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ABSTRACT

In 1941 Dushnik and Miller introduced the concept of dimension of a poset. In 2020
Bhavale and Waphare introduced the concept of an RC-lattice as a lattice in which all
the reducible elements are lying on a chain. In this paper, we introduce the concept of
a complete fundamental basic block and prove that its dimension is at the most three.
Consequently, we prove that the dimension of an RC-lattice on n elements is at the most
three. Further, we prove that an RC-lattice is non-planar if and only if its dimension is
three.
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1. Introduction

In 1930 Szpilrajn [16] proved that any order relation on a set X can be extended to a
linear order on X. It also follows that any order relation is the intersection of its linear
extensions. In 1941 Dushnik and Miller [5] introduced the concept of the (order) dimension
of poset P as the minimum number of linear extensions of P whose intersection is exactly
P. Tt is known that the problem of finding dimension of posets is NP-complete. In 1955
Hiraguchi [8] proved that the dimension of a poset does not exceed its width. Hiraguchi
[8] also showed that the dimension of the poset P on n elements is < . Komm [12]
showed that dimension of the poset consisting of all subsets of an n element set ordered
by inclusion is n. For more results on dimension of posets, see [7, 9, 11, 19]. In this paper,
we will restrict ourselves to the finite posets and lattices.

In 2002 Thakare, Pawar, and Waphare [17] introduced the concept of an adjunct sum
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of two lattices. In 2020 Bhavale and Waphare [4] introduced the concepts of a nullity of
a poset, a basic block associated to a poset, and a fundamental basic block associated
to a dismantlable lattice. Recently, Bhavale [3] introduced the concept of a complete
fundamental basic block on r comparable reducible elements.

In Section 2, we prove that the dimension of a complete fundamental basic block on r
comparable reducible elements is at the most three. Consequently, in Section 4, we prove
that the dimension of an RC-lattice is at the most three. In Section 3, we obtain the
dimension of an adjunct sum of two lattices in terms of the dimensions of the individual
lattices. Moreover, we obtain a bound on the dimension of a dismantlable lattice in terms
of its nullity. In Section 4, we prove that the dimension of an RC-lattice is the same as
the dimension of the basic block (and also the fundamental basic block) associated to that
lattice. We also obtain a characterization, namely, an RC-lattice is of dimension three if
and only if it is non planar.

A binary relation < on a set P is called a partial order if it is reflexive, antisymmetric
and transitive on it. A partially ordered set (or poset) consists of some ground set P and
a partial order < defined on P. An element ¢ € P is a lower bound (an upper bound) of
a,be Pifc<a,c<bla<cb<c). The meetof a,b € P, is defined as the greatest lower
bound of a and b. The join of a,b € P, is defined as the least upper bound of a and b. A
poset L is a lattice if meet and join of @ and b exist in L, V a,b € L. A pair of elements
x,y € P are comparable if either x < y or y < x. A pair of elements not comparable in P
are called incomparable. If x is incomparable to y in P, we denote it by x || y. A partial
order < on P is a total order or linear order or chain if for all a,b € P, either a < b or
b < a. A partial order < on P is an antichain if for all a,b € P, a || b. For a < b in P,
the interval (a,b) = {z € P | a <x <b}. Fora € P, let (a] = {xr € P | x < a}, and
D(a) = {x € Plx < a}. Note that D(a) U {a} = (a]. Dually one can define [a) and U(a).
Let I(a) = {b € P | al b}. An element b in P covers an element a in P if ¢ < b, and
there is no element c in P such that a < ¢ < b. Denote this fact by a < b, and say that
the pair < a,b > is a covering or an edge. If a < b then a is called a lower cover of b,
and b is called an upper cover of a. An element of a poset P is called doubly irreducible if
it has at most one lower cover and at most one upper cover in P. Let Irr(P) denote the
set of all doubly irreducible elements in the poset P. Let Red(P) = P\ Irr(P). The set
of all coverings in P is denoted by E(P). The graph on a poset P with edges as covering
relations is called the cover graph and is denoted by C(P). The nullity of a graph G is
given by m — n + ¢, where m is the number of edges in GG, n is the number of vertices in
G, and c is the number of connected components of G. Bhavale and Waphare |1]| defined
nullity of a poset P, denoted by n(P), to be the nullity of its cover graph C'(P). For an
integer n > 2, a crown is a partially ordered set on 2n elements say, x1, Y1, T2, Y2, - - -, Tn, Yn
in which x; <wy;, y; > 2,41, fort=1,2,...,n—1, and z; <y, are the only comparability
relations.

A total order is a linear extension of a partial order < if < is a subset of it. A realizer
of a poset P is a collection of linear extensions R = {Ry, Rs, ..., R;} of a partial order <
whose intersection is <. That is, for any incomparable pair z,y € P, there are R;, R; € R
with (z,y) € R; and (y,z) € R;, i.e., v <y in R; and y < z in R;. The dimension of P
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is defined as the size of a smallest realizer of P, and is denoted by Dim(P). It is clear
that the dimension of a chain is one, and that of an antichain (on at least two elements)
is two. The dimension of crown on 2n elements is 3 (see [11]). For a linear extension E
of a poset P, and for a subposet @) of P, let E(Q) denote a part of E containing a linear
extension of @, called a partial linear extension of P (see [9]).

If M and N are two disjoint posets, the direct sum (see [15]), denoted by M @& N, is
defined by taking the following order relation on M U N : x < y if and only if x,y € M
and x <yin M,orz,y € N and x <yin N,orxz € M,y € N.

Proposition 1.1. [14] If Q is a subposet of poset P then Dim(Q) < Dim(P).

Definition 1.2. [13] A finite lattice of order n is called dismantlable if there exists a chain
Ly C Ly C ... C Ly(= L) of sublattices of L such that |L;|= ¢, for all i.

Theorem 1.3. [10] A finite lattice is dismantlable if and only if it contains no crown.

The concept of adjunct operation of lattices, is introduced by Thakare, Pawar, and
Waphare [17]. Suppose L; and Ly are two disjoint lattices and (a, b) is a pair of elements
in L; such that a < b and a £ b. Define the partial order < on L = L; U Ly with respect
to the pair (a,b) as follows: x < yin Lif x,y € L and x < yin Ly, or z,y € Ly and
r<yin Ly,orx € Ly,y€ Lyand x < ain Ly,orx € Ly, y € L1 and b <y in L;.

It is easy to see that L is a lattice containing L; and L. as sublattices. The procedure
for obtaining L in this way is called adjunct operation (or adjunct sum) of L; with L.
We call the pair (a,b) as an adjunct pair, and L as an adjunct of Ly with L, with respect
to the adjunct pair a = (a,b), and write L = L1]?Ly or L = Ly],Lo. A diagram of L is
obtained by placing a diagram of L; and a diagram of L, side by side in such a way that
the largest element 1 of L, is at a lower position than b and the least element 0 of Lo
is at a higher position than a, and then by adding the coverings < 1,b > and < a,0 >.
This clearly gives |E(L)|= |E(L1)|+|E(L2)|+2. A lattice L is called an adjunct of lattices
Lo, Ly, ..., Ly if it is of the form L = Lg% Ly - - -]% L.

Theorem 1.4. [17]| A finite lattice is dismantlable if and only if it is an adjunct of chains.

Theorem 1.5. [1| A dismantlable lattice L containing n elements is of nullity [ if and
only if L is an adjunct of | + 1 chains.

Thakare, Pawar, and Waphare [17]| defined a block as a finite lattice in which the largest
element is join-reducible and the least element is meet-reducible.

Definition 1.6. [1] A poset P is a basic block if it is one element or Irr(P) = () or removal
of any doubly irreducible element reduces nullity by one.

Definition 1.7. [1] A block B is a basic block associated to a poset P if B is obtained
from the basic retract associated to P by successive removal of all the pendant vertices.
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Theorem 1.8. |2]| Let B be an RC-lattice on n elements. Then B is a basic block having
nullity k if and only if B = Co)% C1]%2C, - - ]Z’ZCk with a;, b; € Cy, satisfying (i) |C;|= 1, for
all i, 1 <i <k, (ii) n = |Co|+k, (iit) Irr(B) = k+m, where m is the number of distinct
adjunct pairs (a;, b;) such that the interval (a;, b;) C Irr(B), and (iv) |Col= |Red(B)|+m.
Further, if |Red(B)|=r then n =1 +m + k.

From Theorem 1.8, it is clear that if B is the basic block of nullity £ then B =
Cloi{er} - )% {c}, where C is a maximal chain containing all the reducible elements.

Definition 1.9. [1] A dismantlable lattice B is said to be a fundamental basic block if it
is a basic block and all the adjunct pairs in an adjunct representation of B are distinct.

Definition 1.10. [4] Let L be a dismantlable lattice. Let B be a basic block associated
to L. If B itself is a fundamental basic block then we say that B is a fundamental basic
block associated to L; otherwise, let (a,b) be an adjunct pair in an adjunct representation
of B. If the interval (a,b) C Irr(B) then remove all but two non-trivial ears associated to
(a,b) in B; otherwise, remove all but one non-trivial ear associated to (a,b) in B. Perform
the operation of removal of non-trivial ears associated to (a, b) for each adjunct pair (a, b)
in an adjunct representation of B. The resultant sublattice of B is called a fundamental
basic block associated to L.

Theorem 1.11. [2| Let B be a basic block associated to a poset P. Then Red(B) =
Red(P) and n(B) = n(P).

Using Definition 1.10 and by Theorem 1.11, we have the following result.

Corollary 1.12. Let F' and B be the fundamental basic block and the basic block associ-
ated to a lattice L respectively. Then Red(F') = Red(B) = Red(L) and n(F) < n(B).

For the other definitions, notation, and terminology, see [4, 6, 18, 20].

2. Complete fundamental basic block

Recently, Bhavale [3] introduced the concept of a complete fundamental basic block on r
reducible elements which are all comparable, denoted by C'F(r), and it is defined as the
fundamental basic block on r reducible elements, having nullity (;)

2.1.  The lattice L,

In Subsection 2.2 we find the dimension of C'F(r). For that purpose, here we find that the
recursive definition of C'F(r) is more helpful. Hence we define C'F(r) recursively in the
following, and we use the notation L, instead of C'F(r) hereafter. So suppose L; consists
of a single element, say a;. Now in the following, we give a recursive definition of L, for
r> 2.
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Definition 2.1. Forr > 2, define L, = (Lr_l@{mr_l}@{b(r)})] ()0 { () r 2 Ha (5) -

{c@_(r_?)“}- Ja s ){c< )} where o; = (a;, b;) foralli, 1 <i < (}),a A1y = Q) (g =
T < CL(;)_(T_2)+1 <xy << a(;)_l < Tp_2 < CL(;), and b(;)_(r_m = b(g)—(r—2)+1 =...=
{6}

Note that Ls is nothing but a diamond M, = {0 = ay, z1,¢1,b; = 1} with 2 || ¢1, and
the following figure (see Figure 1) shows L, for 3 <r < 6.

Fig. 1. Complete fundamental basic blocks

Observe that for each i > 2, n(L;) = n(L;—1)+ (¢ — 1), since by Theorem 1.5, the nullity
of a fundamental basic block is same as one less than the actual number of chains, i.e.,
the number of adjunct pairs, in its adjunct representation. Therefore n(L,) =14+2+3+

o (r—1) = ( ) Further, a; < ap, <--- < a< ) and for 7 < j, b; < b; whenever a; = a;.

Forr >3, let Ay =a1 =ay=a4 =a; = —a(r N4 —a(r 1)+1,f0r2<k<7’—1,let

Ak = Cl(k+1) = a(k;1)+(k) = a(k;rl) F(R) (k41 — a(T21)+k = b<2)—(k—2) = b( ) (k—2)+1 =
= b( Vo1 T b(k), and let A, = b(r 1%4_ b( D42 =T b(r;1)+(r 1)

Note that (";")+(r—1) = (}) and (3" ) (B)+(k+1)+- -+ (k+(r—k—2)) = (";}) +k.
Also for 1 < k < r, there are (r — k) a,s which are same as that of Ay, and there are
(k — 1) bls which are same as that of Ay. For r > 2, let C' : A) < z1 < Ay < 29 <
Az--+ <29 <A1 <x,_1 < A,. Then C is a maximal chain in L, containing all the r
reducible elements Ay, Ag, ..., A,. Thus it follows that L, is the fundamental basic block
containing r reducible elements which are all comparable. Also the fundamental basic
block containing r» comparable reducible elements with the largest nullity is L,. It can be
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observed that for all 1 < i <r, (4] = L; and [4;) = L,_;11. Also |L,|= %, since
L, |=|Cl+(}) = (2r — 1)+ (7). Also for (Tgl) +1=0)—(r—=2)<i< (), a < <b.

Therefore A; 1 < C(g)+l+i < Apyqforalls, 0 <i<k—1.

2.2.  Dimension of L,

In order to obtain a bound for the dimension of an RC-lattice, firstly we obtain the
dimension of L,. For that purpose, we take the help of the following result due to Baker
et al. [1].

Theorem 2.2. [1| The dimension of a lattice is at most two if and only if it is planar.

Therefore by Theorem 2.2, it is clear that Dim(L;) = 1, and for r = 2,3,4, Dim(L,) =
2, since they are all planar lattices.

Theorem 2.3. Forr > 5, Dim(L,) = 3.

Proof. Let r > 5. Clearly Ls is non planar (see Figure I). Therefore by Definition 2.1,
L, is non planar for all » > 5. Hence Dim(L,) > 3. Now for r > 5, let R] be the linear
extension/h%c(rfl —<---—<c4—<02<cl<x1—<A2—<c(T71 < s <ceg <y <

2 )+ 2')+2
63-<$2-<A3-<C<r71 '<"'-4013-<Cg-<06-<l'3'<""<Ai-<C<rgl) < - <

o1 )+3 +i
C(i;l)+(i)+(i+1) < C(i;1)+(i) < C(i;rl) < x; <= Ar—l =< C(r§1)+(7_1) < Zp_1 < Am RS
be the linear extension A; < 21 < ¢ < Ay < T9 < 3 < ¢y < Az < 13 < ¢ < ¢35 <
ey < <A1 R a0 < c() = c( )-1 < c( )-2 < e =< c< )—(r-2) < A,, and Rj be

5 5 5 5
the linear extension A; < c( )—(r-2) <x <c < Ay < c<r) < T9g < 3 < Ccg <
2
) < Tp_o < C(r71> =

5 —(r—2)+1
Az < c(g)_(y,_m” < T3 <cg<c5 <y <--=<A_9=< C(;)—(r—2)+(r—3 .
C(r;l)_l < C(r;1>_2 < e < C(r;1)_(r_3) < A1 < C(r;1)+(r_1) < z,_1 < A,. Clearly
R}, R}, Ry are linear extensions of L, for all » > 5.

Claim : For r > 5, {R], RS, R} is a realizer of L,.

Using the method of induction on r, we have for r = 5, R} : A} < ¢7 < ¢y < ¢p <
1 <11 < Ay < g <5 <3 < X9 < A3 < g < g < 13 < Ay < 19 < 14 < As,
Ry: Al <21 <1 <Ay < Ty <3< < A3 <3 <5 <05 <y <Ay <x4 <019 =
g <cg <cr < As,and Ry : Ay <7 <11 <1 < Ay < g <1y <3 <y < Az < ¢y <
T3 < g < 5 <y < Ay < cig < x4 < As. It can be easily checked that {RS, R, R3}
is a realizer of Ls. Now assume that {R}, RS RE} is a realizer of Lj for some k > 5.
We prove that {RETH RETL RETY is a realizer of Lyy,. Let A = {Ik,Ak_A'_l,C(k;Ll)} and
B= {C g)_H, C(§)+2, ceey C(§)+k} Let C; = (Ai-i-la Ak+1>\{c(§)+1+i} forall7, 0 <7< k-—1.
Let D; = Lgyq \ ((Ai] UU(Ajqq)) forall i, 1 <i <k —1. Now for k > 5, observe that

(i) © < y in Lgyy if and ounly if z,y € Ly with x < y, or x € L, and y € A, or
r € BU{x,} and y = Apy1.

(i) || y in Lgyy if and only if x,y € Ly, with z || y, or z,y € B, or x = ¢ :
and y € C;foralli, 0 <i < k-1, orx:c(g)

)1+ €B

+1+i€Bandy€Dif0ralli, 1<i<k-—1.
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Note that A;1 < C(k) < Ay foralli, 0 << k-1, and

+1+44
Dl :{627 C4,C7,C114 - - - 76(’6;1),(]@,1)}7
D2 :{047 Cs5,C7,C8,C11,C12y - - - C(’“;l)_(k_ly C(k;‘l)_(k_l)_t,_l}a
D3 :{677 Cg,C9,C11,C12,C13, - - - C(k;ﬂ)f(kfl); C(kgl)*(kflfkl’ C<k;1),(k,1)+2}7
Dk—l :{C(k;rl)i(kil), C(k;1)7(k71)+1, PN 7C(k;1)7(k71)+(k72)}.

It is clear from Definition 2.1 that the set Lyy1 \ (AU B) = L. Now the linear exten-
sions RYT' RET RET! restricted to L are respectively the linear extensions R RE RE.
Therefore by induction hypothesis, it is sufficient to take the care of all comparabilities
and all incomparabilities of the elements in the sets A and B in L;,,. By taking the care
of all comparabilities means, z <y in Ly, if and only if z < y in each R¥! fori = 1,2, 3.
Similarly, by taking the care of all incomparabilities means, z || y in Lg,; if and only if
v <yin R and y < xin R for i # j.

Now the care of both the observations mentioned above is taken by all the linear
extensions RFTY RETI and RET!. Hence {RFT, RE™ RET'} is a realizer of Ly,,. Thus
by mathematical induction, Dim(L,) < 3 for all » > 5. Hence Dim(L,) = 3 for all
r > 5. [

As Dim(L;) = 1 and Dim(L,) = 2 for r = 2,3,4, by Theorem 2.3, we have the
following result.

Theorem 2.4. Forr > 1, Dim(L,) < 3.

3. Dimension of lattices

The following result follows from Proposition 1.1, which gives a lower bound for the
dimension of adjunct sum of two lattices.

Proposition 3.1. Let Ly, Ly be the lattices of dimension m,n respectively. Let L =
L1)°Ly. Then Dim(L) > max{m,n}.

In the following result, we obtain an upper bound for the dimension of adjunct sum of
two lattices.

Proposition 3.2. Let Ly, Ly be the lattices of dimension m,n respectively. Let L =
L1]%Ly. Then Dim(L) < max{2m,m + n}, that is, Dim(L) < m + maz{m,n}.

Proof. Let {E, Es, ..., E,,} be a realizer of Ly. Let {F|, F, ..., F,} be a realizer of L.
Then we have the following two cases.
Case 1. Suppose m > n.
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Consider the linear extensions E;((a]) & F; & E;(U(a)) for 1 < i < m, where F; = F}
forn+1<i<m,and E;(D(b)) ® I\ & E;([b)) for 1 <i < m. As these 2m extensions
forms a realizer of L, Dim(L) < 2m.

Case 2. Suppose m < n.

Consider the linear extensions E;((a]) ® F; & E;(U(a)) for 1 < i < n, where E; = F,
form+1<i<mn,and E;(D(b)) ® F, ® E;([b)) for 1 <i < m. As these n+ m extensions
forms a realizer of L, Dim(L) < n+ m. Thus Dim(L) < max{2m,m + n}. O

The more precise bound for the dimension of adjunct sum of two lattices is achieved in
the following result.

Theorem 3.3. Let Ly, Ly be the lattices of dimension m,n respectively. Let L = L1]2L2.
Then m < Dim(L) <m+1 for m > n, and Dim(L) =n for m < n.

Proof. Let {E = E, Es, ..., E,} be a realizer of L;. Let {F|, F5,..., F,} be a realizer
of Ly. Let I(Lg) ={x € Ly |z ||yin L, Vy € Ly}. Define two extensions of L as follows.
Let My = E((a]UI(Ly))® Fy @ E([b)), and let My = E((a]) @ Fy ® E(I(L2) U[b)) (Take
Fy, = Fy,if n = 1). It is clear that * < y in L if and only if z < y in M; and z < y
in M. Also, z || y in L if and only if x,y € L; with = || y, or ,y € Ly with z || y, or
x € L\ ((a]N[b)) and y € Ly. Now if x € Ly \ ((a] N [b)) and y € Ly then z < y in M,
and y < x in My. Therefore, if m > n then the partial extensions My, My, Fs, E3, ..., Ep,
forms a realizer of L. Therefore Dim(L) < m + 1. Also, if m < n then the partial
extensions My, My, F3, Fy, ..., F, forms a realizer of L. Therefore Dim(L) < n. Thus the
proof follows from Proposition 3.1. O

Using the above Theorem 3.3, we have the following result.

Corollary 3.4. Let L be a lattice with |L|> 3, and let C be a chain. Let L' = L)°C.
Then Dim(L) = m implies that m < Dim(L") < m + 1.

Thus, the dimension of a lattice increases by at most one if a chain is added to it by
means of an adjunct sum.

Corollary 3.5. If L = Cy)2. Cy - - -|% Cy, where C; are chains for 0 < i < k then Dim(L) <
k+ 1.

Using Theorem 1.5, in the following result, we obtain a relation between the dimension
and the nullity of a dismantlable lattice.

Corollary 3.6. If L is a dismantlable lattice of nullity k then Dim(L) < k + 1.

It is clear that the dimension of adjunct sum of two chains is two. In the following
result, we prove that the dimension of a dismantlable lattice remains the same if a chain
is added to it by means of an adjunct sum under the given restriction.
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Theorem 3.7. Let L be a dismantlable lattice which is not a chain. If L' = LI°C where
C'is a chain and (a,b) is an adjunct pair of L then Dim(L') = Dim(L).

Proof. Suppose Dim(L) = n. As L is not a chain, n > 2. As L is a sublattice of
L', by Proposition 1.1, Dim(L") > n. Now let {Ry, Rs, -+, R,} be a realizer of L. Let
R, = (RiNn(a])eCo(RiN(U(a))), and for 2 <i < n,let R, = (R;N(D(b)))dCdH(R;N[b)).
Then {R}, R}, -+, R} is a realizer of L’. Hence Dim(L') < n. Thus Dim(L') = n
Dim(L).

ol

4. Dimension of RC-lattices

In this section, we prove that the dimension of an RC-lattice is same as the dimension of
the basic block (and also the fundamental basic block) associated to that lattice. Further,
we prove that the dimension of an RC-lattice is at the most three. By Theorem 1.3, it is
clear that an RC-lattice is dismantlable, as it does not contain a crown.

Theorem 4.1. Let L be an RC-lattice. If B is the basic block associated to L then
Dim(L) = Dim(B).

Proof. As all the reducible elements in L are comparable, L is dismantlable lattice,
as it does not contain a crown (see Theorem 1.3). By Theorem 1.4, suppose L =
Coll C ... ]Z'Z C, where () is a maximal chain containing all the reducible elements, and
C; is a chain for all 1 < ¢ < k. If B is the basic block associated to L then by Theorem
1.8, B = C)%{c1}---]% {ce}, where C' is a maximal chain containing all the reducible
elements, and ¢; € C; for all 1 < ¢ < k. By Proposition 1.1, as B is a sublattice of L,
Dim(B) < Dim(L). Now we claim that Dim(L) < Dim(B). Let Dim(B) = n. Let
R = {Ri,Ry,...,R,} be a realizer of B. For each i, 1 < i < n, let R be the linear
extension obtained from R; as follows.

(i) Replace each ¢; in R; by the chain C; for all i, 1 <i < k.

(ii) If a < b are consecutive reducible elements of L, and z € CNIrr(B) witha < x < b
in B, then replace = in R; by the chain Cy N (a,b) of L.

(iii) If @ < b are consecutive reducible elements of L, and C' N (a,b) = 0 in B, then
between a and b in R;, put the chain Cy N (a,b) of L.

Then it follows that {R} | 1 <i < n} is a realizer of L. Therefore Dim(L) < Dim(B).
Thus Dim(L) = Dim(B). O

As Dim(L,) = 2 for r = 2,3,4, by Lemma 3.7, we have the following.

Corollary 4.2. For2 <r <4, if L = L,|°C where C is a chain, and (a,b) is an adjunct
pair in L, then Dim(L) = 2.

As Dim(L,) = 3 for r > 5, by Lemma 3.7, we have the following result.

Corollary 4.3. Forr >5, if L = L,]°C where C is a chain, and (a,b) is an adjunct pair
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in L, then Dim(L) = 3.

Theorem 4.4. If F' is the fundamental basic block associated to an RC-lattice L then
Dim(F) = Dim(L).

Proof. Let B be the basic block associated to an RC-lattice L. Suppose (L) = k. Then
by Theorem 1.11, 5(B) = k. Therefore by Theorem 1.8, B = Cl% {1 }|22{ca} - - |2 {ck},
where C is a maximal chain containing all the reducible elements. Now F' is also the
fundamental basic block associated to B. Therefore by Corollary 1.12, n(F') < k. Suppose
n(F) =1 and m = k —[. Then by Theorem 1.5, and using Definition 1.9 and Definition
1.10, F = C]Zl1 {C“}]Zi {ci}-- ]le{c”}, where i; € {1,2,...,k} for each j, 1 <j <[, and
(ai,,bi,) # (ai,, b;,) for 1 < p#q < 1. As B can be obtained from F' by taking adjunct of
F with m chains (which consists of singletons), by Lemma 3.7, Dim(B) = Dim(F). Also
by Theorem 4.1, Dim(L) = Dim(B). Hence Dim(L) = Dim(F). O

In 1951 Hiraguchi |8] proved that removal of a chain decreases the dimension of a poset
by at most two. In that regard we have the following.

Proposition 4.5. If L = Cy|2.Cy - -] Cy where Cy is a mazimal chain containing all
the reducible elements, then Dim(L) < Dim(L\ C;) +1, Vi, 1 <i <k.

Proof. If B is a basic block associated to L then by Lemma 4.1, Dim(B) = Dim(L).
By Theorem 1.8, suppose B = C]% {¢1}...]% {c;} where C'is a maximal chain containing
all the reducible elements, and ¢; € C; for 1 < ¢ < k. We know that removal of an
element from a poset decreases its dimension by one (see [8]). Therefore Dim(B) <
Dim(B\ {¢})+ 1, Vi, 1 <i < k. Foreachi, 1 <i <k, if B! is the basic block
associated to B\ {¢;} then it is also the basic block associated to L\ C;. By Theorem
1.1, Dim(B}) = Dim(B\ {¢;}) = Dim(L \ C;). Hence the proof. O

We now prove the main result in the following.
Theorem 4.6. If L is an RC-lattice then Dim(L) < 3.

Proof. Let L be an RC-lattice. Let B and F' be the basic block and the fundamental
basic block associated to L respectively. Then by Theorem 4.1 and by Theorem 4.4,
Dim(L) = Dim(B) = Dim(F). If |Red(L)|= r then by Theorem 1.11 and Corollary 1.12,
|Red(B)|= |Red(F)|= r. Therefore F' is a sublattice of L,, since L, is the fundamental
basic block containing r» comparable reducible elements and having the largest nullity (;)
Therefore by Proposition 1.1, Dim(F') < Dim(L,). Thus the proof follows from Theorem
2.4. O

Finally, as a consequence of Theorem 2.2 and Theorem 4.6, we have the following result.

Theorem 4.7. Let L be an RC-lattice. Then Dim(L) = 3 if and only if L is non planar.
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