi2)(G o, H) = n(G)v(2y(H) if and only if either
v e S(H) or the following conditions holds.

(D) vg23 (H = v) = v23(H).

(ii) If H — N[v] has no isolated vertex, then there exists no {2} DF on H — N[v] with
the weight 2y (H) — 2.

Proof. Assume that v (G o, H) = n(G)vy(H). If v € S(H), then we are done. Now,
assume that v € V(H)\S(H). By Lemma 2.2 and Theorem 2.7, o3 (H —v) > vy (H)—1.

If o3 (H — v) = y23(H) — 1, then y(5y(G oy H) < v21(G) + n(G)(vzy(H) — 1) <
n(G)vi2y (H) by Proposition 2.1(iii), a contradiction. Thus, (i) holds.

Assume that H — N[v] has no isolated vertex. Suppose that there exists a {2}DF h on
H — Nv| with the weight v(o3(H) — 2. Define a function f : V(G o, H) — {0,1,2} by
flviey=1and f; is induced by h. It is easy to see that f is a {2}DF of G o, H with the
weight n(G)(vg2y(H) — 1), a contradiction. Thus, (ii) holds.

Conversely, assume that either v € S(H) or (i) and (ii) hold. If v € S(H), then
Y23(G oy H) = n(G)yq2y(H) by Proposition 2.1(ii). Now, assume that (i) and (ii) hold,
and let f be a y{9(G o, H)-function. Since (ii) contradicts Theorem 2.8(ii), we have
w(f) # n(G) (v (H) —1). By (i) and Proposition 2.9, we have w(f) = n(G)ypy(H). O

Theorem 2.12. Let G and H be graphs with no isolated vertex and v € V(H). Let f be
a Y2y (G oy H)-function. Then v (G oy H) = v(G) + n(G) (423 (H) — 1) if and only if
(i) vy (H —v) = vy (H) — 1 and one of the following conditions holds.
(a) For some x € V(G),there exists a vy (H)-function f, such that f,(v) = 2.
(b) For some x € V(G), there exists a oy (H —v)-function f; such that f; (N(v)) =

(ii) There exists no {2} DF h(By, B1, Bs) on H — Nv| with the weight 2y (H) — 2 such
that By U By is a dominating set of H — v.

Proof. Assume that vy, (G o, H) = v(G) + n(G)(v423(H) — 1). Observe that (ii) follows
as a consequence of Theorems 2.7 and 2.8
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Now, we prove (i). Let f(Ay, Ay, A2) be a v{23(G o, H)-function. By the Case 3 of the
proof of Theorem 2.5, we deduce that C; = ). Since v(G) < n(G), we have By # (. By
Lemma 2.4, By N (A1 U As) = 0 and 23 (H — v) = y(23(H) — 1. Thus, the first equality
of (i) follows.

Let = € By such that f(N(z)) is maximum. We consider the following cases.

Case 1. f(N(z)) = 0. By the fact that f(N(x)) is maximum, f(N(y)) = 0 for every
y € By. This implies that v(G) < |Ay|. But,

Y2y(Goy H) = ~(G) +n(G) (v (H) = 1)

= > wlfa)+ Y w(fe)

:L“G.Af xer

> |Arhyey (H) + Byl (vgzy (H) — 1)
| A [4n(G) (23 (H) — 1).

Thus, |A¢|< v(G) and so |Af|=~v(G) . By Theorem 1.1, there exists a vertex z € Ay
such that f(z) = 2, i.e., (a) follows.

Case 2. f(N(xz)) > 1. This case implies that f; is a vy (H — v)-function such that
f-(N(v)) =1, i.e., (b) follows

Conversely, assume that (i) and (ii) hold. By Theorems 2.5, 2.7 and 2.8, we have
Y23(G oy H) > v(G) +n(G)(yq3(H) — 1). Let D be a v(G)-set.

First, assume that (a) holds. Let x € V(G) such that f, be a (o (H )-function such that
fz(v) = 2. Let h be the function extended from a {9 (H —v)-function by assigning 0 at v.
Define a function g : V(Go,H) — {0,1,2} by g, = f, fory € D and g, = hfory € V(G)\
D. Then g is a {2}DF of G o, H and so y(21(Go, H) < w(g) = v(G) +n(G) (v (H) —1).
By Theorems 2.5 and 2.7, we have 75y (G o, H) = 7(G) + n(G) (423 (H) — 1).

Second, assume that (b) holds. Let € V(G) such that f; is a v (H — v)-function
with f, (N(v)) = 1. Define a function g : V(G o, H) — {0,1,2} by g, = f, for each
y € V(G) and gly(q) is a {0, 1}-function such that ¢g7'(1) = D. Then g is a {2}DF of
G o, H and 50 v{23(G o, H) < w(g) = 7(G) + n(G) (423 (H) — 1). By Theorems 2.5 and
2.7, we have 2y (G o, H) = v(G) + n(G)(yq23 (H) — 1). O

Theorem 2.13. Let G be a graph such that v(G) < Y423 (G) < v23(G) < n(G). Let H
be a graph with no isolated vertex and v € V(H). Let f be a v(21(G oy H)-function. Then
Vi2H(G oy H) = 74021(G) + n(G) (23 (H) — 1) if and only if

(1) Y23 (H = v) = vy (H) — 1.

(ii) For every v € V(G), f; is a y23(H — v)-function such that f; (N(v)) = 0.

Proof. Assume that v, (G oy, H) = Y4423 (G) +n(G)(v(3 (H) — 1). Let f(Ao, A1, As) be a
Y423(G o, H)-function. By the Case 3 of the proof of Theorem 2.5, we deduce that C; = 0.
As Y21 (G) < n(G), it follows that By # (. By Lemma 2.4, By N (A; U Ay) = 0 and
Yoy (H — v) = ypo3(H) — 1, Le., (i) follows. Note that Ny (z) N (A, U Ay) = 0 for every
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x € By, otherwise we can construct a {2}DF of G'o, H with the weight n(G) (v (H)—1),
a contradiction.

Suppose that f is a v{o3(H — v)-function such that f; (N(v)) = 1 for some z € V(G).
Then we can construct a {2}DF of G o, H with the weight 7(G) 4+ n(G)(y23(H) — 1), a
contradiction. Thus, (ii) follows.

Conversely, assume that (i) and (ii) hold. By Theorems 2.5, 2.7, 2.8 and 2.12, we
deduce that v(o,(G o, H) > 74121 (G) + n(G) (423 (H) — 1). For a v4(01(G)-pair (K, ¢), we
construct a {2}DF g of G o, H with the weight v,y (G) 4+ n(G)(v423(H) — 1) as follows.

Let h be a y(o1(H — v)-function, and let ¢ be a vy (H)-function. If z € K, then g, = 1.
If x € V(G) \ K, then g, is defined as the function extended from h by ¢(x). Since

w(g) = K|y (H)+w(®)+ (n(G) — |K|) (v (H) — 1)
| K [4w(9) +n(G)(yey (H) — 1)
= Y23(G) + n(G)(v2y(H) — 1),

we have v(91 (G o, H) = 7423 (G) + n(G) (v (H) — 1). O

As proved in Theorem 2.5, there are six closed formulas for G o, H. Five cases were
characterized in Theorems 2.7, 2.8, 2.11, 2.12 and 2.13. Thus, we can characterize the
case of ypo1 (G oy H) = v(23(G) +n(G) (V{23 (H) — 1) by eliminating the previous ones from
the family of all graphs G and H with no isolated vertices and roots v of H.
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