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abstract

We consider a combinatorial question about searching for an unknown ideal µ within a

known pointed poset λ. Elements of λ may be queried for membership in µ, but at most k

positive queries are permitted. We provide a general search strategy for this problem, and

establish new bounds (based on k and the degree and height of λ) for the total number

of queries required to identify µ. We show that this strategy performs asymptotically

optimally on the family of complete ℓ-ary trees as the height grows.
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1. Introduction

1.1. The hidden ideal problem

Let λ be a �nite partially ordered set, and let k ∈ N. Hidden within λ is a (possibly

empty) unknown ideal µ. We seek to identify µ by sequentially querying elements of λ for

membership in µ, under the restriction that at most k positive query results are permit-

ted. Letting qk(λ) represent the minimum total number of queries needed to guarantee

identi�cation of µ, the hidden ideal problem is to solve:

Problem 1.1. Find qk(λ), and identify a search strategy which realizes this value.

This problem has been studied under numerous guises and for various families of posets.

When λ is totally ordered, Problem 1.1 is related to the `k-egg' or `k-marble' problem [8,
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12, 14], which is featured in numerous texts on dynamic programming and optimization.

When λ is a rectangular poset with one dimension not more than six, Problem 1.1 was

settled in [11]. More generally, this problem relates to a broad body of work in computer

science and optimization on e�cient search within sets with partial order�see for instance

[1, 2, 3, 4, 5, 6, 9]�motivated by such applications as debugging, �le synchronization,

and information retrieval. From this point of view Problem 1.1 is a consideration of this

topic under an additional restriction, or a `cost' imposition on excessive positive queries.

1.2. A general search strategy

Contrary to [8, 11, 12, 14], which focus on optimal search strategies for speci�c families of

posets, our goal in the present paper is to produce e�cient search strategies for general

pointed posets (i.e., those with a unique minimal element). Generally speaking, the only

known upper bound for qk(λ) is given by |λ|�a bound achieved via the naive strategy of

querying all nodes of λ in a top-down fashion.

In Strategy 3.1 we present a new query strategy which may be applied to any pointed

poset λ (in Example 3.1 we provide a short example of Strategy 3.1 at work). We then

prove the following main result, which provides a bound on the number of total queries

required based on the degree and height of the poset λ (see Section 2).

Theorem 1.2. Let k ∈ N, and let λ be a pointed poset of degree ℓ and height n. Then

Strategy 3.1 guarantees identi�cation of the hidden ideal µ, using at most k positive

queries, and at most

fk,ℓ(n) :=

⌈n/k⌉−1∑
i=0

ℓi +
k−1∑
j=1

ℓ⌈(n−j)/k⌉ ≤


⌈
n+1
k

⌉
if ℓ = 1;

kℓ⌈n/k⌉ if ℓ > 1,

total queries.

This appears as Theorem 4.1 in the body. It follows from Theorem 1.2 then that

qk(λ) ≤ fk,ℓ(n) for any pointed poset λ of degree ℓ and height n, yielding a bound that

greatly improves on the old bound qk(λ) ≤ |λ| in general. For instance, if λ is the complete

ℓ-ary tree of height n (see Section 2.4), then qk(λ) ≤ fk,ℓ(n) ≤ kℓ(k+1)/k|λ|1/k.

1.3. Asymptotic optimality

It was shown in [11, Proposition 2.2] that qk(λ) has a recursive combinatorial description:

qk(λ) =


0 if λ = ∅;

|λ| if k = 1;

min{max{qk(λ ̸≽u), qk−1(λ≻u)} | u ∈ λ}+ 1 if k > 1, λ ̸= ∅.

For reasons of storage and computation time, it is quite demanding to compute qk(λ)

via this formula for large posets, and optimal search strategies as in Problem 1.1 are linked
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to the speci�c structure of λ in very delicate ways (see for instance [11, Algorithm 6.2]).

As Strategy 3.1 is a `one-size-�ts-all' approach on the family of pointed posets of a given

degree and height, it generally does not produce solutions within an optimally minimal

number of total queries, but does in a speci�c sense perform well on large members of

this family, as we now explain.

For ℓ, n ∈ N, let Tℓ(n) be the complete ℓ-ary tree of height n. Then Tℓ(n) has maximal

cardinality among the family of pointed posets of degree ℓ and height n. Our second main

result shows that Strategy 3.1 performs asymptotically optimally on complete ℓ-ary trees

as the height n increases.

Theorem 1.3. Fix k, ℓ ∈ N. Then there exist m,M > 0 such that

mℓn/k ≤ qk(Tℓ(n)) ≤ fk,ℓ(n) ≤ Mℓn/k,

for all n ∈ N. Thus qk(Tℓ(n)) = Θ(ℓn/k) = fk,ℓ(n) as functions of n.

This appears as Theorem 5.3 in the body. More broadly, this speaks to the overall

e�ciency of Strategy 3.1. If we �x a poset degree ℓ and a limit k on the number of

positive queries, then Theorems 1.2 and 1.3 guarantee that Strategy 3.1 will identify a

hidden ideal µ in a pointed poset λ of height n in O(ℓn/k) total queries. On the other

hand, Theorem 1.3 shows there always exist such posets (e.g. the complete ℓ-ary trees)

which require Ω(ℓn/k) total queries to solve.

2. Preliminaries

In this section we brie�y lay out preliminaries and relevant de�nitions. Throughout, we

take N = Z>0, and use the notation [a, b] := {a, a+ 1, . . . , b} for any integers a ≤ b.

2.1. Posets and ideals

We give now a very brief introduction to posets and related terms. The reader should see

[7, 10] for a more thorough treatment of the subject.

De�nition 2.1. A partially ordered set, or poset, is a set λ together with a binary relation

≽, which satis�es the following conditions for all u, v, w ∈ λ:

(i) u ≽ u (re�exivity);

(ii) u ≽ v and v ≽ u implies u = v (antisymmetry);

(iii) u ≽ v and v ≽ w implies u ≽ w (transitivity).

From this point forward, we assume all posets under consideration are �nite. If u ≽ v

then we say that u dominates v. For u, v ∈ λ, we write u ≻ v provided u ≽ v and u ̸= v.

We say a poset λ is pointed provided that for all a, b ∈ λ, there exists c ∈ λ with a ≽ c

and b ≽ c. In our context of �nite posets, pointed implies that either λ = ∅ or λ has a

unique minimal element. We will say two posets λ, ν are isomorphic, and write λ ∼= ν, if

there exist order-preserving mutually inverse maps λ ⇄ ν.
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2.1.1. Subposets. If µ is a subset of a poset λ, then µ is itself a poset under the partial

order inherited from λ, and we always assume we take this partial order on µ. For v ∈ λ,

we de�ne some particular subposets of λ:

λ≽v := {u ∈ λ | u ≽ v}, λ≻v := {u ∈ λ | u ≻ v}, λ̸≽v := {u ∈ λ | u ̸ ≽ v}.

More generally, for S ⊆ λ, we write:

λ≽S =
⋃
v∈S

λ≽v = {u ∈ λ | u ≽ v for some v ∈ S},

λ ̸≽S =
⋂
v∈S

λ ̸≽v = {u ∈ λ | u ̸ ≽ v for all v ∈ S} = λ− λ≽S.

We similarly de�ne λ≼v, λ≼S, and so on. Note that λ≽v is always a pointed poset with

minimal element v, and λ ̸≽v is pointed if and only if λ is pointed.

2.1.2. Ideals.

De�nition 2.2. Assume µ ⊆ λ. We say µ is an ideal in λ provided that µ = ∅ or µ = λ≼v

for some v ∈ λ. In the latter case we say µ is generated by v.

In our context of �nite sets, this notion of ideal is equivalent to the that of a directed

lower set.

2.1.3. Hasse diagrams. Let λ be a poset, and let u, v ∈ λ. We say u covers v provided

u ≻ v and there is no w ∈ λ with u ≻ w ≻ v. We will visually display posets via their

Hasse diagram�this is a graph whose vertices are the elements of λ, with an edge drawn

upward from v to u whenever u covers v.

Example 2.3. In Figure 1 we display the Hasse diagram of a pointed poset λ. The

unique minimal element m ∈ λ is shown. The ideal λ≼v generated by v ∈ λ is also shown.

v

m

Fig. 1. A pointed poset λ with 17 elements and ideal λ≼v highlighted in orange

2.2. Height and degree

Now we introduce some important statistics on posets.
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De�nition 2.4. Let λ be a poset.

(i) For v ∈ λ, we de�ne the degree of v to be

deg(v) := #{u ∈ λ | u covers v}.

(ii) We de�ne the degree of λ to be

deg(λ) := max{deg(v) | v ∈ λ}.

Example 2.5. For the poset λ in Figure 1, we have deg(v) = 1, deg(m) = 3, and

deg(λ) = 4.

A subset C of a pointed poset λ is a chain provided every pair of nodes x, y ∈ C is

comparable. We will label the nodes of C as

C = {C|C| ≻ C|C|−1 ≻ · · · ≻ C1},

where C1, . . . , C|C| ∈ λ. For v ∈ λ, we say C is a v-chain if C|C| = v. We say moreover C

is a maximal v-chain if |C|≥ |D| for every v-chain D. For a maximal v-chain C, we have

that Ct covers Ct−1 for t ∈ [2, |C|], and C1 is the unique minimal element of the pointed

poset λ.

Finally, we say a chain C is a maximal λ-chain provided that |C|≥ |D| for every chain

D in λ.

De�nition 2.6. Let λ be a poset.

(i) For v ∈ λ, we de�ne the height of v to be ht(v) := |C|, where C is any maximal

v-chain.

(ii) We de�ne the height of λ to be ht(λ) := |C|, where C is any maximal λ-chain.

We make a few remarks on height, v-chains and λ-chains that are quickly veri�ed.

First, note that ht(λ) = max{ht(v) | v ∈ λ}, and ht(λ≼v) = ht(v) for every v ∈ λ. If

C is a maximal λ-chain, or maximal v-chain for some v ∈ λ, then ht(Ct) = t for every

t ∈ [1, |C|].

Example 2.7. For the poset λ in Figure 2, we have highlighted two chains. The orange

chain is a maximal v-chain. The cyan chain is a maximal w-chain, and a maximal λ-chain.

We have

ht(v) = 4, ht(w) = 6, ht(m) = 1, ht(λ) = 6.

2.3. The posets P(ℓ, n)

Going forward, we write

P(ℓ, n) = {λ a pointed poset | deg(λ) ≤ ℓ, ht(λ) ≤ n).

For example, the poset λ of Figures 1 and 2 is a member of P(4, 6).
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v

w

m

Fig. 2. The pointed poset λ with highlighted chains

Lemma 2.8. Let λ ∈ P(ℓ, n). Then λ has at most ℓt−1 nodes of height t ∈ [1, n], and

|λ|≤
n−1∑
t=0

ℓt.

Proof. For t ∈ [1, n], write mt for the number of nodes in λ of height t. Note that since λ

is pointed, we must have m1 = 1. Since the degree of λ is ℓ, we also have that mt ≤ ℓmt−1

for t ∈ [2, n]. Therefore it follows that mt ≤ ℓt−1 for t ∈ [1, n]. Thus

|λ|=
n∑

t=1

mt ≤
n∑

t=1

ℓt−1 =
n−1∑
t=0

ℓt, (1)

as required.

2.4. Complete ℓ-ary trees

De�nition 2.9. We say a pointed poset λ ∈ P(ℓ, n) is a complete ℓ-ary tree of height n

provided that λ has exactly ℓt−1 nodes of height t ∈ [1, n].

Thus the complete ℓ-ary trees of height n are exactly the posets in P(ℓ, n) which render

the inequality in Lemma 2.8 an equality. If λ ∈ P(ℓ, n) is a complete ℓ-ary tree of height

n, it follows that every node of height less than n has degree ℓ, and λ≼v is a chain for

every v ∈ λ. All complete ℓ-ary trees of height n are isomorphic, and we use the notation

Tℓ(n) to indicate (the isomorphism class of) the complete ℓ-ary tree of height n.

Example 2.10. In Figure 3 we show T5(3), the complete 5-ary tree of height 3.

Fig. 3. T5(3), the complete 5-ary tree of height 3
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2.5. A useful technical lemma on posets

Lemma 2.11. Let λ be a pointed poset, and assume λ has exactly t nodes v1, v2, . . . , vt
of height j. Assume moreover that w1, w2, . . . , wt ∈ λ are such that:

• ht(wi) ≤ j, and;

• wi belongs to a maximal λ ̸≽{w1,w2,...,wi−1}-chain,

for all i ∈ [1, t]. Then ht(λ ̸≽{w1,...,wt}) < j.

Proof. We go by induction on t.

Base Case. Assume t = 1. Then v1 is the only node of height j in λ. The node w1

is in some maximal λ-chain C by assumption, which contains one node of every height

≤ ht(λ), and thus contains a node of height j. Thus v1 ∈ C. Since ht(w1) ≤ j, this

implies that w1 ≼ v1.

Now assume that u ∈ λ has ht(u) ≥ j. Let D be a maximal u-chain in λ. Then since

D contains a node of height j as well, and hence contains v1. Since ht(u) ≥ ht(v1), this

implies that u ≽ v1 ≽ w1. Therefore u /∈ λ ̸≽w1 . Thus λ̸≽w1 contains only nodes of λ which

have height less than j, so ht(λ̸≽w1) < j, as required.

Induction Step. Now let t > 1, and assume the claim holds for any t′ < t. Again, by

assumption, w1 is in a maximal chain C in λ. This chain must include some height j

node vi. Then, vi ≽ w1. Let S ⊆ [1, t] be the set of all s such that vs ≽ w1 for all s ∈ S,

and S ̸= ∅. Then, the set of vertices of height j in λ̸≼{w1} is {vk | k ̸∈ S}, and there are

t′ = t− |S| of them. Set λ′ = λ̸≼{w1}, and let v′1, . . . , v
′
t′ be the set of nodes of height j in

λ′. Then, t′ < t. We also set w′
b = wb+1 for b ∈ [1, t′]. By induction, ht(λ′

̸≽{w′
1,...,w

′
t′}
) < j.

But we have

λ′
̸≽{w′

1,...,w
′
t′}

= (λ̸≽{w1})̸≽{w2,...,wt′+1} ⊇ (λ ̸≽{w1})̸≽{w2,...,wt} = λ̸≽{w1,...,wt}.

Thus, ht(λ≽{w1,...,wt}) < j, completing the induction step and the proof.

3. A general strategy for the hidden ideal problem

Recall now the hidden ideal problem, introduced in Section 1.1. We describe in this

section a general recursive strategy for identifying a hidden ideal in a pointed poset using

a limited amount of positive queries. In Section 4 we establish bounds on the number of

total queries this strategy entails, and in Section 5 we examine the asymptotic behavior

of this strategy.

Strategy 3.1. Let λ0 be a pointed poset with a hidden ideal µ, and let k0 ∈ N be a limit

on the number of positive queries permitted. Set λ := λ0, k := k0, and begin with the

green block below. The strategy terminates by identifying µ in one of the red blocks.
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Input λ and kµ = ∅

λ = {v}
for some v.

Query v.

µ = λ0
≼v µ = ∅

Set n := ht(λ)

Set v to be

a node of

height n

Set v to be a node of

height 2 belonging to

a maximal chain in λ

Set v to be a

node of height⌈
n+1
k

⌉
belonging

to a maximal

chain in λ

Query v.

Set λ := λ≽v

Set k := k − 1
Set λ := λ ̸≽v

|λ| = 0

k = 1

|λ| > 1

|λ|
=
1 |λ| >

1

v
∈
µ

v
/∈
µ

k
≥
n

1
<
k
<
n

v
∈
µ v ̸∈

µ

|λ| = 1

Proposition 3.2. Strategy 3.1 always terminates by correctly identifying the hidden ideal

µ in λ0, while using at most k0 positive queries.

Proof. If λ0 = ∅, then Strategy 3.1 terminates by recognizing µ = ∅ and utilizes no

queries. If |λ0|= 1, then Strategy 3.1 terminates by recognizing either µ = ∅ or µ = λ0,

and utilizes 1 ≤ k0 queries. Now set |λ0|= m > 1, and assume Strategy 3.1 terminates

by identifying any hidden ideal µ1 in a poset λ1 utilizing at most k1 queries whenever

|λ1|< m. We consider the application of Strategy 3.1 to λ0.

Case 1. Assume k = 1. Then Strategy 3.1 repeatedly queries nodes v of maximal height

until either (a) a positive query results, in which case Strategy 3.1 correctly indicates that

µ = λ0
≼v, or; (b) Strategy 3.1 terminates after (negatively) querying every node in λ0, and

correctly indicates that µ = ∅.
Case 2. Assume k > 1. Then Strategy 3.1 queries some node v ∈ λ of height greater

than 1. We have subcases:

(i) Assume v ∈ µ. Set λ1 := λ≽v, µ
1 := µ ∩ λ≽v and k1 := k − 1. Then Strategy 3.1
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continues by running the algorithm for (λ1, k1), and by induction assumption, terminates

by correctly identifying µ1 as some ideal λ1
≽w in λ1 while using at most k1 queries. But

this implies that µ = λ0
≽w, and thus Strategy 3.1 correctly identi�es µ using at most

1 + k1 = k positive queries.

(ii) Assume v /∈ µ. Set λ1 := λ ̸≽v, µ
1 := µ ∩ λ ̸≽v = µ, and k1 := k. Then Strategy 3.1

continues by running the algorithm for (λ1, k1), and by induction assumption, terminates

by correctly identifying µ1 as some ideal λ1
≽w (or ∅) in λ1 while using at most k queries.

But this implies that µ = λ0
≽w (or ∅), and thus Strategy 3.1 correctly identi�es µ using

at most k positive queries.

Thus in any case, Strategy 3.1 terminates by correctly identifying µ while using at most

k positive queries.

3.1. Example

In Figure 4 we display a poset λ0 of degree 4 and height 6. A hidden ideal µ is shown

highlighted in orange. We now show a step-by-step application of Strategy 3.1 which

identi�es µ while using at most k0 = 3 positive queries.

v1

v2 v3

v4

v6v5

Fig. 4. The poset λ0 of degree 4 and height 6, with hidden ideal µ highlighted in orange, as described

in Example 3.1. The nodes v1, . . . , v6 queried during application of Strategy 3.1 are circled in cyan

Query 1: We have ht(λ) = ht(λ0) = 6 and k = k0 = 3, so following Strategy 3.1, we

query the node v1 of height ⌈6+1
3
⌉ = 3 that resides in a maximal chain in λ. Since v1 /∈ µ,

we set λ := λ ̸≽v1 , e�ectively erasing all nodes that dominate v1.

Query 2: We now have ht(λ) = 5 and k = 3, so following Strategy 3.1, we query the

node v2 of height ⌈5+1
3
⌉ = 2 that resides in a maximal chain in λ. Since v2 /∈ µ, we set

λ := λ̸≽v2 , e�ectively erasing all nodes that dominate v2.

Query 3: We still have ht(λ) = 5 and k = 3, so following Strategy 3.1, we query the

node v3 of height ⌈5+1
6
⌉ = 2 that resides in a maximal chain in λ. Since v3 ∈ µ, we set

λ := λ≽v3 , e�ectively erasing all nodes that do not dominate v3. Having used a positive

query, we set k := 3− 1 = 2.

Query 4: We now have ht(λ) = 4 and k = 2, so following Strategy 3.1, we query the

node v4 of height ⌈4+1
2
⌉ = 3 that resides in a maximal chain in λ. Since v4 ∈ µ, we set
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λ := λ≽v4 , e�ectively erasing all nodes that do not dominate v4. Having used a positive

query, we set k := 2− 1 = 1.

Query 5: We now have ht(λ) = 2 and k = 1, so following Strategy 3.1, we query the

node v5 of height 2. Since v5 /∈ µ, we set λ := λ ̸≽v5 , e�ectively erasing v5.

Query 6: We now have ht(λ) = 2 and k = 1, so following Strategy 3.1, we query

the node v6 of height 2. Since v6 ∈ µ, we have µ = λ0
≼v6

, completing the identi�cation

strategy.

4. Bounds for Strategy 3.1

In this section we will establish bounds on the maximum number of total queries Strat-

egy 3.1 requires to identify a hidden ideal µ in a poset λ, while using at most k positive

queries. Recall from Section 1.2 that we de�ne a function

fk,ℓ(n) :=

⌈n/k⌉−1∑
i=0

ℓi +
k−1∑
j=1

ℓ⌈(n−j)/k⌉,

for all k ∈ N and ℓ, n ∈ Z≥0. We take 00 = 1 when ℓ = 0. In some special cases, it is

straightforward to check that this formula simpli�es to:

fk,ℓ(n) =


k if ℓ = 0, n = 1;

⌈n
k
⌉+ k − 1 if ℓ = 1;

nℓ− ℓ+ k − n+ 1 if n ≤ k.

(2)

4.1. Bounds for Strategy 3.1

We now establish our �rst main result. The proof relies on some technical results on

ceiling/�oor functions and the behavior of the function fk,ℓ(n), which we relegate to the

Appendix Section 5.

Theorem 4.1. Let ℓ, n ∈ Z≥0, and let λ ∈ P(ℓ, n). Let µ ⊆ λ be a hidden ideal in λ.

For k ∈ N, Strategy 3.1 identi�es the hidden ideal µ using at most k positive queries and

at most fk,ℓ(n) total queries.

Proof. By Proposition 3.2, we have that Strategy 3.1 identi�es µ using at most k positive

queries, so we now work on establishing the bound fk,ℓ(n) on total queries. We go by

induction on |λ|.
Base Case: Assume |λ|= 1. Then ℓ = 0, n = 1. Then Strategy 3.1 identi�es µ with

one query, and we have f(0, 1, k) = k ≥ 1, as required.

Induction Step: Assume λ ∈ P(ℓ, n), |λ|> 1, and the claim holds for all λ′ ∈ P(ℓ′, n′)

with |λ′|< |λ|. Say λ ∈ P(ℓ, n). Note that since |λ|> 1, we have ℓ ≥ 1 and n ≥ 2.

Following Strategy 3.1, we have three cases to consider.

Case 1. Assume k = 1. Following Strategy 3.1, we repeatedly query nodes of λ in a top-

down fashion until µ is identi�ed upon the �rst positive query. So at worst, Strategy 3.1
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requires |λ| queries. But by Lemma 2.8, we have

|λ|≤
n−1∑
i=0

ℓi =

⌈n/1⌉−1∑
i=0

ℓi = f1,ℓ(n),

as required.

Case 2. Assume k ≥ n > 1. Following Strategy 3.1, we set v ∈ λ to be a node of height

2 in a maximal chain in λ, and query v. We have two possible outcomes:

Case 2.1. Assume v /∈ µ. Then |λ ̸≽v|= 1, and following Strategy 3.1, we identify µ after

one additional query of the base node in λ, for a grand total of two queries. But then by

(2) we have

fk,ℓ(n) = (n− 1)ℓ+ k − n+ 1 ≥ ℓ+ 1 ≥ 2,

as required.

Case 2.2. Assume v ∈ µ. Then we have used up a positive query, and now have k − 1

positive queries remaining. Moreover, λ≽v ∈ P(ℓ′, n− 1) for some ℓ′ ≤ ℓ, and |λ≽v|< |λ|.
Thus by induction assumption, Strategy 3.1 identi�es µ in a total of less than or equal to

fk−1,ℓ(n− 1) + 1 queries. But by (2) we have

fk−1,ℓ(n− 1) + 1 = (n− 2)ℓ+ k − n+ 2 ≤ (n− 1)ℓ+ k − n+ 1 = fk,ℓ(n),

as required.

Case 3. Assume n > k > 1. Set j =
⌈
n+1
k

⌉
. Assume there are t nodes of height j

in λ : v1, v2, . . . , vt. Note that t is at most ℓj−1 by Lemma 2.8. We have three possible

subcases:

(1) Strategy 3.1 terminates with a solution in less than or equal to t steps.

(2) Strategy 3.1 queries some nodes w1, w2, . . . , wr−1, and all return negative results

(i.e. not in µ) until wr returns a positive result, with r ≤ t.

(3) Strategy 3.1 queries w1, w2, . . . , wt and all return negative results.

Case 3.1. Assume Strategy 3.1 terminates with a solution in less than or equal to t

steps. Then we have

t ≤ ℓj−1 = ℓ⌈(n+1)/k⌉−1 = ℓ⌈n−(k−1)/k⌉ ≤
⌈n/k⌉−1∑

i=0

ℓi +
k−1∑
t=1

ℓ⌈(n−t)/k⌉ = fk,ℓ(n),

as required.

Case 3.2. Assume Strategy 3.1 queries nodes w1, w2, . . . , wr−1, all with negative results

(i.e. not in µ) until wr returns with a positive result, with r ≤ t. Set n0 = n. Set ni =

ht(λ ̸≽{w1,...,wi}) for i = 1, . . . , r−1. It follows from Strategy 3.1 and the above assumptions

that ht(wi) =
⌈ni−1+1

k

⌉
. Then, ht(wr) =

⌈
nr−1+1

k

⌉
. Also, note n = n0 ≥ n1 ≥ · · · ≥ nr−1.

Since wr is a height
⌈
nr−1+1

k

⌉
node in a maximal chain in λ̸≽{w1,...,wr−1}, we have

ht((λ ̸≽{w1,...,wr−1})≽wr) = nr−1 −
⌈
nr−1 + 1

k

⌉
+ 1 =

⌊
(nr−1 + 1)(k − 1)

k

⌋
≤
⌊
(n+ 1)(k − 1)

k

⌋
= n−

⌈
n+ 1

k

⌉
+ 1,
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where the second and third equalities follow from Lemma 5.4. Set λ′ = (λ̸≽{w1,...,wr−1})≽wr ,

and n′ = ht
(
(λ ̸≽{w1,...,wr−1})≽wr

)
. Since |λ′|< |λ|, and λ′ ∈ P(ℓ′, n′), we have by induction

assumption that Strategy 3.1 solves λ′ can in less than or equal to fk−1,ℓ(n
′) queries. Thus

Strategy 3.1 solves λ in less than or equal to r + fk−1,ℓ(n
′) queries. We have

r + fk−1,ℓ(n
′) ≤ ℓ⌈

n+1
k ⌉−1 +

⌈
n−⌈n+1

k ⌉+1

k−1

⌉
−1∑

i=0

ℓi +
k−2∑
t=1

ℓ

⌈
n−⌈n+1

k ⌉+1−t

k−1

⌉

= ℓ⌈
n−(k−1)

k ⌉ +

⌈⌈n(k−1)
k ⌉

k−1

⌉
−1∑

i=0

ℓi +
k−2∑
t=1

ℓ

⌈⌈n(k−1)
k ⌉−t

k−1

⌉

= ℓ⌈
n−(k−1)

k ⌉ +
⌈n

k⌉−1∑
i=0

ℓi +
k−2∑
t=1

ℓ⌈
n−t
k

⌉

= fk,ℓ(n),

where the �rst equality follows by Lemma 5.5, and the second equality follows by Lemma

5.6.

Case 3.3. Assume the algorithm queries w1, . . . , wt, and all return negative results.

Then, note that ht(wi) ≤ j for all i ∈ [1, t] and, by construction of the algorithm,

each wi belongs to a maximal chain in λ̸≽{w1,...,wi−1}. Thus, by Lemma 2.11, we have

ht(λ ̸≽{w1,...,wt}) < j. So, after querying w1, . . . , wt, we continue by applying Strategy 3.1

to λ̸≽{w1,...,wt}. By induction assumption, Strategy 3.1 solves λ̸≽{w1,...,wt} in less than or

equal to fk,ℓ(j−1) queries, and thus solves λ in less than or equal to t+fk,ℓ(j−1) queries.

By Lemma 5.7, we have

t+ fk,ℓ(j − 1) ≤ ℓj−1 + fk,ℓ(j − 1) ≤ fk,ℓ(n),

which completes the induction step and the proof.

Now recall from Section 1.1 the value qk(λ) which records the minimal necessary queries

to identify a hidden ideal µ in a poset λ granted at most k positive queries.

Corollary 4.2. Let k ∈ N, and let λ be a pointed poset of degree ℓ and height n. Then

we have

qk(λ) ≤ fk,ℓ(n) =

⌈n/k⌉−1∑
i=0

ℓi +
k−1∑
j=1

ℓ⌈(n−j)/k⌉ ≤ (kℓ)ℓn/k.

Proof. The �rst inequality follows from Theorem 4.1, so we focus now on the second
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inequality. If ℓ = 1, this is immediate from (2). If ℓ ≥ 2 we have

fk,ℓ(n) =

⌈n/k⌉−1∑
i=0

ℓi +
k−1∑
j=1

ℓ⌈(n−j)/k⌉ =
ℓ⌈n/k⌉ − 1

ℓ− 1
+

k−1∑
j=1

ℓ⌈(n−j)/k⌉

≤ ℓ⌈n/k⌉ +
k−1∑
j=1

ℓ⌈n/k⌉ = kℓ⌈n/k⌉ ≤ kℓ1+n/k = (kℓ)ℓn/k,

as required.

5. Asymptotic optimality of Strategy 3.1

We �rst recall here some results from [11] which will be useful. For any x ∈ Z≥0, let

Tk(x) :=
k∑

i=1

(
x
k

)
, and de�ne τk(x) to be the smallest integer such that x ≤ Tk(τk(x)). The

following result from [11, Theorem 4.2] gives lower bounds on the value of qk(λ).

Theorem 5.1. For all k ∈ N and posets λ, we have τk(|λ|) ≤ qk(λ).

Recall that Tℓ(n) is the complete ℓ-ary tree of height n.

Lemma 5.2. Fix k, ℓ ∈ N. There exists m > 0 such that for all n ∈ N, we have

mℓn/k ≤ qk(Tℓ(n)).

Proof. First, note that

Tk(x) =
k∑

i=1

(
x

k

)
=

k∑
i=1

1

k!
x(x− 1) · · · (x− k + 1),

is a degree k polynomial in x, and that by de�nition Tk(x) is an increasing function

on x. Thus we may write Tk(x) =
k∑

i=0

aix
i, for some coe�cients a0, . . . , ak ∈ R. Set

u = |a0|+ · · ·+ |ak|. Then for all x ∈ N we have

Tk(x) =
k∑

i=0

aix
i ≤

k∑
i=0

|ai|xi ≤
k∑

i=0

|ai|xk = uxk.

Now de�ne a function Γk(x) =
(
x
u

)1/k
, and set m = (ℓu)−1/k. Since Tk(x) ≤ uxk and

Tk is increasing in x, we have

Tk(Γk(x)) ≤ Γk(ux
k) =

(
uxk

u

)1/k

= x ≤ Tk(τk(x)),
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which again implies that Γk(x) ≤ τk(x) since Tk is increasing. Then for n ∈ N we have

mℓn/k =
ℓn/k

(ℓu)1/k
=

ℓ(n−1)/k

u1/k
=

(
ℓn−1

u

)1/k

= Γk(ℓ
n−1)

≤ Γk

(
n−1∑
i=0

ℓi

)
= Γk(|Tℓ(n)|) ≤ τk(|Tℓ(n)|) ≤ qk(Tℓ(n)),

where we have used the fact that Γk is increasing for the �rst inequality, and Theorem 5.1

for the last inequality.

Now we are �nally in position to prove our second main result, which shows that

Strategy 3.1 performs asymptotically optimally on the family of ℓ-ary trees as the height

n grows.

Theorem 5.3. Fix k, ℓ ∈ N. Then there exist m,M > 0 such that

mℓn/k ≤ qk(Tℓ(n)) ≤ fk,ℓ(n) ≤ Mℓn/k,

for all n ∈ N. Thus qk(Tℓ(n)) = Θ(ℓn/k) = fk,ℓ(n) as functions of n.

Proof. By Lemma 5.2 there exists m > 0 such that mℓn/k ≤ qk(Tℓ(n)). Taking M = kℓ,

we have by Corollary 4.2 that qk(Tℓ(n)) ≤ fk,ℓ(n) ≤ Mℓn/k since Tℓ(n) ∈ P(ℓ, n),

completing the proof.
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Appendix

In this section, we will establish the results on the function fk,ℓ(n) and ceiling/�oor

functions that are used in our proof of Theorem 4.1.

Lemma 5.4. Let m, k ∈ N. Then we have m− ⌈m+1
k

⌉+ 1 = ⌊ (m+1)(k−1)
k

⌋.
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Proof. We have

m−
⌈
m+ 1

k

⌉
+ 1 = −

(
−m+

⌈
m+ 1

k

⌉
− 1

)
= −

⌈
−m+

m+ 1

k
− 1

⌉
= −

⌈
(m+ 1)(1− k)

k

⌉
=

⌊
(m+ 1)(k − 1)

k

⌋
,

as required.

Lemma 5.5. Let n, k ∈ N. Then we have

n−
⌈
(k − 1)n

k

⌉
=

⌈
n− k + 1

k

⌉
=

⌈
n+ 1

k

⌉
− 1.

Proof. The second equality is obvious. We prove the �rst equality. By the division

algorithm we have n = kq + r for some r ∈ [0, k − 1] and q ∈ Z. Then we have

n−
⌈
(k − 1)n

k

⌉
= (kq + r)−

⌈
(k − 1)(kq + r)

k

⌉
= (kq + r)−

⌈
k2q + kr − kq − r

k

⌉
= kq + r −

⌈
kq + r − q − r

k

⌉
= kq + r − kq − r + q +

⌈
−r

k

⌉
= q +

⌈
−r

k

⌉
= q.

On the other hand, we have

⌈
n− k + 1

k

⌉
=

⌈
(kq + r)− (k − 1)

k

⌉
=

⌈
kq − k + r + 1

k

⌉
=

⌈
(q − 1) +

r + 1

k

⌉
= q − 1 +

⌈
r + 1

k

⌉
= q − 1 + 1 = q.

Therefore, n−
⌈
(k−1)n

k

⌉
=
⌈
n−(k−1)

k

⌉
, as required.

Lemma 5.6. Let n, k ∈ N, k ≥ 2, and let i ∈ [0, k − 2]. Then we have

⌈⌈
nk−n

k

⌉
− i

k − 1

⌉
=

⌈
n− i

k

⌉
.
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Proof. Write n = kq + r for some r ∈ [0, k − 1] and q ∈ Z. Then we have

⌈⌈
nk−n

k

⌉
− i

k − 1

⌉
=


⌈
(k−1)(kq+r)

k

⌉
− i

k − 1

 =


⌈
k2q+kr−kq−r

k

⌉
− i

k − 1


=

⌈
(kq + r − q +

⌈−r
k

⌉
)− i

k − 1

⌉
=

⌈
(kq + r − q + 0)− i

k − 1

⌉
=

⌈
q +

r − i

k − 1

⌉
= q +

⌈
r − i

k − 1

⌉

=

q if r ≤ i,

q + 1 if r > i.

On the other hand, we have

⌈
n− i

k

⌉
=

⌈
kq + r − i

k

⌉
=

⌈
q +

r − i

k

⌉
= q +

⌈
r − i

k

⌉
=

q if r ≤ i,

q + 1 if r > i.

Therefore,

⌈
⌈ (k−1)n

k ⌉−i

k−1

⌉
=
⌈
n−i
k

⌉
, as required.

Lemma 5.7. Assume n > k ≥ 2, ℓ ≥ 1, and set j =
⌈
n+1
k

⌉
. Then we have:

ℓj−1 + fk,ℓ(j − 1) ≤ fk,ℓ(n).

Proof. We �rst consider the case ℓ = 1. Note that n+ 1 ≥ k + 2, and so

k2 ≤ k2 + k − 2 = (k + 2)(k − 1) ≤ (n+ 1)(k − 1) = nk − n+ k − 1.

Therefore we have k2 − nk + n− k + 1 ≤ 0, and so

0 ≥
⌈
k2 − nk + n− k + 1

k

⌉
=

⌈
n+ 1

k

⌉
− 1 + k − n = j − 1 + k − n.

Thus k + j − 1 ≤ n, and so

1 +

⌈
j − 1

k

⌉
=

⌈
k + j − 1

k

⌉
≤
⌈n
k

⌉
,

which implies in view of (2) that

1j−1 + fk,1(j − 1) = 1 +

⌈
j − 1

k

⌉
+ k − 1 ≤

⌈n
k

⌉
+ k − 1 = fk,1(n),

completing the proof in the case ℓ = 1. From now on we assume ℓ ≥ 2.
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Case 1. Assume ⌈n
k
⌉ = ⌈n+1

k
⌉ = j. Note that since that (k − 1)(j − 1) ≥ 0, we have

−1 ≥ j−jk−1
k

, and thus 0 > ⌈ j−jk−1
k

⌉ = ⌈ j−1
k
⌉ − j. Therefore j − 2 ≥ ⌈ j−1

k
⌉ − 1. Note that

since n ≥ ⌈n
k
⌉ = j > j − 1, we have ⌈n−u

k
⌉ ≥ ⌈ j−1−u

k
⌉ for all u ∈ [1, k − 1]. Therefore

fk,ℓ(n) = ℓj−1 +

j−2∑
t=0

ℓt +
k−1∑
u=1

ℓ⌈(n−u)/k⌉ ≥ ℓj−1 +

⌈(j−1)/k⌉−1∑
t=0

ℓt +
k−1∑
u=1

ℓ⌈(j−1−u)/k⌉

= ℓj−1 + fk,ℓ(j − 1),

as required.

Case 2. Assume k = 2, and ⌈n
2
⌉ < ⌈n+1

2
⌉ = ⌈n

2
⌉+1. It follows then that n ≡ 0 (mod 4)

or n ≡ 2 (mod 4). We approach these subcases separately.

Case 2.1. Assume n ≡ 0 (mod 4). Then n = 4m for some m ≥ 1. Then j = ⌈4m+1
2

⌉ =
2m+ 1. Then we have

f(ℓ, n, k) =
2m−1∑
t=0

ℓt + ℓ2m ≥ ℓ2m +
m∑
t=0

ℓt = ℓj−1 + f(ℓ, j − 1, k),

as required.

Case 2.2. Assume n ≡ 2 (mod 4). Then n = 4m+2 for somem ≥ 1, and j = ⌈4m+3
2

⌉ =
2m+ 2. Then we have

f(ℓ, n, k) =
2m∑
t=0

ℓt + ℓ2m+1 ≥ ℓ2m+1 +
m∑
t=0

ℓt + ℓm = ℓj−1 + f(ℓ, j − 1, k),

as required.

Case 3. Finally, assume k ≥ 3 and ⌈n
k
⌉ < ⌈n+1

k
⌉ = ⌈n

k
⌉+ 1. Then we have n = km and

j = m + 1 for some m ≥ 2. Since (k − 1)m ≥ k − 1, we have m ≥ m+k−1
k

. Therefore we

have

ℓ⌈(n−1)/k⌉ = ℓ⌈m−1/k⌉ = ℓm = ℓ⌈m⌉ ≥ ℓ⌈(m+k−1)/k⌉ = ℓ⌈(m−1)/k⌉+1 = ℓ · ℓ⌈(m−1)/k⌉

≥ 2ℓ⌈(m−1)/k⌉ = ℓ⌈(m−1)/k⌉ + ℓ⌈(m−1)/k⌉ ≥ ℓ⌈(m−1)/k⌉ + ℓ⌈(m−2)/k⌉.

and

ℓ⌈(n−2)/k⌉ = ℓ⌈m−2/k⌉ = ℓm = ℓj−1.

Thus we have

fk,ℓ(n) =
m−1∑
i=0

ℓi + ℓ⌈(n−1)/k⌉ + ℓ⌈(n−2)/k⌉ +
k−1∑
t=3

ℓ⌈(n−t)/k⌉

≥
⌈m

k
⌉−1∑

i=0

ℓi +
(
ℓ⌈(m−1)/k⌉ + ℓ⌈(m−2)/k⌉)+ ℓj−1 +

k−1∑
t=3

ℓ⌈(m−t)/k⌉

= ℓj−1 + fk,ℓ(j − 1),

as required, completing the proof.
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